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Stresses Due to Tangential and Normal Loads 
on an Elastic Solid With Application to 
Some Contact Stress Problems 


By J. O. 


The results of two-dimensional approach using real 
variable method to Hertz’s problem of contact of elastic 
bodies are presented. Both normal and tangential loads 
are assumed to be distributed in Hertzian fashion over the 
area of contact. The magnitude of the intensity of the 
tangential load is assumed to be linearly proportional to 
that of the normal load when sliding motion of the body 
is impending. The stresses in the elastic body due to the 
application of these loads on its boundary are presented in 
closed form for both plane-stress and plane-strain cases. 
A numerical value of f is assumed for the linear pro- 
portionality (coefficient of friction) between the tangen- 
tial and normal loads in order that the distribution of 
stresses may be illustrated. The significance of the stress 
distribution, across the contact area and i \ the body, is also 
that 


loads considered in the paper are applied at the contact 


discussed. It is shown when the combination of 
area of bodies in contact the maximum shearing stress may 
be at the surface instead of beneath the surface. For ex- 
ample, for plane strain, if the coefficient of friction is f = 

, the maximum shearing stress is at the surface and is 
45 per cent larger than the maximum shearing stress, 
which would be below the surface, that occurs when the 
normal force acts alone. The effect of range of normal 
stress and of shearing stress on the plane of maximum 
shear and on the plane of maximum octahedral shear on 


failure by progressive fracture (fatigue) is discussed. 
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Stresses Due to Distributed Normal Forces.4 If the normal 


forces as just discussed are distributed along a portion of the 
boundary of the half plane, as shown in Fig. 2, the stresses in the 


0 = arc COs V2 } 7?’ 
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half plane are 


Po 
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41f the normal load per unit of length in the y-direction applied on 
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the boundary is P, then po = a Fig. 2. The value of a, the half 
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width of the contact area, may be found for two cylindrical cylinders 
whose longitudinal axes are parallel, that are in contact along a line, 
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The symbols Ri, wi, and FE, represent the radius, Poisson's ratio, and 
modulus of elasticity, respectively, for one cylinder, and Rs, wa, and 
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Stresses Due to Distributed Tangential Forces. In a similar 
manner, the stresses in a half plane due to a tangential force dis- 
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tributed along a portion of its boundary as shown by the ordi 
nates to the ellipse in Fig. 3 are given by the following equations 
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sco¥ 


in which w and WY denote the same quantities as expressed by 
lquations [4]. 

An examination of Equations [3] and [5] reveals that, except 
for a constant multiplier, o,, and 7,,, have identical form, and 
so do 7,,, and @,,. 

In order to facilitate the plotting of the stresses against. 2 while 
zis taken as a parameter, the values of Y and W are first computed 
from Equations [4]. Table 1 shows the values of w and w for 
various values of z and z where zis t»ken as 0.125a, 0.252, 0.3754, 
0.50a, 0.75a, 1.00a, 1.50a, and 2.00a. It is seen that W is sym- 
metrical to z, whereas W is symmetrical to the origin. 

Stresses on Boundary Due to Distributed Normal and Tangential 
Forces. Special consideration is given to the computation of the 
stresses in the area of contact. They can be shown to be ex 
pressed respectively, by the following equations: 
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Fic. 4 Curves Suowine Vatves or Stress on, ror Various Values oF xz, AT SURFACE 


AND AT Vanious Deprus Below Surrace 


(See Fig. 2, for loading 


Consequently, on the boundary, the stress in y-direction is ex- 
pressed by the following equations corresponding to their respec- 


tive regions 


Vpo a l | for 
o : 


In later calculations, v is assumed to be equal to '/, 


MAXIMUM STRESSES AND THEIR SIGNIFICANCE 


Introduction. The results of the preceding sections may be 

used to solve certain problems involving contact stresses, for 

example, for computing the stresses in two cylindrical rollers 

of the same material, whose longitudinal axes are parallel, that 

are pressed against each other, Fig. 8(a), while one or both cy! 

inders are rotated about a longitudinal axis causing a sliding fric- 

tion force between the rollers, as shown in Fig. 8(b). The normal 

and tangential loads are distributed over the area of contact as 

shown in Fig. 8(c). In this section the results of computations 

of the stresses in the cylinders in this example will be given, but 

before this is done, it should be noted that the significance of the 204, | 

maximum values of stress cannot be determined apart from a pyg. 5 Curves SHowinc VaLues or STRESS on FoR Various 

knowledge of what action constitutes failure of the roller. VALUES o1 AT SURFACE AND AT Various Deprus BeLtow Surract 
While it is not possible here to describe all types of failure of (See Fig. 3, for loading 

such rollers it can be said that failure generally occurs in one of ‘ian ‘ : 

, . ; é : shearing stress The maximum shearing stress is given by the 
two main types. The term failure is used to mean any action 
which will destroy the load-carrying capacity. Failure from 
contact stresses starts as a localized inelastic deformation (yield- 
ing or distortion) and by fracture, especially fracture by pro- 
gressive spreading of a crack (fatigue). Usually it is assumed — in which o; and oj are the maximum and minimum values of the 
that the inelastic deformation type of failure is associated with — principal stresses at the point. The maximum octahedral shear- 


equation 


03).. [16] 


the maximum shearing stress or with the maximum octahedral ing stress is given by the equation 
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Oy a,)? [17] 


in which o; an id @ is the third (inter- 


mediate value 

The second | sociated with many repeated 
applications of th ds and is characterized by a (fatigue 
fracture that start erack with very little visual 
evidence of inelastic deformation. The crack starts either at the 


surface or underneath the surface 


and grows progressively as the TTTTIIIVIVTITIT, 
stress is repeuted unt ome of the metal breaks out of the sur- re? 
face thereby causing pitting, shelling, or other damaging effects Cowract 
to the surface which constitutes failure. In the ty pe of failure 
known as fatigue we must know the “range” of stress. This throughout one evels of applic ition and release of the load This 
means that we must determine for the roller the magnitude, — will be done later in this paper 
direction (line of action through point) and sense, that is, whether In thi i¢ paper the values of o;, 0, and o, are 
positive or negative of the 


stress at a given point on a given plane — given for fficient number of points in the cross sections of the 
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rollers near the contact area so that the maximum value of Tmax 


[16] and [17]. 
By making use of Equations [12] [12a], 


ind TG max may be determined from Equations 
Varimum Stresses. 
13], [14], and [15], the stresses G,",%,', Ces and 7,,* have been 
found at points whose z and z-co-ordinates are given in Table 1. 
By making use of Mohr’s cirele the three principal stresses, a," 


a i ind a 


’ 
. 


vere determined at each point described in Table 1, 
From these results contour lines that represent constant values of 
principal stress, 01%, d2*, and o3* are plotted in Figs. 9, 10, and 
J}. It is found that at the point A(z = 0,2 + Oe 


, in Fig. 9, 
10, or 11, the maximum values of the three principal stresses occur. 


These values at the point A are 
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1.3Upo, O02 max ’ a) 72p , and ¢ 0 53 pe 


18] 


See footnote* for a method of obtaining the value 


Fig. 12 shows the directions of 0; max* and @2 » 
stress O43 max* is perpendicular to the plane of the other two 

It is found from Equation [16] by the substitution of the va 
of stresses from Figs. 9, 10, or 11 that the maximum value of 
also oceurs at the point A and has a value 


Tux = 0.43 p 1" 


In a similar manner by making use of Equation [17] it is found 
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It should bx that if the normal forces act tlone, that is, the 
friction coefficier s assumed to be zero, the stresses us given in 


Equations : ‘ snl (20 would be, respectively, 


oo 
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and these values of 7 wx and Tomax Occur® on the z-axis at a dis- 


tance = 0.78a underneath the surface. Therefore the t ingential 


force caused by the coefficient of friction of '/s increases the maxi- 
mum princip stress SY per cent, the maximum shearing stress 
by 43 per cent, and the maximum octahedral shearing stress by 
M percen Furthermore, the location of these maximum shear- 
vddition of the 


1 in the surface 


stresses is changed by the tangential forces 


from beneath the surface to the point Investi- 


giatlon show =~ that when the coeftic lent ol trietion th come. greater 


than f = ' 4 the maximum shearing stress occurs at a point in the 


surface, but when f is less than '/g this stress is underneath 


the surface 
Range of Stre for One Load Cycle In order to determine the 


range Ol stress If is necessary 


to compute the stresses at a given 
point for several positions of the louds relative to the location 
To state the idea differently, the loads ‘ap- 


while the 


of the given point 
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plied to the jlers are assumed to remain constant 


movement of the roller surfaces ch inges the location at which the 
applied 

from the loads the 

As the load 


Moreover, as the 
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due to these louds are approximately 


<tresses 


zero move nearer to the pont the stresses ut the 


point increase londs begin to pass over 


the pont the m whitude, line of se tion, and sense of the stresses 
ch imge From istudy of these ch imges in the stresses the range 
at =tress is established 

In Figs. (a 


fixed point in the surface of one of the 


through (7) of Table 2, the point O represents a 


rollers (the dimensions a 
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cathy magnified) as the loud ipproauche sand putsses Over the 


point O. The figures in the second column show the magnitude 
direction, and semse ise here means whether tensile or com 
of the three principal stresses at the point O for 
the load. In Table 2 the ss 


given to the principal stress having the largest magnitude, a3* to 
and o* to the 


pre s-ive stress 
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evele so that only the magnitude and sense of the stress changes 
Therefore, in order to make use in this paper of the methods 
usually employed in describing the effect of range of stress (14 

the changes in the stress on a fixed plane through a point O in the 
Three different fixed 


planes are selected here for this purpose, ts discussed in the fol- 


surface of the roller will be considered 
lowing paragraphs 

Range of Normal Stress o,* 
the values of o,* have been computed at points on the surface for 
The re 
plotted in Fig. 18 in which the ordinates represent 
If the load in Fig. 13 is allowed 


From the first of Equations | 12a 


various values of 2 relative to one position of the load. 
sults are 
values of o,* at each value ot 2 
to move along the surface, then the stress o,* at a fixed point 0 
8.) Fig. 1 

changes from & maximum COMpPressiol 
that is, a 


will have in turn each of the values shown in Fig 
shows that the stress a,* 
ot 1.20 po to & Maximum tension of +0.67 po, or, 
maximum range of stress of LST p The stress o,* has beer 


chosen here because it has a greater change in magnitude thar 
the normal stress on any other fixed plane through a fixed pout 
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is no friction force, which is from zero to ——1.0 Po in Compression, 
it is noted that there is an 87 per cent increase in magnitude (co- 
efficient of friction '/;). (6) There is a change in the sense of the 
stress from tension to compression; that is, there is some reversal 
of stress, a fact that is of considerable importance in explaining 
how @ progressive crack starts and propagates when the stresses 
are predominantly in compression. 

The 


magnitude and direction of the shearing stress on the plane of the 


Range of Shearing Stress on Plane of Marimum Shear. 


maximum shearing stress (plane bisecting angle between o,* and 
o,* in Fig. d, Table 2) have been computed at the point O for each 


position of the load as shown in Table 2. In Fig. 14 the vectors 
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kia. 14 
AND DinecTION OF SHEARING Stress VARY ON PLANE oF 
SHEAR 


(f= '/a wu 1/4, EB = 30,000,000 psi.) 


through the point O marked 6, c, and so on through h, respec- 
tively, represent these values of the stress. A smooth curve 
O-A-B is drawn and a vector from O to this curve represents the 
shearing stress on this particular plane through O for some posi- 
tion of the load. The magnitude of the maximum shearing stress 
on this plane, therefore, varies from zero to 0.43 po. 


it is seen from Fig. 14 that the changes in direction of the shear- 


However, 


ing stress are such that along certain lines in the plane there is a 
change in sense, that is, a reversal of the shearing stress. For 
example, the vectors marked b and A represent equal and oppo- 
site shearing stresses, that is, a complete reversal of stress, each 
being equal to 0.23 po or a total range of O.46 po. But the line 
C-O-D, where DO is a component of the stress OB and OC is a 
component of the stress OA, represents the largest range of the 
shearing stress along all lines that can be drawn in this plane 
through O. The vectors OD = —0.16 po and OC +0.37 po 
give a total range of 0.53 po which is 23 per cent greater than the 


range from zero to 0.43 po along the vector d in Fig. 14. Further- 


more, a comparison of this range of stress of 0.53 po with the maxi- 


mum shearing stress’ of 0.30 ps when the coefficient of friction is 
assumed to be zero (I2quation [22]) shows an increase of 77 per 
cent in range of shearing stress due to the addition of the tangen- 
tial force caused by a friction coefficient of '/s. 

Range of Shearing Stress on Plane of Marimum Octahedral 
Shearing Stress. 1t will now be shown that on the plane of maxi- 
mum octahedral shearing stress a greater range of shearing stress 
occurs than that on the plane of maximum shear. In Fig. 15 


7. I. Radzimovsky in reference (13) has shown that when the 
coefficient of friction is zero the maximum range of shearing stress 
occurs at a point below the surface on a plane parallel to the z and 
y-axes, Fig. 8, and this range of stress is from —0.25)0 to + 0.25 pe. 
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OCTAHEDRAL SHEARING 

(f= '/s. uw 1, E 


STHKESS 
$0,000 OOD | 
represent the 


the vectors marked 6, c, d, and so on, respectively, 


* * 


2» 
and @3* in Fig. d of Table 2, for the corresponding positions of the 
load in Table 2 and the smooth curve O-A-B is drawn so that any 


shearing stresses on a plane making equal angles with o,*, @ 


vector from O to the curve represents the shearing stress in this 
The line C-O-D, as 
] 


plane through O for some position of the load. 
was the case in Fig. 14, represents the direction in this plane along 
which occurs the greatest range of shearing stress. This range 
consists of OD = —O.24 po and OC = +0.39 po or 
range of 0.63 po which is 61 per cent greater than the range® o 
0.39 po. 
from zero to 0.27 Po when the coefficient of friction 


a total 
The range of shearing stress on the octahedral plane Is 
Is assumed to 
be zero (Equation [23]). Thus by comparing 0.63 po with 0.27 po 
it is noted that the tangential force caused by a coefficient of fric- 
tion of '/; produces an increase of 122 per cent in range of shear- 
ing stress, 
SIGNIFICANCE OF CONTACT STRESS IN Sut 
{AILROAD RAs 

“l in the fore 


Many examples involving the stresses describe 
going sections could be given to illustrate the re! 
these stresses with failure, such as pitting failures, 


gear teeth, rolls for rolling steel or other met ils, ind the 


itionship of 
bearing races, 
like 
One such example, namely, the wheel of a locomotive rolling on 
the rail of @ railroad, is chosen for showing the relation of con- 
tact stresses with failure of the rail. 

In Fig. 16 are shown the forces of a locomotive wheel on rails of 
straight and curved railway. The force P is due to the weight 
of the locomotive, F is a frictional force that, on straight rail, is 
due to the driving or braking forces applied through the wheel 
For a rail on curved track F also includes frictional forces caused 
by wheel slippage because the wheels are rigidly attached to the 
The force T is the thrust on the outside rail of a curve due 
Soth of the forces P and / 


that occur on curved rail, Fig. 16(6), therefore may be considera- 


axle 
to the centrifugal forces on the train. 


bly larger than on straight rail, Fig. 16(a). 

It might be expected from the foregoing analysis of the forces 
on the wheels and railway rails that rail failures are more severe 
on curved rail, where contact stresses due to both normal or 
tangential forces oecur, than on straight rail, Reports contained 
in the Proceedings of the American Railway Association show 
that this is the case. R. E. 
types of shelly failures of railway rails that frequently occur on 
Most of 
these failures are of a progressive fracture type. First phase 
of the failure strains in the 
surface layer on top of the rail head and on the rail-head 
edge in contact wita the wheel flange, Fig. 16(6). These 
caused by the high shearing 


Cramer (15) has described se veral 
curved rail, usually in the outside rail on the curve. 


is characterized by inelastic 


inelastic strains probably are 

* The reason for omitting the use of distortion energy, which is 
usually found in discussions of fatigue failure, is shown by thes 
facts. Distortion energy is a sealar quantity that is proportional 
to the square of the magnitude of the maximum octahedral shearing 
stress. Hence the range of distortion energy will not have increases 
corresponding to those shown in Figs. 14 and 15. 
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(a) FORCES ON RAILWAY RAIL FROM LOCOMOTIVE WHEEL ON 


STRAIGHT RAIL 








(Db) FORCES ON RAILWAY RAIL FROM LOCOMOTIVE WHEEL ON 
CURVED RAIL 

Fic. 16 Contact Forces on Rattway Rain 

when the combined normal and tangential 

forces act on the rail head, 


stresses that occur 
After many applic ations of such 
combinations of normal and tangential contact loads, cracks in the 
and progress either horizontally or transversely 
Figs. 17 and 18 illustrate two of 


rail head will form 
(or both 
these failures of railway rail probably caused by these stresses. 


r iil head, 


The theoretical stresses, such as given in this paper, are an im- 


portant factor in determining the cause of failure, but in actual 


materials, discontinuities, particularly when they occur at points 
of high stress, may have a large influence on failure. 

Railway Wheels. The foregoing remarks apply also to shelly 
failures in the rims of wheels used on diesel locomotives. These 
whee] surfaces are subjected to heavy normal forces due to the 
weight of the locomotive and to tangential forces due to the driv- 


ing torque applied through these wheels. 
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Forced Lateral Vibration of Beams on 


Damped Flexible End Supports 


By D MILLER,! 


The steady-state forced-vibration problem, for a beam 
or rotating shaft on damped, flexible end supports, is com- 
pletely solved by the procedure described. The analysis 
is an extension of a Holzer-type iteration method applied 
to beams by Myklestad and others. Resonant frequencies 
of any mode, forced amplitudes, shears, and moments at 
anys point on the beam, and phase effects introduced by 
the damping, are all evaluated. The damped problem is 
handled conveniently using complex notation with its 
vector interpretation. Vector diagrams, which give a 
physical idea of the vibration, are shown for the two nu- 


merical examples of the paper. 


NOMENCLATURE 
The following nomenclature ts used in the paper 
VJ nioment 
i home sat 
defles 


shear just to right Ol position i, 


it position 7, Ihy-in. 
radians 

thom ata, it 

Ity 
stiffness coefliments of beam section 
oneentrated mass at 7, Ib sec? /in 

circular frequency, radians ‘see 

ength of section 7, mn 

spring constant of end support, Ib/in 

damping constant of beam end damper, lb sec /in 
foremg tunetion amplitude, Iby 

ordinate axes 


phase angle between amplitude veetor for mass 


pont at foreing tunetion and forcing-lunetion 


flexural rigidity, [b-in 


INTRODE CTION 


Ira the 


consider the effect of damping, aus Well as Hexibilits . 


stud ol rotor crittr il speeds, it Is becoming necessary to 
in the bearing 
oil films and supports These effects may be studied by consider- 


ing the forced vibration of a beam supported by a spring and 


damper in parallel at each end as shown in Fig. 1. Problems in 
which d unping exists ina boundary condition, as in this practica 
ille d forced, dl amped end beam Vibration problems 
The 


im 


#N inple, ire 
inal\ sis 
As fur as 


solving fore ed, d imped end beam problems 


the beam is not considered 
the ln 


Internal damping of 


covers the stead state forced vibration of 


Is known, i ind ol 


problems is similar 


not been given previously The method of handling these 


to the Holzer method tor forced, damped 
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» Vinnare ro Damping iN 


torsional vibrations’ but tour equations, instead of two, are neces 
Internal beam vilbration solutions 

A beam mav be 

nittaber of concentrated masses « 


Any desired 


ber of 


ipproximated by a svstem consisting ot 


onnected by massless | eams.* 


rocurnc is Obtaimed by taking a large enough num 


nriiss pomnts. Complex notation, with a veetor inte rpreta 


thon, is used tor foreed dam ped-end beum vibration problens 


The procedure Is cpuite gener il It mav be used for any mode 


giving the forced an plitudes of vibration, the phase ingles ln 


tween the 


the 


loreing function and the motion of points of the beam 


the be The 


caleulating forced amplitude 


and shear and moment at anv pout of im 


resonant frequencies are found by 


at a number of forcing tre juencies anal plotting a resonance curve 


In this paper, resonant Trequencys shall always means Treapuend 


for a peak amplitude of vibration 


It os the Purpose ol this cdiseussion to show how ealeulations are 


performed ising comple notation and to ive a clent physi t 


pieture of the vibration of foreed, damped end beam 


\Ieruop 


Hiiss ol Mt 


number of pomts 


distributed beam must be concentrated at 


This mav be done by dividing the beam ot 


a number of lengths, and concentrating a part of the mass of the 
length at each end, in such «a way that its center of gravity 
The flexural rigidity 


ith the 


retain 
that 
the 


soon 


unchanged between tass peninits is 


which exists beam between these points. Therefore 


this svstem of concentrated miasse 


A section of this 


Cun is appre imated bt 


nected by niassless bens Lpproximiate sten 


is defined as a massless beam with «a concentrated mass at one end 


as shownin Fig. 2 


Formulation of the problem ts based on the fact that each sec 
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' i¢i 


Equininnium or Beam Section SHowiIng Sten 
CONVENTIONS 


Kia. 2) Dynami 


force, mw*y, along with the other forces and moments acting on a 
section, the usual static-equilibrium equations apply (D’Alem- 
bert’s principle), Referring to Fig. 2, which shows the positive 
directions of the forces and moments acting on a section,® the 
basic beam equations may be written® 


Mis: 
Diss 


aM, + 6, 


LS; + M 
BS, 


Yarn V4; BM, 1,9; 1 ty 


‘ 


ue S; + Mii Yerr 


The stiffness coefficients a,, B;, ¥; may be simply expressed for 
a section of constant flexural rigidity, a uniform section 


2F I; 
1 
sel; 
For a nonuniform section, the stiffness coefficients may be found 
by the area-moment principle 


[ tuk 
_ & 
Y ye; 

Jo El 


These equations are applied to each section successively, using 


{10} 


an assumed frequency, w. The two known boundary conditions 
at each end permit the final calculation of shear, moment, slope, 
and deflection at each mass point. In an undamped free vibra- 
tion, all four boundary conditions are satisfied only if the as- 
sumed frequency corresponds to a natural frequency, For 
forced, damped vibration, it is possible to solve the equations at 
any forced frequency. A force P is present at every frequency, 
including the resonant frequency, to supply the energy loss of the 
dampers. 

For a damped-end beam in which the damping force opposes 
the motion, the shear force may be represented in complex form, 


Secondary rotary inertia and shear effects not considered. 
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since the damping force is 90 deg out of phase with the spring 
force. 
Therefore 


S = (k + jew)y 


In general, a beam problem is unsymmetrical about the forcing 
function, as is the beam of Fig. 1. For a problem to be sym- 
metrical, there must be symmetry of the beam, boundary con- 
ditions, and forcing functions. 

To illustrate the method for forced, damped-end beam vibra- 
tion problems, two examples are shown: 

1 Auniform beam, symmetrical problem, System I, Fig. 3(a) 

2 A nonuniform beam, nonsymmetrical problem, System II, 
hig. 7. 

System I 


As a simple introduction to the method, a uniform beam 
mounted on identical parallel spring-damper supports at each end 
with the forcing function at the center as shown in Fig. 3(a) will 
This is a symmetrical problem, and consequently 


it is necessary to apply the method to only one half of the beam. 


be discussed 





bia. 3(a) AcTuat System I 


(Uniform beam, symmetrical probler 





= 
' 
n 

~ 


‘a AA AAAs dee) 


bic. 3(6) Approximate System I 


The half-beam was divided into two equal lengths; the mass of 
each then split in half and concentrated at each end of the length, 
For illustrative 
The boundary 


resulting in the approximate system in Fig. 3()). 
purposes the small number of sections is sufficient 
conditions for the half-beam are 
\M,=0.... ] 
At. mo: .. . , : i] 
is = , bw )y 12} 
\O, 13] 
At m2: 
(iS; = 14] 


The inertia force of mo must be subtraeted from the spring force to 
obtain the shear on the left end of the massless beam of the first 
section. The negative signs for shear are due to the sign conven- 
tions used, Fig. 2. 

In Table 1 the results of the calculation for a forced frequency 
of 16 cycles per sec (cps) are tabulated. This frequency is near the 
first resonant frequency of the beam. The table is divided into 
four parts. 

(A) Constants of the problem. 

(B) Results of the iteration calculation containing unknown, 


Oo. 
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rABLE 1 FORCED VIBRATION OF SYSTEM 
in., w@ 100.5 rad 
am ‘ 
1/ib-in L/lb in/ib 
1 196 «10 , " ) 204 x 


1 196 « 10 7 OM 45 224 
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Energy balance 


Forcing energy 


Damping energ 


(C) Results in complex form after application of the terminal 
boundary conditions and the elimination of the unknowns. 

(D) Vector form for shear, deflection, and inertia forces (slide- 
rule accurac\ 

Part (B vo boundary conditions, So = 13.98 

757.88 (equation [12]) and WZ) = 0, entered in the first row. 
The initial deflection yo, and slope 6, are unknowns in the caleu- 
lation. It is possible to set yo equal to unity for simplicity. The 
forcing function P will then be the force necessary to give the 
beam ends a unit amplitude at l6eps. The iteration calculations, 
corresponding to part (B) of Table 1, are shown in the Appendix. 
The unknown slope 4 is found by applying the boundary condition 
6, = 0. The slope 4 is then eliminated from all quantities and 
the results tabulated in Table 1, part (C). The solution for a 
forced frequency of 16 eps has been completed; however, a 
physical interpretation of the comple xX moments, slopes, deflec- 
tions and shears has not been given. 

Consider the forced vibration, in a plane, of the simple damped 


system in Fig. 4(a). The sinusoidal variation as well as the phase 


GRAM FoR System J, 16 CPS 
wt 
$Pe! 
relation hips of all the forces and the motions may be show? 


plane, as shown in Fig. 4(c). The 


diagram is drawn for a constant foreing frequency w. If the for 


(a) rotating vectors in the complex 


\ 


EQUIVALENT SIMPLE SYSTEMS Ing Irequency is changed, all the vectors change in magnitude, but 


only the phase angle @ changes. The inertia force is al 


ways in phase with the motion, the damping force lags by 00 deg 
" 


and the spring foree lags by 180 deg. The variation of the ump 
tude vector y is usually shown by a resonance curve. The dia 
gram is also a representation of the damped vibration of the shaft 
center of a disk on a massless shaft, as shown in Fig. 4(b For 
the pl ine vibration of the system in Fig. 4(a), either the wor thes 
component of each vector shows the sinusoidal variation of the 
quantity. The motion of the mass point itse If is an end view of the 
rotating-shaft vibration of the system in Fig. 4(b). With this 
vector diagram in mind, the results of our « ompl x iteration pro 
cedure are very simply explained, 

If the shears and deflections for System I, as given in Table 1, 
part (C), are plotted in the complex plane, the phase diagram in 








Fig. 5 is obtained. The diagram is similar to that for the simple 
systems in Fig. 4, but there are a number of mass points, one for 
Vector DraGcraM or Stmp.ie System each concentrated mass of the beam. The diagram clearly shows 
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the phase angles between the amplitude veetors y, of each mas- 


point. The forces acting on my are exactly as given for the simple 
system. Although the damping does not act directly on the other 


mass points and ms, the damping effect is felt by all the 


masses, The greatest effect, however, is felt by those masses 
closest to the damper r, as shown by the angles of the lines joing 
Inass points in the phase diagram. It is interesting to note that 
in the phase diagram the shear forces do not lie on the lines join 
the undamped beam, the 
All forces 
and motions are either in or out of phase and the calculations are 
all real 


illustrated by deflection diagrams, which arg the projections of the 


ing the mass points. In the special ease 


mass points all lie in a straight line on the real axis 


Dynamic equilibrium of each section of the beam is best 
real and imaginary parts of the phase diagram, plotted against 


Both the 


dyn arrile 


the beam length (shown as the Z-direetion, Fig. 5 
and the deflection 


equilibrium 


real imaginary diagrams are in 
It would have been possible to solve the problem in 
the real and imaginary plane independently, each as an ordinary 
beam problem. 


moments are seen in the real and imaginary deflection diagrams 


real and Imaginary parts of the complex slopes and 
They do not appear in the phase diagram, because both depend 
upon beam length, which is not shown in the phase diagram. The 
vibration of a damped-end beam may be said to consist of two 
stunding waves, 90 deg out of phase with each other,’ as repre- 
sented by the deflection diagrams; however, a more physically 
satisfying concept may be given by the analogy of beam vibrations 
with those of a rotating shaft. 

The phase diagram represents an end view of the vibration of 4 
rotating shaft. The force ? is an unbalance force in the shaft 
The shaft must have identical flexural rigidity in two perpendicu- 
lar directions equal to that of the beam. Then, this 


analogy, the vibration of the shaft in the €°Z-plane or the VZ 


with 
plane is that of the vibration of the beam. The foreing funetion 
seems to rotate the shaft in the w-direction. The sections of the 
shaft do not lie in a plane; that. is, the shaft is bent in a Speece 
curve, 

A very useful method of chee king ealeulations is given by an 
energy balance. The energy balance holds at any frequeney, for 
the energy put into the system by the forcing function must be 


equal to that dissipated in the dampers. The energy balance is 


P 
( sin #)y = 


An energy balance for System [, which is within 


[15] 
/, per cent, is 
shown at the end of Table 1. 

The foreed vibration at a given foreing frequency has been dis- 
cussed. In an actual problem, the resonant frequencies would be 
To find them, the procedure is repeated 
For each, the amplitude at 
From these 


of particular interest 
fora number of forcing frequencies, 
the center for a unit force yw / P is calculated. 
values a resonance curve is drawn, the peaks giving the values of 
resonant frequency. This has been done for System T and the 
resonanee curve near the first resonant frequency has been 
plotted in Fig. 6. The 
resonant frequency is less than that for a 00 deg phase angle, as in 


The phase angle @ also has been shown, 
i simple system. The phase angle does provide a convenient 
way of locating the resonant frequencies, since it tells whether we 
are far above or below the resonant frequency. 

Higher resonant frequencies are obtained as easily in the same 
Since, in Svstem I, the forcing function is at the exact 
It is 


manner, 
center of the beam, the even order modes will not be excited 


“bree Lateral Vibration of a Cantilever Beam With a Terminal 
Dashpot,”” by BK. J. MeBride, Journat or Apprigp MecHantcs, 
ASME, vol. 65, 1948, \-10S 


Trans 
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interesting to compare the 
with the natural fre quency ol 15 cps for the first mode of the be im 


on the springs, but without the damping at the ends. Damping 
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kia. 6 Resonance AND PuHase-AnG ie Curves ror System | 


has raised the frequency, since it has a ‘stiffening’ effect at the 


ends. 
Sysrew II 


The previous method always ean be used when the svstem is 
identical on both sides of the forcing tunetion This is a very 
restrictive case, and, in general, the calculation must include the 
included as un 


whole beam. The forcing functions must be 


knowns in the calculation. To show this, the svstem in Fig. 7 has 
been solved. The ecaleulation is illustrative of the type which 
would be carried out for anv nonuniform beam, nonsvmmetrica 
problem. The procedure is the same as for Svstem [ up to the 
forcing funetion. An extra term 7 is added to the shear force at 
position 2 ty represent the forcing function. It is carried through 
the calculations as an unknown, as is #. The boundary condi 


tions at position 4 are 


At mM = [16 

iS, = + jen dys 17 

Notice the plus sign for the shear at the right end of the beam dur 

to sign conventions used. The two resulting simultaneous equa- 

tions are solved for P and 4), and these unknowns are eliminated 
from all quantities. 

The results are shown in Table 2 for a forcing Trequency ot 
19.3 eps. The phase diagram for this frequency is plotted to seal 
In Fig. Ss The angles in the phase diagram ure not us pronounced 
as they were for System I. This is « xpected, for a lower value of 
damping has been chosen for this ex imple The higher the damp 
ing at the initial end, the steeper the slope of the line connecting 
the first two mass points, Since the beam is not sy mmetrical, the 
mass points all appear in different positions. The resonance and 
phase-angle curves for the first mode are shown in Fig. 0 4 
cause of the lower damping of this system, the resonance curve is 
sharper and of greater amplitude and the phase angle curve has « 


more abrupt change than for Svstem I 
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The procedure has been illustrated for parallel spring-damper 
end conditions, but many other types of boundary conditions can 
be handled, 
tion, consisting Of series sections of masses and parallel springs and 
dampers, the Equations [1], [2], [3], [4] 
to initial boundary sections, beam sections, and terminal bound- 


For the transmission-line type of boundary condi- 
ure applied successively 


ary sections, For these boundary sections the moments and 


slopes are zero and the equations become 
ny = . [18] 
Sin = S “4 ' [19] 
% * - [20] 
; k; t JE@ 
If the damping at the end is a torque opposing the end rotation 
the boundary condition is 
M = jew 
Boundary moments and gyroscopic moments also can be in- 
cluded, handled in the usual 
manner, using the complex iteration procedure. For problems 


Beams on many supports are 
with numerous forcing functions, of the same frequency, acting 
at different points on the beam, the amplitude and phase re- 
lations of the forcing functions must be known. Each forcing 
function is then treated as was done in System II. 


CONCLUSIONS 


Formulation of the foreed, damped-end beam vibration problem 
could have been given in matrix or finite difference form, but some 
of the simplicity of the method would have been sacrificed. The 
procedure described is applicable to most problems of forced 
vibration of beams and critical speeds of shafts, in which boundary 
damping is present. The calculations and formulas have been 
kept as simple as possible. The method has not been obscured by 
long tabular procedures. If a tabular method is desired, it may be 
based on an existing one.* 

The task is tedious for the general forced, damped-vibration 
problem when done by hand-calculating machines,  Slide-rule 
calculation is, in general, unsuitable, as more digits must be 
carried. Punched-card computing machines are the best way to 
solve these problems and should be used whenever possible. An 
energy balance should be calculated for each forced frequency, as 
it forms a valuab'e check on the accuracy of the iteration calcula- 


tions, 
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Appendix 


System I 
Section O 
M, =0 

4, 

Yo = 0 

So (52 8.0205 


equation [12] ) 


97.88) 45.98 j57.88 (from 
Section | 
M, 11 (—43.98 
I-quation [1] ) 
0, = —6.576 K 10-(—43.98 — 757.88) + 4% 
0.0289212 +- j0.0380620 + 6 (from Equation [2] ) 
18.224 xX 10-* (—43.98—j57.88) 11(0.0289212 
+ j0.0380620 + 4) + 1.0 
0.893955 — j0.139560 116, (from Equation [3] 
13.98 — 757.88 + 16.0590(0.893955 — j0.139560 
114) 
= 20.62307 


[4] ) 


j57.388 183.78 — j636.68 (from 


j60.121199 — 176.649% (from Equation 
Section 2 
M, = 11(—29.62397 176.6490, 
483.78 — j636.68 
809.64367 — 71298.013 
6.576 & 1074 ( —29.62397 
1.196 & 10~* (—483.78 
+ j0.0380620 + 4, 
= 0.106262 + j0.153744 + 1.1161646, 
18.224 10-4 (—29.62397 — 760.121199 — 176.649 
6.) 6.576 XK 10-4 (—483.78 7636.68) — 11 
(0.106262 + j0.153744 + 1.116164 0) + 0.893955 +4 
j0.139560 — 110, 
= 0 186065 — j1.122141 
20.62307 JOO.AZ1199 
(0.186065 — j1.122141 
= —28.12996 — j69.13143 
Application of boundary condition 
6, = 0, 9, = ~-0.0952028 


- 760.121 199 


1943. 1394, 
- 760. 121199 
jb 36.68) + 


176 HAG, 
0.0289212 


22.425949, 
176.6499, +4 
22.425946, ) 


356.7186, 


8.0295 


JO.1377436 





Frequencies of Longitudinal Vibration for a 
Slender Rod of Variable Section 


By JAMES L. LUBKIN! ano YUDELL I 


The natural frequencies of a slender, homogeneous, 
fixed-free rod of variable section are studied in a one- 
dimensional theory. The rod is uniform at the fixed end 
for a certain distance /,, and then tapers for a distance 


The 


frequency equation is derived and its first five zeros are 


I, so that the cross-sectional area varies linearly. 


tabulated for several ratios of /, to /,, and various tapers. 
The first few terms of asymptotic expansions for the roots 


of the frequency equation are presented and discussed. 


NOMENCLATURE 
The following nomenclature is used in the 


t = time 
r = axial co-ordinat: 
displacement 
length of uniform section 
= length of tapered portion 
= cross-sectional area 
: area of uniform section of 
taper parameter 
Young's modulus 
mass density 
/ 
Vv bk p 
nth natural circular frequency 
Pr 


nth eigenfunction (mode -shape for rod 


Additional S\ mols are le fined as introdu “ed, 


INTRODUCTION AND MATHEMATICAL STATEMENT OF PROBLEM 


The purpose of this paper is to study the longitudinal natural 
frequencies of a slender rod of continuously variable cross section, 
in terms of a one-dimensional theory. The rod is assumed to be 
fixed at one end and free at the other, and possesses the following 
to the fixed 

For the re- 
mainder, Le, of the rod’s length, the cross-sectional area A is 


rod. 


sectional characteristics Immediately adjacent 


end, the rod is uniform for a certain distance L 


taken to vary linearly with distance along the 


' Research Engineer, 
Mo. Jun. ASME 

2 Research Mathematician, 
City, Mo 

3 Essentially the same 


Midwest Research Institut« Kansas City, 


Midwest Research I Kansas 


itute 


theory as that developed in the paper gov- 


form and then a 


| 
erns the torsional vibration of a rod having a ur 


linearly varying second polar moment of area. Note, however, that 


in a given rod, a linear variation of area generally lieates that the 
second moment of area will not be linear (and vice versa), except for 
certain types of vod having a very gentle taper 
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The results of this investigation should prove useful in a num 
ber of technical fields, because a composite rod that is partl 
Apphi 


cation appears possible to certain types of phonograph needle 


uniform and partly tapered is not uncommon in practice 
and other transducers; variable-speed mechanisms involving uni 


form shafts attached to tapered pulleys; other shafts and spindles 


encountered in mechanical design; and rifles. In addition, the 
frequency equation whose roots are tabulated may offer a solution 
to useful problems in acoustics and in wave-guide propagation 
0 at the fixed end, 


the equation governing free vibrations is derived from a con 


Taking the z-axis along the rod with z 


sideration of the forces acting upon an elementary length of the 


rod. If wu r,t) be the displ wement, A(r) the area of the section 


FE Young's modulus, and p the mass density 
{(2)] O[A(r) Ou/dr}/Ozr.. [1] 

c? = E/p (2) 

Unless A(z 
» propagated along the rod i 


is constant, the system is dispersive, and the shape of 
4 WAV altered as it progresses In 
dealing with Equation [1], consideration of reflections is necessary 
at points of discontinuity or very rapid variation of section. In 
the present study the taper is assumed to be gradual, as is re- 
quired if one-dimensional theory is to apply, and the area func- 


tion is assumed to be continuous. The latter is taken to be 


13) 


where Ay is the area of the uniform section of length L,, and € isa 
taper parameter, governing the change of section of the tapered 
length / 


In addition to th 


portion 


boundary conditions, which are 


u(O, 0) = O, Oul( Ly, + Le, E)/oxr 0 
we require continuity of displacement and strain at z ly 
FREQUENCY H:QUATION 
The usual substitution is made in equation [1] 


u 


is the 
the result of the sub 


Here Pp, 1 


corre spondi ig mods 


the nth natural circular frequency and X,(2 
h ipe or elgentune tlon 


stitution is 


Fo Pal 
prime s denoting differentiation with respect to z, 
for the general class of area varia 
} 


The solution of Equatic n {6 


rm 


tions A‘r h + br)*, w any real number, is well known and 


expressible in terms of cylinder functions (1, 2).4 For the present 


uw = I, and the solution of Equation [6], subject to Equations 


3], the first of I 


La, is as follows 


case 


[ juations [4], and the two conditions of continu 


itvatz 


4 Numbers in parentheses refer to the Bibliogr aphy at the end of 


the paper 
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d} respectively, are the mth order Bessel tunctions 


d second kinds The absolute value of € is required 
formula to secommodate both positive and negative 
The _ and Dd, are 


constants ¢ given by 


! 
{ll 


= Oandc 
have used the 


JAB 


well-known rela 


xcept when € = 1, in which case sin ¥ 


In deriving Equations [10|, we 


tions 
[12] 


Finally, using the second of the boundary conditions, | quaations 


4), the Irequeme equation ix obtained 


Vi(B1 + €)|JB)}.. [13 


It is seen that vil, + L tor 
parameter famuly, depending upon the proportion of the rod that 
is tapered (L,/L The latter are 


therefore the principal variables in treating the frequency ¢ jua- 


any given nm, constitutes a two- 


and the degree ol tapet (€ 


thor 


Discussion or FREQUENCY EQuation 


bequatior 13 considerably for certain values of 


L/L 


rod remains, 


stmaplitic 
When / 


and we obtam 


and or € 0, only the tapered portion of the 


3) J, (Bl 4 = 0 {i4 


hquation [14] is encountered frequently in physical problems, and 


its roots have been studied by a number of authors (3, 4, 5) 


When € assumes its smallest value of 1, the rod tapers to zero 


area at its free end, and | quation [13] reduces to 


os YJ (3 sin yJi(8) = 0 [15] 


For a rod which both and has no uniiorm 


region (€ = 1, / =) 


tapers to a pont 


. this reduces further to 
0 *T16 


the zeros of which are tabulated extensively (6 


In the dege 


+ fn. the 


f 


nerate case of € = 0, Le., a uniform rod of length 


requenc equation of Course becomes 


L 0) 17 


If the t ipered portion had been taken as of length 1, at the fixed 


end and the uniform section as of length L. at the free end, it is 
the lengths 
L, and L, are interchanged in equation [13], and the functions.J/;, 
), in the 


It is eas 


found that a very similar fre juency equation obtains 


first pair of braces are replaced by J . } . respectively 


to see, however, that the Trequene, equation becomes 


exe eeding|\ compl X for a4 Composite rod consisting of more than 


two sections, even when the area variation is a linear funetion 


6 This pres 
1 1 +e 


Ipposes A(z 1/1 + ex J ‘) r<f 


thereatter 


and A(r 


LONGITUDINAL VIBRATION, SLENDER 


ROD, VARIABLI PlON V3 


shit 


In tabulating thes 


the lengt! 


({uantithe 


ivariat 


Le, the fr the total rod length that is uniforn 

the ratios L,// » 0, */:, ‘/e, 1, */e, B, @, become ; 
OOO.125)1, respectively. For these values of A, Table 1 give 
five decimals the values of v, (Ly + |b corre spondit plotl 
zeros of Equation [13]. The the 
ase in cross-sectional ares up to the free end of the rod, « 


ction ot 


first five parameter €, neti 
pressed asa fraction of that of the uniform portion of the rod 
I('/3)] 


These zeros are cor pute dby tabulating the frequen Vy equator 


given the values 
near the desired roots, Using standard tables of Bessel and circula 
The entries are then subtabulated (8) at suf! 
the first 
found by 


functions (6, 7 
close intervals for differences to be 


The 


Seven or eight decimals are carried in the computations, suflicient 


ciently essential 


constant zero: is linear inverse interp Natio 


to insure that only occasional entries, if any, are in error b i 


much as one unit in the fifth place 


Because of the comparatively few entries in Table 1, interpola 


tion is generally not good, especially A-wise, 


although probably 


adequate for most engineering purposes Intermediate values in 


A-wise 
bette 


interpolation probably can be obtained to 1 per cent of 
However, considers 
Pabl 


urut 


either graphically or by formulas 
bly greater precision may be obtaimed tn some portions of 
interested in ae 
difference It bias 


been found that €wise interpolation may be 


1, and it is recommended that any user 


intermediate values investigate local tabula 
substantial " 


Fable | 


Tut 


proved by the device of first multiplying the entries o 


bv afactora, , +€ and then inte rpolating for the auniliar 


vila, + Le Table 2 


tp and indicente 


tion (dyn, + € Suggests Appropriate 


“smoothing factors an approximation for tl 
maximum error to be exper ted in five pot inte rpol ition 
Natural frequencies tor Composite and uniform rods may b 
compared simply by reference to Table 1 big. | illustrates for a 
tyvpr il case the effect of rod geometry on the shape s of the nat 
ural modes of vibration sented for the fir 
thre 


rice shape is given tor € l, 


Curves sre pr 


modes of a rod which is 7’. uniform and 


« taypy ed 
1, and O, corresponding, resp 
todoul 


tively, torods whose area varies linearly to zero, linearly 
that of the 


rod length 


uniform section, or remains Conetant tor enti 


Asyveroric IxXPANsIONs 
The 


lquations (13! to 115) have been obtained 


first few tertins Ob asymptotic expansions tor the root 


Kecause ol the com 
plexity of these equations, the terms are lengthy and no attempt 
will be made to write down a single expheit expression. \ 
equivale nt procedure is outlined instead 


A of Table 


howe 


lus 
sion ti i 


1, thes 
the 


Trequene 


At least in the range ol € pan 


approximation lor 
The higher 


there better 


give an gravest natura 


frequen roots of the equation af 


larger and fore ipproximated, for and D 


However 


thon 


given € 
as A approaches unity (rod tends to uniformity of 
all asvinptotic expansions offer an increasingly poor rep 
desired zeros Iissentinll 

do 


ipproache 1, 


rr 
sentation of thre 
breve 


panstons 


this appears to tx 


ause the sinusoidal funetions not Possess a 


thie 


\ mptot 4 


Avain is € general exXpulist nt 


zero to unity by eighths 


» notation 010.125) 1 means fro 
In some t 


early 


applic ithe mansions have bee fo 


F the zeros © re i i lar to that of the fr i 


equation (9 
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FABLE 2 SMOOTHING FACTORS a,» AND CORRESPONDING MAXIMUM ERRORS IN 
FIVE-POINT €-WISE INTERPOLATION 


(Figure in parentheses after each a, » is approximate maximum error, in thousandths of a per cent.) 
n l n= 2 = ¢ n 4 n 
1.44013. 4 1556.8 1 O55 
1. 58314 2 Bue 4 , 
1. 76801 ) 2 5.5 20(5.2 O75(5 


, , 


2 BOWS 1 140 
4. 537(1.6 2.12 ; ) 1 200 
9 Fal > 5 4 aT. 4 ‘) 
+ SOOO 455(2 5.5006 


0375, €+1 


Oa he 0.375, €=1 


he 0.375, €*0 A+ O378, €20 
he 0.375, €+- 

02 o« oe 10 Ys) 
\*0.375, €*-1— x/(L,* Le) x/(Ly +L) 


—— As 0375, €=-1-—~ 
os ° 


x/(L\+L9) 





A 0375, €-0 





(a) (8) 
ComMPAanison OF First Turee Mope-Suayre Funcrions ror a Rop Hay 


A, First 1 


corresponding to Equation [13] loses its usefulness, even for asymptotic expansions of f(y) and its derivatives, all evaluated at 
higher roots. When € 1, Equation [15] obtains, and a ; j,. Detining 
special expansion is presented in this case, : 
: ' ee : S 
For brevity, Equation [13] is rewritten with the notation 


y : Bal + €), ay = B, by _ 19} it is found that 


, 


and becomes 
sin by [Ji(y) Y,(ay) J (ay 


+ cos by [Jily ‘~(ay Ji(ay) Yily)] = 0 2 


() 


Substituting the asymptotie expansions for the various Bessel 
functions into Mquation [20], for n sufficiently large the limiting 
values of the zeros, say y,, are found to be 


1) we/2¢ 


equation [21] is easily proved equivalent to 
vi(ly + Le) = 1) w/2: n large [23 — 

15) sin 6, 
which bears the physical interpretation that the higher rod fre- 35a3 5a? 3a 
quencies tend to be independent of the taper, and to depend only , 3 ( 3a? + 9a + 35) cos 4, 
on total rod length. 

. R, 4aBs = S cos 6, 
1) 
t+ pts/Yn* [24] + i ; Ss , ~~ Oa sin 6, + 32a (1 3a 
COS 6, 


If z, be the nth zero of Equation [20], it may be shown that 


sy T: rs core! Ri . ik a 
By Taylor’s theorem 1 aad Ga 15) S cos 8 


1 16ak + ( l 3a)h? 2S? sin 6, 
3(a + 1)S? cos 6, 32aS cos 6, 


[31] 


. ; ate a ds 'R*, JaD, = —S?* cos 8,...... [32] 
quating this expression to zero, the value of hk is determined by 


reversion (10) Substituting Equations [28] in [26] assures the inclusion in the 


hm —S/f' —fopr/2f® + Lf'""/6f' —f°2/2f"1f7/f"? +... 126]  C*Pansion for s, of terms of order y,~“, but all higher orders are 
wie 4 ™ : : ere neglected. The factor involving (f'’/f’)? introduces a term of 

whence the coefficients uu, may be evaluated. However, to order y,~5, and for consistency the latter should be neglected. 

derive these yp; explicitly involves considerable manipula- As noted previously, this expansion is useful away from € = 


tion. It appears to be simpler merely to give the necessary 1, where a = (1 + €)~! is infinite, and away from A = 1, where 
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no asymptotic expansion exists. Two-way interpolation in Table 


1, with the assistance of Table 2, is recommended for inter- 
mediate values for the first five roots. Thereafter, the expansion 
must be used 

When b 0 the algebra simplifies considerably, 


that 


and it is found 


> , , 
dba? 


l 


3a‘ Ua 


a result deducible from earlier studies ( 


Equation [15] obtains when e€ must be treated 


Let 


separately. 


, 
Y 


For n sufficiently large, the limiting values of the zeros are given 


by 


Define 


sin ¥, 


sin Y, 


fore, it is found that the left-hand members of 


should read 2Y rw, 


g’’(e,), and the coefficients in the right-hand members become 


Proceeding as be 


the system equivalent to Equations [28] 


SA, 
1024.13/15 
B, 


127 
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order w, 
houl 


juations [38] to [41], g may be 


the t 


by the factor 


i1} inelul 


troduced 


Again, 


and 


Mquations 3S | to 


again the wu term in 


be omitted, Asacheck on I2 


equal to zero, and using Equation [26], the well-known asymp 


totic expansion for the zeros of Jo(w) is readily obtainab! 


th 


’ 
uscluine 


For si ind higher roots, the expansion must be u 


usual, it s is destroyed as La approaches zero 


proaches unity 
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An Invariant Membrane Stress Function 
for Shells 


By H. L. LANGHAAR,' URBANA, ILL 


Inextensional shells that have no thickness are idealized i spherical shell, Rotation of a tractrix about an axis gene: 
representations of real shells that have small bending — ates « surface with constant negative curvature, called a “pseudo 
stresses and small deformations. With certain restric- sphere’! Any surface of revolution with constant negative 
tions, the stresses in these shells are derivable from a © curvature can be obtained by inextensional bending of 4 segmen! 
generalized Airy function. For shells of constant Gaus- — of a pseudospherical shell. 
sian curvature, the stress function is unrestricted, but, for Any point ? on a surface of negative curvature is the interse: 
other shells, it is expressed as a function of the Gaussian tion of two curves that lie in the surface and that have contact 
curvature. Although, in this respect, t is less general of at least second order with the tangent plane at 2’. Thes 
than Pucher’s stress function, it has t':« advantage that curves are called the “asymptotic lines’ of the surface. For « 
it may be used with any surface co-or.inates. developable surface, the two families of asymptotic lines coalesce 

with the generators. The asymptotic lines on a surface of positive 
INTRODUCTION curvature are imaginary. If the co-ordinate lines are the lines ot 
principal eurvature, the differential equation of the asVinptoti 


lines is 


F(z, y) are any orthogonal co-ordinates on the surface of a 
shell, the square of the line element is 


ds A?ds? + Bedy? 


MQuiLiBRiumM EQuaTioNns 


3 ; $ i . P 
A A(z, yu), I B(x, u) Consider a differential surface element that is bounded | 


Let (2), Ry) be the principal radii of curvature of the surface orthogonal co-ordinate lines, Fig. 1. The equilibrium equations 
The positive side of the surface may be designated arbitrarily for tangential forces on the element may be derived with the as 
sumption that the element is plane, since the curvature is a second 


\ principal radius of curvature will be defined to be positive if 
order effect 


the corresponding center of curvature lies on the negative side 
of the tangent plane, With this definition, the radii of curvature 
of a convex surface are positive, if the positive surface normal is 
directed outward 

The Gaussian curvature A (stubsequently called the “curvature 


of the shell’) is defined by 


A 
RR 


This quantity os expressed in terms of A and B by the Civuss 


9) 1 OB ) 1 of 
| AAB 
Ou 1 ov Ou KB OW 


The curvature A is a bending invariant, ie., it is not changed 


equation? 


by any deformation of the shell that is compatible with the « ondi 
tion of inextensibility Consequently, there are many surfaces 
for which A’ is constant Any developable surface has zero 
curvature Any surface of revolution with constant positive eur The lengths of the sides of the element are 


vature can be obtained by inextensional bending of a segment of dan = Bdy, dm 
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With the same stress notations as in the theory of plates the 


] 


forces on the edges of the element are as shown in Fig, 1 eso 


lution of forces in the direction of the line clement ds» vields 


1 NB) 


forces in the 


and p by 
the results, vields 


\ similar equation is obtained for equilibrium of 


lirection of the line element ds klimination of a 


means of Equation a and simiplitic tition of 


the following equilibrium equations for tangential forees 


ON »\ . ob 
) dy ) 


If the 


equilibrium equation 


ire the lines of principal curvature, the 


tukes the 


Co ordinate liv es 


for the normal forces following 


well-known form 


Phe funetion p /) is the external normal pressure (positive if it 


acts in the direction of the positive surtace nor! val) 
Srress Funerion 


Under certain conditions, Equations [5] are satisfied identi 
callv* if the stresses are derived from a single function F(x, y), as 


follow SI 


1 oF | ww oF 
B? oy? 8B Or Or 
1 OB ol 


$3 Oy OW 


+ AF 


OA Of 

1B? Oy oy 
1 oF ! OA Ol | 
" '4°B dy dr AB Or dy 


+ AF JS F dak 


1B Oroy 


For shells of constant curvature, JF dk 0, and, with 


restrictions on continuity and differentiabilitv, the function F(x, 


sone 


Accordingly, for shells of constant eurvature, 


k« yy’ 


y) is arbitrary 
Equations [7] give the general solution of Equations [5 
flat plates, F is the well-known Airy stress function 

Prof. Harry Levy showed the author that the term J°F dK 
ue neralizes the solution, so that a elass of stresses is obbtained for 
not 


shells of variable curvature. However, Equations |7]| are 


the most general solution of Equations [5)|, for, if A is variable, 


F must be a function of K, rather than an arbitrary function of 


zand y, 


teference (3 »p 299 


® See Appendix. 


MEMBRANI 


STRESS FUNCTION FOR SHELLS 


Phe funetion i 


problen t Is a 


useful for tiverse solution 


given funetion, the pressure p 


wses the pres’ nibed stresses is determined by | quation [6 


ifferent ty ju of stress function 


A. Pucher (1) emploves 
relates to extrinsic quantities, for the shell is projected orthog 


nally on a plane, and rectangular or polar co-ordinate 


plane ine dopted is surince co-ordinates Pucher derive 


=tresses from a sealar funetion in conjunction with certain 


that dener with re 


fon the onentation of the tangent plane 


tor the pl ine of projection Seemingly, Pucher’s relation 


! sed in an invariant intrinsie form 


er \pore 


DIFFERENTIAL FQuation ror Stress Funcrion 


Attention is tentativel restricted to hells of constant curs 


ture It the co-ordinate lines are the lines of principal cury ture 


dif the pressure p( J) is given, equations [6] and [7] provice 


second-order linear differenti i} equation of the following form 


evident] tI preursal vovdin or hyperboli 
If the 


ind the 


is equation is elliptic 


ording as A is positive, zero, or negative shell is a flat 


pleat bquation 6} degenerates to p (), compatibility 
equation of plane elasticity supersedes Equation [S 

The stress function F is a pomt funetion on the surtace of the 
shell ( 


regarded is two families of curve 
the 


the characteristics of | quation ‘S| may be 
on the shell 


equation 1 


] equently 
The equation of 
characteristics is sume ss Accordingly, 


he cha te 
hell 


of Kquation S!l are the asymptoti lines on the 


DISCONTINUITIES OF STRI 


In view of I quation i}, at least one component of sti 


ess | 


contnuots wherever pis discontinuous Lines of di eontinurt 


of stress also may originate from boundary conditions Two 


types of discontinuity may occur; stepwise discontinuity nd 
points of rfinite stress 
t lie 


Then, from statieal require 


If Cis a line of stepwise discontinuity, the co-ordinates m 


chosen so that C is the line v 0 
und A ,y are 


h 
component NV y 


continuous, ie., the discontinuity exists 
For 
onditions are satisfied if the discontinuity exists in 0°F /o 


ud F 


ind 


ments Lf 


only in the shells of constant curvy ature 


these « 
while the remaining derivatives itself, are continuou 
of the invariance of | 


ind B, which stems from the 


Because in arbitrariness in the fun 


tions A freedom of choice of co 


ordinates, these properties of the function F are also necessary 
in gener il, F, OF /Or, and OF 


i tine C of stepwise discontinuity of stress, but the second direec- 


Consequently, yy are continuous at 


tional derivative of F, in the direction normal to the line C, is 


discontinuous 
well-known raany 


bv virtue of a property of characteristic 


different solutions of Equation S!mav be stitched together along 


iw that F, of O71 


ippropriate integral surface 


mptotice line, in such ind OF /Oy are 


The 


Hnes is it 


im fis 


continuou union of on chat 
procedure in the solving of 


differential « 


reteristhe fundamental 


houndaryv-value problems ino hyperbole juation 


In general, the stitching does not preserve continuit 


derivatives, and therefore certain mptotie lines on shel 


constant curvature may be lines of discontinuity of stress Phis 


irises if the boundary discontinuous 


let Cr, 8) he « 


condition renee re 


For example lindrieal co-ordinates on a circular 
evlindrieal shell with radius a. If there is no normal external 
equation [6] reduces to Ng 0. Since A 1,B 

0, Equations [7] vield 0?F /or? 0, whence | mr -+ 
ml) n wll 


pressure, 
and K 
n, where ' 


Furthermore, by lequations |7] 
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la 
Equations [a] show that discontinuities of N, or Nig at the end 
section of the shell are propagated along the generators. For 
example, if a concentrated axial load acts at the end of a eylin- 
drical shell, the stresses are infinite at all points of the generator 
on which the force is applied, W. Fligge (5) has questioned the 
significance of this conclusion. Perhaps a small amount of flex- 
ural stiffness causes rapid dissipation of the stresses in the neigh- 
borhood of a concentrated tangential load. 


Sueuis or Revoiution Wirn Constant CURVATURE 


W. Fliigge (6) and C, (7, 8) treated the 
membrane theory of shells of revolution extensively. Truesde!| 
employed stress functions in connection with Fourier analyses 
of the stresses, but they are not directly related to the function F. 

For a shell of revolution, the arc length z on a meridian and 
Then the co- 


The 


Truesdell have 


the longitude 6 may be adopted as co-ordinates, 
ordinate lines are also the lines of principal curvature 
coefficients A and B in Equation [1] are 


A=1, B= fds 


where ris the radius of the cross section at co-ordinate x. 
Equation [3] yields 


r°+kKAr 0. {10} 
If AK is constant, there are three general solutions of Equation 
[10], depending on whether K is positive, negative, or zero, These 
solutions determine all shells of revolution with constant curva- 


ture.’ For these shells, Equations [7] reduce to 


, 


o'r r or 
on 


oro r 


, and Ny» must 


+ AF 


If the shell is closed circumferentially, NV,, No 
have period 27 in @. This condition imposes a restriction on F, 
but it does not necessarily signify that F is periodic. Rather, F 
may be a multiple-valued point function on the shell, such that a 
circuit of the shell leads to a new branch of the function. 

Attention is restricted to cases in which the stresses are contin- 
uous, Then Nag may be represented by a uniformly convergent 
Fourier series in 0, 
in Equation [Ie], and integrating, one obtains a relation of the 


Equating this series to the expression for Ny 


following form 


im r f(0) + Balr) 4 P(r, 0 . [a] 


is a function with continuotis second derivatives 
The functions f(@ 
equation [a 


where @ (x, @ 
that has period 27 in @. 
continuous second derivatives, 
sufficient for periodicity of No 
In view of equation [10], Equation [11b] now yields 


and g(r) also have 


is necessary and 


g° +Kg=0.... anu [b] 


Equations [a] and [6] are necessary and sufficient for periodicity 
of Ng and Nye. 

Equation [lla] now shows that the following expression must 
be periodic in 0 


f” + (r" + Krg)0.........[e] 


+ Kr®2)f +(r'g’ 


7 Reference (2), Pp. 147 


JUNE, 1953 


The following notations are introduced 


Krr=za, r’g’+Krg=8 


r’2? + 
Then Equation [ce] becomes 
f" + af + BO 


Equations [10], [6], and [d] yield da/dz = dB/dz = 0. Conse- 
quently, the coefficients @ and B are constants. 

Since Expression [e] is continuous and periodic, it may be rep- 
resented by a uniformly convergent Fourier series, i.e. 


2 


l ; ; 
+ af + BO = 5 ot a, cos nO + b, sin n8. . [f] 
= n=! 
Several distinct cases arise in the integration of Equation [f] 
Cause a #0. 
f @ is a positive number, but not the square of an integer, 


integration of Equation [f} yields 


B 


a 


fi(9) = C; sin Va 6 t Cy COS Vv -* 4 4] t (9) 


where ¥(9) is periodic. The sine and cosine terms contribute 
nothing to the stresses. 


Then, when the expressions for @ and 6 are introduced 


Consequently, they may be discarded. 


(r’@9 - rq')0 


a@ 


+ d(x, #) 


By Equations [10] and [5] 


d 
dr 


Consequently, Equation [g] reduces to 


F =Cr'd + (2, 9). [12] 
where C is a constant. 

Equation [12] remains valid if @ is any negative number, for 
then exponentials occur in the integral of Equation [f], but thes 
contribute nothing to the stresses. Consequently, if a is not the 
square of an integer, Equation [12] is the most general form of 
the stress function that yields continuous stresses with period 24 
in 4. 

Ifa 


sugmented by the term 


The term C'r’@ represents pure torsion. 


= n?, where nis a positive integer, Equation [12] may be 


rO(C, sin nd + Cy cos nO 


Case 2. Circular Cylindrical Shells. For circular cylindrical 
shells, A Oandr’ = 0. = B = 0. The 
general solution of Equation [b] is then g = Ayr + As, where A, 


Consequently, @ 


and A. are constants. Equation [f] yields 


f(9) = 


l 
, 008 + AO + p (8) 


where A; is a constant, and ¥(8) is periodic. Consequently, neg- 
lecting terms that do not contribute to the stresses, one obtains 
from Equation [a] 


F = C@ + C,0r + $(z, 8).. . [13] 


where C, and C; are constants. Equation [13] is the most gen- 
eral stress function that insures continuous periodic stresses in a 
circular cylindrical shell. The term C6? represents simple ten- 
sion, and the term C,4z represents pure torsion. 
Noncylindrical Shells With a = 0. 


Case 3. The most gen- 
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eral surface of revolution with constant curvature that satisfies 


the condition a = 0 is defined by 


14] 


where a is a positive constant, and k is any real constant. If 
kk = 0, the a cylinder, The curvature of the surface is 
K = k?, onsequently, if fa is not it has 
negative curvature, 

fk <0. the gen 


surface is 


i cylinder 


Also, 8 


lon ol equation 


stants, 


vhere ¢ ! re constant bogus gen- 
! lds continuous periodic stresses in the 
shell defined by be t M4jifk +O. Theterm C, & e* yields 
form, NV, const/r, Ny No = 0. 
this stress distribution cannot be 


The 


stress function for pure torsion, 


eral stress fun 


stresses of the In view of 
realized without 


[15] is the 


Equation [6], 


external pressure. second term in Equation 


Sue ces or Revorurion Wrrn VARIABLE CURVATURE 


lor : in interval where 
dK ‘dz 
Seqle ntly, f F is any func tion of a 


Then, by und [9] 


l of revolution, A = A(a In 
inverted, ie., 7 mK Con- 


t is likewise 


elation may be 


i function of K. 


| quations 


equations 


Appendix 


DERIVATION OF STRI 


of con tant cury 


iture, one 


writing expressions® of the following 
ubstituting these expre 


unknown coefficients a 


»*} 


, 


equation [3] serves ults. It is found that 
when K is not constant, the coefficients in qu itions la) Ci 


to simplify the re " 


nnot 

be chosen so that Equations [5] are satisfied identically in F, when 
® No generality is gained by adding 

W lependent of I 


INVARIANT MEMBRANE STRESS FUN( 


PION FOR SHELLS Is] 


A and B conform to equation 3]. The demonstration of this 


fact is facilitated by the use of isometric co-ordinates, i.e., orthogo- 
nal co-ordinates for which A = B. Such co-ordinates exist on 
any surface,® 

be obtained if I 


of F’, but the 


Tensor rl ples 


Possibly the general solution of Equations {5} can 
juations [a] are augmented by higher derivatives 
gebra become 


svery complic ited, 


eom to afford the most promising mi 
general solution of | juations 5]. Thess rin 


mit the theory to be extended to nonorthogonal co- 
surface co-ordinates on a shel 


f the 


ire any 


tensor, the stress vector on a section o 


ri 
TY nj. 


m of a unit vector m, is 7? m,n; 


normal n; is The component of this ver 
Consequent! , if 
anentsa 


stress com 


ire orth yonal, the ph ieal 


ABI 


] juation 


tensor ¢ jul tion, it 


remains \ ilid vhi 


thogonal, 1 17] isa 


juation 
jum equations of Chien w 
the surfa °, 


Absolute antisvm 


tric tensor ol 


matrix (g,,;) 


where A 


Variant 


kK const, and 
that the general solut 


mtaining third o 





eovariant derivatives * but the author has not succeeded in 
finding this generalization 

generalized Pucher’s results by 
tensor caleulus, but, like Pucher, he treats the equilibrium condi 


tions for a flat projection of the shell. 
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On the Plastic Strains 


By P. G. HODGE, JR.,? 


Ihe complete elastic-plastic problem is set up for a 
circular slab with a central circular cutout, subjected to 
uniform external tension. The analysis is carried out 
under the assumption of generalized plane stress but with 
possibly finite deformations. The material is assumed 
to be isotropic, homogeneous, and incompressible, to 
vield according to the Tresca yield condition, and to 
satisfy Hooke’s law in the elastic domain and the plastic 
potential law in the plastic domain. The equations are 
solved by a perturbation method based on the ratio of the 
maximum shear stress to the shear modulus, in which 
each of the significant quantities, stress, displacement, 
and slab thickness, is expanded in a power series in this 
ratio. A similar technique is employed to solve the fully 
plastic flow problem. It is shown that for cutout radii 
greater than | per cent of the radius of the slab, the ‘‘first 
approximations’’ obtained by neglecting all but the lead- 
ing term in each series are satisfactory, up to loads at 
which the slab becomes wholly plastic. The ratio of the 
maximum strain in the just fully plastic slab to that in 
the completely elastic slab is computed. It is found 
that this ratio is less than about 6 if the cutout radius is 
at least 1 per cent of the radius of the slab. Some observa- 
tions are advanced on the case where the cutout is very 


small compared to the slab. 


1 INTRODUCTION 


ECENT papers by the author and others (1, 2)* have been 
concerned with the limit analysis of slabs with cutouts, 

and with the design of reinforcements to bring the slabs 
hack to full strength. One weakness of the limit-analysis ap- 
proach is that no information about the strains is obtained 
From a practical design viewpoint, it may be that the structure 
limit analysis, and yet has 


has “collapsed ’ in the sense of 


undergone such deformation as to make it unserviceable nonethe 


not 


In the bending of beams, for example, it is known that this 


less 
phenomenon can, in tact, occur (3 

The present paper, then, is concerned with a complete elastic- 
plastic analvsis for the simplest type of problem previously con- 
sidered It will be shown that for this problem the strains at full 
vield are still sufficiently small so that they will not make the slab 


unserviceable. While this does not 
proof that the same results would be valid for more complicated 


by anv means constitute a 


loadings, it seems intuitively reasonable to expect this to be the 


The results presented in this paper were obtained in the course of 
research conducted under Contract N7onr-35810 between the Office 
of Naval Research and Brown University 
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in Slabs With Cutouts 


LOS ANGELES, CALI 


n this Cis lemst the iti re mia 
isstumption 


the 


Ustifiention ol indamenta 


fhat mothon of bound 


Is ipproach, 1 ree . 

ries m be neglected under loads less than the vield loads, 
In section 2 we shall define the functions which serve to express 
the 


leat ; 
solution ao 


this problem, and enumerate the equations and 
the of 
Phe equations are found to be nonlinear, and in see 
vbyt 

The elastic solution will be obt 
ion 5, and the 
shall define 


houndary conditions available for determination these 


hunetion 
ining a solution will be out 


ined in section 4, the elas 


tion 3.4 perturbation method for 


jution in sect fully plastic solution in 


tic-plast ic 
ection 7 we ned compute a measure 

tram, ind show that 
large The chang 


radius tends to zero will 


section 6 


of the plasti for the slabs considered it is 


es nece uv in the solution when 


ummarized in section 9 


not unduly 


the eutout discussed in section & 


Finally, the results obtained will be 


2 STATEMENT OF THE PRoBLEM 


msider a thin slab in the hioapoe of an annulus, Fig 
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-_ — 
-— 
\ 
a \ 


» 


J» 


™ 
, [> 
/ T T \ 
‘ 
. * 
hia. 1) DIMeNSIONS OF 
the initial values of the inner and outer radii be denoted by ag and 
ind let MH, denote the initial thickness A uni 


form radial force of magnitude 24AH apple 


/ respectively, 
per unit length i | 


to the outer edge; the inner edye is stress-free 
In aceord vith the the 


define the pro lem in terms of quantities aver wed over 


hall 


thick 


ory of generalized plane stres ve 
the 
ness of the slab A, Since the problem is radially symmetric, the 


resulting quantities will be functions only of the distance r from 
the center of the plate, and of the time ft Thus the solution 
of the problem may be specified entirely by the following fune 
tions of a distance and time 

slab with a cire cutout 
the additional mate 


80 that the results ob 


‘In the limit-analysis case (1) a square ular 


was considered It is intuitively obvious that 


orners will not increase the strains, 


taken as 


rial in the « 
tained for the ar 


~yuare 


nulus may be ipper bounds for the hollow 


ISS 





h(r, t) = thickness of slab 
u(r, t) = radial displacement averaged over thickness of slab j 


, 
. {la} 


ofr, t) = radial normal stress averaged over thickness of slab 
ofr, t) = tangential normal stress averaged over thickness of 
slab 


It is convenient to define the new quantities 


a(r, t) = a,/2G | 
s(r, t) = 09/2G { 


where G is the modulus of elasticity in shear. 

The functions defined in Equations [1] must satisfy the equa- 
tions of equilibrium, the condition of incompressibility, and the 
appropriate stress-strain relations, Since the thickness of the 
slab is one of the unknowns, the equations of equilibrium must be 
Thus 


in the present problem the only equation of equilibrium which is 


written in terms of the total tractions across the thickness. 


not satisfied identically is 


| ra) ra) 
(rho,) hag = (rho hs = O 
2G Lor or 


The condition of incompressibility also must be expressed in 
terms of averaged quantities, and must be stated as a function of 
the deformed positions of the particles. Thus (4) 


oh o ou h ou 
} A } = 0 [3] 
ol or ol rol 
L-;quations [2] and [3] must be satisfied at all times throughout 
the slab, regardless of whether the material is elastic or plastic. 
The same remark applies to the yield restriction which we take 
to be that of Tresea (maxima shearing stress) 


! | 
Ge|, |9, de | 2k<0 


F(o,, %% max |lo,!, 


For the problem under consideration it may be verified a poste- 
riori that the absolutely largest principal stress is always og 
Therefore, and in view of Equations [1], the yield restriction may 
be written 

as &/G... ; [4] 
Where the strict Inequality [4] holds, the material is elastic, and 
Where 


s = k/G, the material is plastic, and there will be one stress-strain 


two stress-strain relations are furnished by Hlooke’s law 


relation 

Since we are concerned with the possibility of large displace- 

ments, it is necessary to satisfy the boundary conditions on the 

deformed boundaries. Thus if a(t) and d(t) represent the radii 

of the inner and outer edge of the slab, respectively 
ola(t), t] = 0 


‘e.3 
ow} 


h{d(t), tla{d(t P t} = (k/G MOH. so. [5b] 


In addition, all stresses, displacements, and strains® must be con- 
tinuous at the elastic-plastic boundary r = p 


Ou ou 
(p*, t) 


( , 
or or ? 


u(p*, t) u(p » €), 


o(p*,t) = a(p™, b), s(p*, t) = s(p-, t) 


The equilibrium Equation [2], condition of incompressibility 
Equation [3], Yield Restriction [4], together with the stress-strain 
laws and the boundary conditions Equations [5] and [6], are 

‘From a strictly geometric viewpoint, there is no reason why «& 
should be continuous. However, if there is a discontinuity across the 
elastic-plastic boundary, it must be consistent with the plastic stress- 
strain law. It ean be shown that under this restriction there can be no 
discontinuity. Likewise, although equilibrium alone does not de- 
mand continuity of o@, the fact that a continuous solution can be 
found shows that there is no reason to introduce such a discontinuity. 


sufficient to determine the four unknown functions a, s, u, A, 
and the position of the elastic-plastic boundary corresponding to 
any given load. In sections 4 and 5 we shall determine these 
quantities. First, however, we shall define a perturbation 
method by means of which the equations can be linearized. 


3. Metnuop or So._uTIon 


The problem defined in the preceding section is a nonlinear one, 
and a solution in closed form does not appear to be available. 
However, an approximate solution can be obtained by a pertur- 
bation method based on the small parameter* uy = k/G. To see 
the physical meaning of yw, imagine a sequence of slabs, each with 
the same yield stress k, but with indefinitely increasing shear 
modulus G. The limiting caseG = © corresponds to a rigid plas- 
tic material. 

Expanding each unknown function Equation [1] as a power 
series in x we obtain 


t+ p2e3 +... ; 
8 = 8& + ws + ps2 +... 


6 = 0% + UO 


tT MM 


pues +...3 [ 
} 


h = ho + ph, + phe +.... 


The quantities 00, 01,..., ha on the right-hand sides of Equa- 
tions [7] are functions of r and ¢ but are independent of the param- 
eter uw 

We assume that at least part of the slab is elastic, postponing a 
consideration of the fully plastic case until section 6. In the 
elastic domain, wp = 0 corresponds toG = ©, i.e., toa rigid mate- 
rial, so that uw = 0. We shall show in section 6, that the same 
result holds in the plastic domain of the elastic-plastic slab 
Therefore, in terms of the quantities defined by the last two Equa- 
tions [7], the condition of incompressibility Equation [3] be- 


comes 


Oho 4 E ' ra) (; ox) ; ho Duy 4 
a” ie ot oe r ot 


Equation [8] must be identically satisfied in yw, so that the coeffi- 
From the first such rela- 
Since at time t = 


= 0... [8] 


cient of each power of uw must vanish. 
tion we see that ho is independent of the time 
0, he = Ho, it follows that 


ho = Hy = const 


at all times throughout the slab. Substituting Equation [9] into 


the coefficient of uw in Equation [8] and integrating the resulting 


Ou, uy 
1. ( + ) 
or r 


It follows from the Yield Restriction [4] that the dimension- 
less stresses o and s must be of order pw, so that op = s = 0. 


equation, we obtain 


{10} 


Substituting this result, together with Equations [10] and [7] 
into the equilibrium Equation [2], collecting like powers of uw and 
setting the coefficients equal to zero, we obtain 


(ro;) = & 


Since the displacement u is of order uw and hence a smal] quan- 


* The ratio uw is of the order of magnitude of 0.1 per cent (reference 


5, p. 59 
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tity, the boun lary conditions m iV be expressed in terms of the 
initial positions of the boundary by expansion in a Taylor’s series 
Thus, to within second-order terms in yw, and at all times ¢ 


ala = po,(a p’?o-(a 


= Po; aX 


= UO; 


Similarly, it follows from Equation [5] 


P P Ss ) OOo; 
Mox(do) + pw? 4 02(d ’ le (d 

( or 

Ou 

or 


SOLUTION 


4 Evasri 


u we shall assume that the strains are 


lorm ot Hooke’s 


At any point where s < 
sufficiently small 


Thus 


to justify the linear law? 


[14] 


Since Equation [14] is linear, exactly the same form of relation- 


ship will subsist between the corresponding terms of ¢, s, and u in 


Equations [7]. Thus Equations [11] are readily converted into 


linear equations for u; and uz, respectively. The solutions are 


easily found to be 


(15) 


(16] 


} 


I or su ffic ient] small vy ilues of A, the slab will be fully elastic 


so that Equations [15] and [16] apply throughout. In this case 
the constants A, and B, are determined from Equations [12] and 
[13] 
scribed independently of the parameter yu, so that the coefficient 


of uw? on the left-hand side of Equation [13] After 


In applying equ ition [13 we note that the load is pre- 


must vanish 


omputation, the constant 


some ¢ sare seen to be 


tion to second-order ter 


oiu 


d per(sAe BR 
3A, + B, + u?(3Ay + Be/r? 
(A, + B,/r?) + p?r( As + B:/?? 


l a. 


where A 9 B,, Ag, B, are git en by l;quations 17). 


Equ tions [18] are Vv ilid fis long 7.8 the load \ is sufficiently 
small so that the Yieid Restriction [4] is nowhere violated. As 
ised, let A* denote the value of for which ¢ first 


Since thi 


A is slowly inere 


equals yw at any point in the slab. ilue may be ex- 


j mn ¢} 


pected to depend upon the shear modulus and vield stress, we 


must write 
[19] 


e by neglecting non- 


our resulte 
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Obviously the slab will first become plastic at the inner boundary, 


so that in analogy with Equations [12] and [13] we may deter 


mine A* 


Irom 


psy (i 4 aya (ilo) + al ay v1 20) 


In view of Equations , it is readily verified that 
cond-order terms 


1 a? ; ay? \ 
\* l l 1+3 ) 21] 
(1-2) [i —a(r+s%)} on 


As X is increased beyond the value \*, a plastic zone will form 
Thus the 
In the 


1S] are still valid, but new expressions 


to se 


the edge of the cutout and extend into the slab 


slab will be plastic fora < r< p and elastic for p< r<d 


elastic domain, Equations 
must be found for the A; und B, 

It proves convenient to regard p as the indepe ndent quantity, 
than A 
serves to determine A (which must now be expressed as a series 
in p 
r p,8 ut, the second Equation [18] vields 


rather The boundary condition, Mquation [13], then 


as function ol Pp, once 0 18 completely known Since at 
l, X : 0 22] 


inated and the elastic solution writ- 


Thus B,; and B,; may yelin 


ten as 


oy 


8) 


sTIC SOLUTION 


. plastiv domain, the yield equ ility must be satisfied, so 


0 24 
t equation furnished by Equations 


integrating, and applying the 


Substituting this into the fir 
{11}, 


tion [12] at r a, we obtain 


boundary condition Equa- 


9) 
t) 


Thus the fir ippro imation t 

found with no relerence to the pl istic stress-strain law 

ever, to find the plas | i | nents, or the second stress ip 
We shall here 
adopt the ‘ pl istic potenti ul” law (6 , whi h states that the pl ist 
In the 


the restricting part of the yield surface is a 2k, 


proximations, a stress-strain relation is needed. 


strain-rate vector must be normal to the yield surface 


prese! ten e, 
so that there must be no component of plastic strain rate in the 
direction of ¢,. It follows that the strain-rate component de,/dt 


is entire ly elastic and hence may be ¢ ‘pressed in terms of the 
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-tress-rate components by Hooke’s law From Iquations 14 


then 


yu /Or (20 (2/3)oe 


vhere the last step follows from hoquatior s 24 


In hiquation 28 , the dot’’ is customarils interpreted to mean 


differentiation with respect to time.  TLowever, it is fundamental 


in the static theory of perfectly plastic solids to neglect ny 


inertia effects. Therefore we can always replace time by any 


convenient monotone function of time.* In the present case 


the radius of the elastic-plastic boundary is such a function, so 
that 


wherever it occurs in the present section 


we shall consistently replace the time ¢ by the radius p 


Integrating Equation [28] with respect to p, and using the 
power series expansions, Mquations |7], we obtain 
Ou; 
29 
Or 
pin Equation [29] and equate the 
The result yields 


To determine f(r), we set 7 


result to the elastic strain at 7 p. 


f(p) = 1/2 


must be true for 


AG 


this 


l oundar on 


Since all positions of the elastic-plastic 


1/2, hence 
ony 
Or 
where the last step follows from icquation [25]. 
The displacement is now found by integrating Equation [30] 
with respect to r, and evaluating the arbitrary function of p 
The resulting expression is 


= log *) 31] 


Phe second approximations are now found by repeating the 


loregoing 
hquation 


by the continuity of wu, atr p 


In the equilibrium equation (the second 
The 


12], determines the in- 


process 


{11]) everything is now known except oo. 
second boundary condition, Equation 
tegration function, and A, is determined from the continuity of 
o,atr =p. The stress-strain law is then integrated, first with 
respect to p and then with respect to r to yield Ov./Or and we, 
respectively. In each case the arbitrary functions introduced by 
integration are determined by the condition of continuity at 
r=p 

Elastic (p <r < d) 


The resulting solution is given as follows 


+ 3 log p + (108 p ) (: t 
a a 


a hp 
t 


Hip 2r? 
) f 
2+ 3 log . + (on 
a a 


Plastic (a <r < p) 
f 


pay 
ISp 


"lo 7 9 
M 9 4 log ‘ + log ‘ 


log 
jp er lyr 


* Reference (7), p. 09 
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Sout 
The results presented in Equations [52 


least. part of the slab is elastic, Le., so long as p i. Since the 


displacement is of first order in ww, we may find the first approxi 


mation to the yield load by setting p = dyin Equation (32 


rA,** | a dy 


ind will flow 


lf A A** 


The question arises as to the value of A necessary 


, the slab will be plastic throughout 
to mamta 
this fully plastic state, and the resulting stress and displacement 
distributions if it is so maintained 

It will be convenient to formulate this proble min terms of the 
Ou/Ol, rather than the displacement. I urther, we 
shall now take the radius of the cutout a as the time 


Since the 


velocity v 
variable 
there being no elastic-plastic boundary material is 
plastic throughout, we may set s to satisfy the vield condi 


tion. The equilibrium equation, incompressibility condition, 


and stress-strain relation then become 


Orha) Or = uh 
oh oa + Ol hy or + hi 
0a/0a = (3/2) (Ov, or 


As in section 3 we may expand the three unknown functions as 
power series In pi, and find successive terms by soly ing linear equa 
tions. However, in the present problem the resulting equations 
become quite complex, so that, for the sake of brevity, we shall 
restrict our attention to the leading term in each series The 
leading terms turn out to be 


o = plO;:, 


so that | quations 34) become, te first approximation in ua 


Oo 
(rhea, 


or 
(hove) 
or 
On" 
ts 


Or 


justifies the assertion made in section 3 that uo was zero in the 


} rom hqu ition [38] we see that rots a tunction ol a only 


plastic domain of the elastic-plastic slab. For, since v9 is zero in 


the elastic domain, continuity demands it be zero in the plastic 
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Phen, since it is independent of r, it is zero 


pl ist 


domain at = p 


througl out the domain Finally, if the velocity v» is al- 
wavs zero, the displacement uo is also zero 


Howe ver, once the slab becomes entire pla 


Instead, it follows from 


stic, there is no 


longer any boundary condition at 7 p 


our definition of “time’’ as the radius of the cutout that the ve- 


locity at the cutout amust be 1, and hence 


t= 1. 


throughout the slab 
The displacements in the 
instantaneous position of each particle 


slab will be defined if we know the 
is a function of the initial 
position of that particle and the time a. Since the velocity is the 


time derivative of position® 
dr 
da 


[40 


Combining Equations [40] and [39], and integrating, we obtain 


r=h,+a ay {41} 


where 2, is the initial position of the partick 
The substitution of Equation [30] into [37] yields a first-order 


equation for he, the solution to which is 
ho = g(a r)/r [42] 


Here ¢ is an arbitrary function of one variable which is deter- 


mined from the relation 
= H (43 | 


hf r, a = | Tr 7 


_ Ko 


{44| 


Substituting Equation [44] into the equilibrium Mquation [36 | 
ind integrating, we obtain the dimensionless radial stress 


r—a (a a) log (r/a) 


- 45] 
r a+ ad 
It can be shown that o, always lies between 0 and 1, so that the 
vield condition s w is the correct one throughout the plastic 
flow. 
The load A necessary to maintain plastic flow at a given dis- 
placement a is found from the boundary condition }equation [5] 
45], [41], and 


ind the values of o,, d, and hy given by Equations 


[44 |, respec tively 


In Fig 2 we have plotted Aas a function of a d lor selected val 


ues of do /d 
ANALYSIS OF STRAINS 
Equations 32) express the complete solution of the elastic 
plastic problem to second-order terms in the small parameter yp 
k/G [32], the 
, ponents are 


averaged normal strain comy 


In terms of the quantities given in [equations 


* For a 
18 
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10), /4,*0.01 
0.9, \ a, /4,*01 
os \ \ 

o7 


O6, 


~~ 
ge i N 
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> Preescune roR CONTINUING PLastic bis 


change in thickness 


current thickness 


Hy) 


while the shearing strains, of course, vanish bor ay /dy 0.01 
and yw of order 0.001, it is readily verified that the seeond term 
is small compared to the first for each one of the stress and strain 
components, and for all values of r and p. Further, it is ap 
parent that the absolutely largest principal strain is the circum 
For a given value of p, the maximum value 
To first-order 


[329] that this strain ts 


ferential strain €@ 


of this function occurs at the inner boundary 


terms in yp, it follows from Mquation 


p 
€al ty, p (2/4) ( + log ) 48 
Ay 


This is obviously an increasing function of p, so that the absolutely 


largest principal strain which occurs in the slab in the course of 


dy 
1+ log "”) 19 
a 


To obtain a criterion of strain independent of the particular mua 


loading is 


terial, let the ibsolutels largest strain on the fully elastic slul> be 


denoted by &, strain ratio » by 


ind define the priast ne elusty 


” e”’ /€ Since, to first order term 
€9l do, a 


it follows from Equation [49] that 


n 
d It is 


unction of a ) 
Therefore, lor 


s than 6 


have 


Hotted mas a 


that for a)/dy greater than O.01, 7 os kk 


the slabs thus far considered e may conclude that the maxi 


mum strain for any load Jess than the vield load is not so large « 


to make the slab unserviceable 


8 ANALYSIS OF SMALL ¢ 


sume titial thick 


Let us consider a se juence ofl 
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ness and outer radius, but with inner radius ao tending to zero. 
To discuss qualitatively the relation of the solution Equations 
[32] to this problem, let us consider the behavior of €% u/r, as 
given by Kquations [42¢,g]. Since the maximum value of strain 


occurs at the inner radius, let 


in Equation [32g], and then let ag tend to zero, It is readily seen 
that not only does the leading coefficient u,/a9 tend to infinity, 
but the ratio of the second term to the leading term, u2/u) tends 
Therefore it is most unlikely that the series « 


thod of 


to infinity. pres 


sion for €g would converge, and hence the entire me solu- 


tion brenks down 
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Let us now view the problem somewhat differently. Assign 
to ra fixed but arbitrarily small value in each slab of the se- 
quence, and then let a9 tend to zero, The limits are easily com- 
puted, and we find that €¢g = u/3 + u?-0 independently of r and 
p and in both the elastic and plastic domains 

To deduce a reasonable hy pothesis to account for the preceding 
results, let us postulate a Saint Venant’s principle (8) for our elas- 
tic-plastic material, Thus we assume that any actual set of trac- 
tions may be replaced by any other statically equivalent set of 
tractions without appreciable change except in the immediate 
neighborhood of the points of application. A possible explana- 
tion of the divergence of the power series in the immediate 
neighborhood of the cutout is that the stresses will produce dis- 
placements of such a nature that the resulting configuration is 
no longer well represented by plane stress. In any event, since 
at any finite distance from the cutout the series does appear to 


converge rapidly, it follows from the Saint Venant’s principle 


that the solution there is still valid. 
Further support for this viewpoint is obtained from an analy- 
sis of the load A. The first approximation to the load A* at which 
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the inner boundary first becomes plastic is (see Equation [2 


Ao* . (1 — ag?/dy?) 
2 

As dg tends to zero, we see that even for an infinitesimal hole, 
the maximum fully elastic load is only 1/2, while (see Equation 
(33}) the maximum load without vielding is 1. Thus the slab is 
partially plastic during approximately half of its loading history. 

On the other hand, Jet p have a fixed, but arbitrarily small value 
Then, as do tends to zero, it follows from Equation 
In other words, 


for each slab. 
321} that, to a first approximation, \ tends to 1, 
although the slab becomes plastic at the inner boundary for a 
load 1/2, the plastic zone is purely local until the yield load A = 
1 is reached. 
9 CONCLUSIONS 

The fully elastic, elastic-plastic, and fully plastic solutions to 
the problem of an annular slab under uniform radial tension on 
its outer edge have been obtained. It has been shown that ex- 
cept for a purely local phenomenon in the vicinity of very smal] 
cutouts (do/do < 0.01), the plastic strains at collapse are not ex- 
eessively large compared to the elastic 


It was shown that as the load creases, a pl istic zone will be- 


strains, 


gin to form at a load considerably less than the final yield load 
However, the plastic zone grows slowly at first, and the strains re- 
main small. This result is consistent with a result obtained by 
Southwell (9) for the torsion of a hollow rectangular prism, wher 


a large stress con 


small strains were found sufficient to relieve 
centration 

It was also shown that once the load reaches the vield load 
1] 


unrestricted plastic flow will take place, and a ¢ ontinually smailer 


load will be necessary to maintain the plastic flow. The primary 
reason is that the thickness of the slab decreases as the flow pro 
gresses, and hence cannot support the original load. This is in 
marked contrast to the case of internally applied pressure (4 
where the slab thickens near the hole and hence can support an 


increasingly large traction, 
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Response of an Elastic Cylindrical Shell 


to a Transverse, Step Shock Wave 


By R. D. MINDLIN! ano H. H. 


A plane shock wave in an acoustic medium encounters 
a long cylindrical shell whose axis is parallel to the wave 
front. An approximate mathematical solution is ob- 
tained for the elastic response of the shell. 


INTRODUCTION 

t mathematical study of the 
The shell is 
elastic, circular in cross section, homogeneous, and infinitely 
restricted to dilatational, translational, 
The shell is submerged in an 


N this paper there Is described 
response ola ce lu drical shell toa shox k wnuive, 


ong. Its motions are 
and inextensional-flexural modes, 
one whose motions conform to the linear theory 


The shock wave is assumed to be plane, 


weoustie fluid, i. e., 
of waves of expansion 


vith its wave front paralic | to the axis of the shell 


By means of an approximation, which is valid for the early 
stages, the potential of the diffraction and radiation is eliminated 
between the simultaneous equations which couple the generalized 
shell and the fluid As 
ferential equation is obt iined for each generalized co-ordinate 


of the shell. 


co-ordinates of the i result, a simple dif- 


motor The solution is reduced to a 


leseribing the 
definite integral during the time of transit of the shock-wave 


front across the shell and, for the case of the step shock wave, Is 
‘ pressed in terms of tabulated functions thereafter | xplicit 


velocity, acceleration, 


shell 


formulas are given for the displacement, 


ind pressure associate 1 with each mode of motion of the 


INTERACTION BETWEEN SHELL AND 


FLUID 


LQuATIONS GOVERNING 


Let w be the radial displacement of the shell and Z the pressure 
Fig. 1. Let 


on ait, both positive inwal 1, 


t) cos nO 


Then, one tion of 


rasay be 


ies of 


sure (but 


Professor of 
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pully 
‘ i atte 


i shell 
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m =m n=O 


where m is the mass per unit of surface area of the shell 


The mode x = 0 is purely dilatational; n = 1 is translational, 
parallel to # 0: n> 1 are inextensional, flexural modes. kx 


> O are neglected 


tensional deformations in n 


Fie. 1 Geometry or Prosiem ConsipERED 
The pressure on the shell is due to the shock wave and to the 


waves reflected and radiated from the vibrating shell: 

Z = p(9, t) + pela, 8, t) i} 
where p(@, ¢) is the shock-wave pressure at the surface of the shell 
the fluid, and g(r, 6, t) is the velocity 
the 


(r a), p is the density of 
potential of the reflected and radiated waves, governed yy 


equation 
ceyv7y = 


locity of sound in the fluid 


Is the ve 


where 


Let 
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Phe radial velocity of a point on the shell must equal the sum 
; 


of the radial components ol the prart be le velocities of the shock 


wave and the diffracted wave. Thu 
oyia, Ot 
MAt ? 12 
Ma 
velocity in 


radial comporne prarta le 


let 4 


\ here 4) ¢t) is the 


the shock wave at 7 “a 


The nh, on 


14 


Phis is the second of the two equiitions governing the interaction 
between the shell and the fluid 

The essential difficulty, in finding the response of the shell, 
is the awkwardness involved in the process and result of eliminat- 
ng Y,, het ween hequations It} and [14] 


AprroximMaTe EQuation or Motion During Karty Sra 


The process of eliminating Y, is begun by expanding it in 


hourier series over a time interval as vet unspecified 


W here 


16 
ind kis a number which fixes the interval of expansion. Then, 
from Equations [7], [9] and [15 

d*y,,, l x. 
dr? 7 dy 
for diverging Waves Is 


Phe solution of Mquation [17 


Xns A, HA &,r/a 1S} 


where H,, is the Hankel function of the second kind (ordinarily 


written WH.) Henee, during 0 < t < 2a/he 


Y,(a, t 


oy, (a, t 
on 
where "£ Olé.) ot 


Th appro\imation is naw 1 cle is large enough so that 


thet é 


1H,(&), (& >1) [22 


HAE, 
For the later terms (s > 1) of the C\PMUTESION, l quation 15], the 
approximation is very good. For the early terms, the value of / 
whieh determines the interval of expansion, plays an important 
The larger the value of & the shorter is the interval of ex 
Thus the solution 


role 
pansion and the better is the approximation 
to be obtained mav be ON pee ted to be good at the early st iwes ol 
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essively poorer at later time 


and [21 


ind to become prog 


envelopment 


To this 


approximation, then, from Equations [20 
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MY 
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Thus the main effect of the irnisat 


tion and radiation, 


ippre 
issociated with each 


propagation characteristics of plane ves rather th 


vAaves 


From Equation and 


Tr; 


Thus the response of the shell to a given shock wave is obtained 


25) with the ippropriate ra 


simply by integrating Equation 
| a The fluid pressure on the shell is then obtained from | qua 
tion [24 

There is no difficulty in solving Equation [25] tor quite genera 
shock involved 


However, i 


Wie properties, since only one integration bs 


minimum of computations is required for a ste} 
Wwive 
4 Sree Suock Wavi 


For or I’, + V, vor 


The pressure in a step shock wave, at the periphery of the shel 


a<z0 
<@ 


P, 
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PAs 0, a 


p! fit P, 


where pi the constant peak pressure anal 


azail 


The purth le velocity at 7 ais 


(A. ¢ pO, t) cos O/p 


and [2S}into |S! and [145!, the usus 


Inserting equations 26 
methods of expansion in series lead to the following 


a) During O < t < 2a/¢ 


(4) During ¢ 


It is Interesting to observe it the impulse 


mode contains a factor 
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During the transit time the integral in Equation 


composed of incomplete Bessel functions, but it « 
integrated numerically, especially since 2 l for a 
neutral buoyancy; i.e., only one integration has to be performed 
for all floating shells. 

For the period ¢ 2 2a/c there are four integrals in Equation 
54]. Three of them are identical with Equations [43] and the 
fourth 


Oa zZ¢ 


sin <y sin ve 


Hence, for > Qa/e 


; peq:/p — e271 C08 a7 (2, - 21;(2, 2(21)]}. [58] 
hic. 3) Vewocrry or DitatatTionaL Move 
(p/p particle velocity in shock wave.) For the neutrally buoyant body (z,; = 1) the quantity in brack- 
ets in Equation [58] is 0.1. Thus the shell as a whole reaches 
This is illustrated in Fig. 3. 9/19 of the particle velox ity in the shock wave at the instant of 
The pressure in the dilatational mode is simply complete envelopment and thereafter approaches the particle 
velocity exponenti illy ,™ ith time constant a c. i.e., half the transit 
Peqo ‘ time. (The translational velocity during ind after envelopment 
and the acceleration is given by is shown in Fig. 6 
7 The displacement of the shell at the end of the transit time is 
2api “ - found to be 
Pp ; 
These are illustrated in Figs. 4 and 5. 
It may be seen that, despite the apparent limitation of the va 
lidity of the solution to short times, all the results for the dilata 
tional mode approach the correct limits for large ¢. 


TRANSLATIONAL Mope (n 1) 


In Equation [25] set n = 1 and note that m, 2m and a, 


Thus the equation of motion of the translational mode is 


: _ pe 
qi T qi 


2m 
Hence the velocity is given by 
pe /! 


where 
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1. and Equation [14] may be written 
The pressure and acceleration are plotted in Figs. 10 and 11 


” 


for 
n 


hLEXURAL INSTABILITY 
taL I . But, from Equations 


After the diffraction effects are over, the flexural modes are 


Hence 





hic. 8 Svrress in inst FrexuraL Move 
Fig. 10 Pressure IN First Fuexurat Mope 
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a. 
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hia. 9 Vevocrry IN First Fuexurat Move 


essentially in a state of free vibration. In this case the solution 
takes a different form. Returning to Equation [15], let 


Vn = Xn\" le oad . 75) 


where 92, are the natural frequencies of the shell immersed in the 
fluid. Then the equation on x, becomes 


d?y, dx. 2 2 
Xn 1X0 ( n )x - 
dr? r ay c? r? 


y,(a, 0) A,H,(m, Jet 


whence 


’ 


y,(a, t) = ic/a)A,n,H,(n, e™ 





oy,(a, t) 


1 
A,nnH,'(n, Je" 
=a Anta’ 


where 9, = {2,a/c. 


“nn 
Noting that, form 2 2, P, *, = Oin this interval, Equation 
{11] becomes 


. . j 
Gn + On'dn = P¥n/My | Fig. 11 ACCELERATION IN First FLexurat Move 
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The Origin of Damping in High-Strength 


Ferromagnetic Alloys 


by A. W. COCHARDT,! 


data presented 
which explain the damping capacity of standard high- 
strength alloys in terms of the magnetostrictive effect. 
Conditions for obtaining maximum damping are de- 


A theoretical analysis and test are 


scribed and the results of experiments are reported which 
provide a firm basis for the development of high-strength 
high-damping alloys. 


NOMENCLATURE 
lowing nomenclature is used in the paper: 


logarithmic decrement 

elastic energy 

volume 

normal stress 

maximum normal) stress of cantilever be in 
shear stress 

maximum shear stress 

Young’s modulus 

shear modulus 

distance from neutral axis of cantilever beam 
distance from clamped end of cantilever beam 
deflection of cantilever beam 

maximum deflection of cantilever beam 
moment of inertia of rectangular cross section 
mass per unit length 

circular frequency 

bending moment 

length 

height 

width 

radius of cross section 


INTRODUCTION 


The significance of the damping capacity as an engineering 
property of materials has received widespread recognition in re- 
cent years. Wherever vibrational stresses are encountered (as in 
turbine, compressor, and propeller blades, shafts of various kinds, 
transmission cables, and so on) the damping capacity of a ma- 
terial may prove to be of more importance than such properties as 
fatigue strength (1, 2).2. Despite the importance of damping 
capacity as a criterion for the selection of materials for machine 
and structural parts, relatively little work so far has been reported 
on the damping capacities of engineering alloys. The purpose of 
this paper is to describe the outcome of an investigation of mag 
illoys 


netostrictive damping in high-strength ferromagnetic 


1 Westinghouse Research Laboratories 

? Numbers in parentheses refer to the Bibliography at the end of 
paper. 

Contributed by the Applied Mechanics Division and presente: 
the Anaual Meeting, New York, N. Y., November 30-December 
1952, of Tue American Society of MecHantcar ENGIneers, 

Discussion of this paper should be addr 
ASME, 29 West 30th Street, New York, N. ¥ 
until July 10, 1953 at a later dat Discussion re 
ceived after the closing date will be returned. 

Nore Statements 
understood as individual expressions of their authors and not the 
the Society Manuscript received by ASME Applied Me 
Division, July 7, 1952. Paper No. 52—-A-21 
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During the last few decades, the 


been traced 


origin of damping in metals has 


to four sources; plastic flow (3), the thermoelastic 


effect (4), the magnetoelastic effect (5), and atomic diffusion (6). 


Plastic flow is certainly the most common cause of damping, in 


high-strength alloys, however, plastic flow occurs noticeably on 


at stress levels beyond those for which the structure is designed 


Damping due to the thermoelastic effect becomes noticeable only 


at a critical frequency (7) whereas the damping attributed to 


interstitial diffusion of atoms is important only at low stress levels 


and is also associated with a eritical frequency (8). Conse- 


quently, only the magneto-mechanical effect contributes sig- 
nificantly to the large damping capacity in high-strength alloys; 
ind this effect, of course, is limited to ferromagnetic materials 
The energy dissipated during a stress-strain cycle as a result of 
the magneto-mechanical effect is generally caused by the irreversi 
ble magnetostrictive strain (9), Every ferromagn 


consists of so-called domains which are more or less random! 


How 


d pIdbial 


oriented in an unmagnetized material ever, on the pp 
tion of a magnetic field, or a stress, these s tend to a 
themselves in the direction of the field, or in the direction of 


tension strain. This movement of the domains then results in 
irreversible change of the dimensions of the material which is 


called 
curve for 


“magnetostriction.’”? Accordingly, when a stress-strain 


il is recorded, 
This is 


urve of a 50 per cent ¢ oke 


an unmagnetized ferromagnetic materi 
more strain is measured than postulated by Hooke’s law. 
i loading 


illustrated in Fig. 1 where 
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ibove which the area of the hysteresis loop re- 


EXPERIMENTAL RESULTS 


rials which must withstand large vibrational stresses, 


“OVS probably have received most attention. 


r of alloys have been tested and a 12 per cent 
been found to be superior to all other turbine- 
mainly because of its large damping capacity. 
f the results of previous damping measurements 
sion specimens with the Foéppl-Pertz apparatus 


Also sho vn, ] ig. 3, are dat i obtained with 


Tunsine-Biapbt 
IleNGSTENBERG 


hic. 2. Damptne Bars oF 


Marertats in Torston ATION CORDING 1 


! ) 20 ) 
MAXIMUM BENDING STRESS psi 


y 
me? 


s or Two SrTee.s In BenvinG VIBRATION 


DAMPING ( 


To Rosarp 


e damping capacity of the 


arg 


difference in sh ipe between the 
i turl lork ¢ i ‘ n the chrome steel, re- 


ehrome 
forsion an 
quires particu In torsion the logarithmic decrement 
decrement recorded with the tuning 
‘I he 
This 


it first sight will be e 


reaches t mat 
fork i nu 1 level i “d 
lorkK Increase uously as the stress level is raised. 
maximum value of the decrement is greater in torsion 
phenomenon ight seem puzzling 


plained later. 

First, howe, ‘ ll be demonstrated experimentally that the 
high damping capacity of standard turbine-blading materials ‘s 
indeed caused b magnetostrictive effect. 
'/, in. diam and */1¢ in 
Under 


The oscillogram of 
} 


il Vibration lor 


is recorded with the Foéppl-Pertz unit 


torsior t hollow specie n 
wall thickness 
the stress is approxi- 


Theory then 


the parth ular test conditions employed 


mutely constant along the entire length of the tube. 
* Westing! se Research Laboratories, East Pittsburgh, Pa 


* Westinghous out! Philadelphia Works, Phil idelphia Pa 
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rise ~ the logarithnue decrement for small 


ind a quadratic decrease 


predicts a linear 
stresses 


cording to Rayleigh’s law (11 


the decrement when the critical stress is exceeded (12 
The results of measurements performed ona hollow chrome-steed 
the de 


rly with stress almost up to the maximum, and to 


ire presented in Fig. 4 rement is indeed found 
ise line 
h nearly as the inverse aquare of the stress beyond the 
critical value; or in other words, since the logarithmic decrement 
is proportional to the energy dissipated divided by the square of 
the stress, the energy loss during the vibration was found to in- 
crease in proportion to the third power ol the stress almost up to 
the critical stress and to remain essentially constant thereafter 
testing the same specimen 
this time in a strong 
direction of 


influence of 


\ second experiment consisted in 
under essentially the same conditions, only 
magnetic field 
the applied field and are not able to move under the 


thus energy cannot be dissipated and the 


Now the domains are aligned in the 
an alternating stress; 
This has been con- 

the measurements a The high 
capacity of the chrome steel has vanished as a conse- 
The small residual damping is due 


damping ¢ ip wity therefore must be small 
firmed by seen from Fig. 4 
damping 
quer of the magnetic field. 
tively large background losses, 

In order to show that this effect is not restricted to a torsion 
tuning forks also were tested both with and without a 


field 


Vibration, 


The result was the same; the chrome steel 


magnet 


exhibited practically no damping in a strong magnetic field, other 
than the damping attributable to the eddy currents set up by the 


onditions 


test ¢ 


MaanetTh 


STEELL OP 


LivrectT oF 
(CHROME 


‘Turoret 


pt will now termine the precise relation- 


upacit magnetostriction, 


for 


“dl the 


t for torsion and then 


cimen 


(2] 


re specimen per cycle per 


[3] 
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and dU is the energy loss per cycle and unit volume at the volume 
element dV. Term dU therefore represents the area of the ob- 
served hysteresis loop due to the magneto-mechanical effect, Fig. 
1. For small stresses the area of the loop is given by 


dl’ = Do? 


according to Rayleigh’s law (11), where D is a constant; for 
stresses larger than the critical stress the area of the hysteresis 
loop remains the same, no matter how large the alternating stress 
may be. For this ease dU is equal to a constant and may be ex- 
pressed by 


dl 


¢ 


where K is a factor which depends on the shape of the hysteresis 
loop. K + for an ideal, parallelogram-shaped loop and will be 
of the order of | in most practical cases as is evident® trom other 


(13). Term Xr is 
tion in the easy direction of magnetization, 


measurements the saturation magnetostric- 
The assumption is 
now made that Rayleigh’s law is valid up to the critical stress. 


Term dU may then be written as 


dau’ Do?’ O.; 
dU) = KXo,; a, 

from which it follows that 
KX 


02 
é 


b 


Substituting Mquations [4] into [3] and replacing 


dV 
AV by da 
lo 


low iithmie decrement becomes 


1 AA * 0 AV 


- da 4 0, da 
0,2 d¢ da 


Ce 
This expression ean be evaluated if the stress-distribution fune- 
tion dV /do is known, 
the stress at 


dV /d7 is easily derived for simple torsion; any 


distance r from the center line of a circular bar is 


The volume which is subjected to a stress lewer than 7 is then 


he? 
V(r) = ar? x 
T 


m 


and the stress-distribution function then becomes 


6] 


Since Equations [4] hold for shear stresses as well as for tensile 


stresses, Equation [5] can now be modified by substituting 


r for o. Performing the indicated integration, and noting that 


the average energy in torsion is 


lr 


1 (; 
leads to the expression 
2GK Xr 
Tn 


© This cam also be seen from Pig 
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where Ay is the torsion magnetostriction in the easy direction 
In order to evaluate Equation [7] numerically, it is assumed 
that the work in aligning the ferromagnetic domains should be the 
same Whether the applied stress is tensile or shear so that Ao, 
the 
magnetostriction and crystal anisotropy that the 


ArT.. Furthermore, it can be shown on basis of con- 


siderations of 
critical stress in tension is almost twice the critical stress in torsion 
beth 
The 


per cent 


Since it is not possible to compute the relation between 


stresses precisely, T. 0.50, is used tor the calculation 


constants in Iquation {7] are 4 


thus known for the 12 
chrome steel; 7, is seen from Fig. 4 to be 6000 psi, G 12 & Wwe 
psi, Ay is 25 X 10°8, and K is approximately 1 as mentioned be- 
(with A | 


Is plotted ith Fig ) 


nent cealeu 


1 compared 


iore. Using these values, the decret 


lated according to Mquation 7 
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ING CURVES oF 12 Per Cent Curomt 


PORSION 


The close 


Although a slightly greater devia 


with the experimental torsion curve igreement be 
tween both curves is evident. 
tion is observed at higher stress levels, this is probably due to the 
beginning of plastic flow, which has not been considered in these 
calculations, and to the relatively large background damping at 
the de 


plastic flow can be estimated from the curve obtained in a mag 


higher stress levels. The component of rement due to 
netic field, Fig. 4. 

The evaluation of the stress-distribution function for the tuning 
fork is more complicated and is obtainable only by making certain 
ipproximations. It is assumed that the stress conditions in 
tuning fork can be approximated by those in a cantilever beam 
The stress for any point may then be written as ¢ Vel. The 


bending moment of the inertia forces is 
V 


where 2’ is an integration variable; is the solution of a differen 
tial equation of the fourth order and has been evaluated in text 


hooks (14). 
is taken as 


In order to simplify the integration of :quation [8], y 


‘)- 35) 


This expression satisfies all four boundary conditions and agrees 
with the precise solution within a few per cent. Substituting 


Kquation [0] into [8], the moment Is found to be 


is 22. é‘ 7 I (; ¢ 
5 5l 6 : Vw] 


This expression for M is very gearly linear for all values of 2 with 
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Since the error introduced by assuming a linear 


ie? 
itipe | 


noment is small, JJ may be approximated by 
Vv 


The calculation of dJ 


to that for torsion 


lo can be carried out in a manner analogous 


First, the volume which is at a stress lower 


than a, beeor 


and from this the stress distribution may be written as 


it 


lo 


{10 


Inserting this value into Equation [5] and considering that the 


average elastic energy in a cantilever beam 1s 


decrement for the ease of the cantilever beam may 


pressed in the form 
9AKXAE {11 


With A = luandA 
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As before, 


recorded curve exhibits a more damping at larger 
stresses 
The ditferen hn shape between the 


torsion and tuning-fork 


curves measures the chrome steel is due tothe entirely different 
ch oceur This ean he seen by a 
10 
nected to hiwhe r stresses tor 4 given maximum 
for the fork 
stress distribution function? approaches zero at the maximum 
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the specimen i 
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The experiments and calculations which have been described 
make it appear highly probable that the high damping capacit) 
‘ 


of the 12 Der cent chrome steel is associated with its magneto 


striction. Virtually the same results have also been obtain: 

with other high-strength steels, such as X-560-Ar (1.6 per cent 
Ni, 0.7 Mo) and X-558-Ai (12 per 
cent Cr, 3 per cent W, 0.05 per cent C) although these steels 
only Fig. 2. It 


reasonable to conclude therefore that damping caused by mag 


per cent Gr, 0.9 per cent 


exhibit a medium damping capacity, scems 
netostrictive effects is a general phenomenon in high strengt! 


ferromagnet! illovs. 


ConpiTions FoR Maximum DAMPinG 


The conditions under which maximum damping is obtained 
high-strength alloys will be discussed briefly for the case of t! 
cantilever beam where the stress conditions closely correspond t: 
those in vibrating bl ides, shafts, and so forth A large d srhipnig 
capacity indicates a large energy loss AU during a stress-stra 
for the cantilever beam, Al 
10} is 


evel , derived from [Equations [1 


2 ina 


Al K Xa, 


On plotting this function of o., & MAXIMUM 14 
it is noticed that Al 
According! 

the highest damping capacity is obtained when A is as large as 
ind when o, O.40,,. This prediction that the erities 
fall within a Lene 

verilied experimentally by measuring damping capacities of tis 
different 


CN Presstor is it 
O40, 


falls to zero both at small and large critical stresses 


found at about ¢, furthermore, 


porstl ole 


stress must certain range of stress also has 


terials with values of tnagnetostriction and = eriticn 


stress The magnetostriction in the easy direction of magnetiza 
thon of a Co-30 per cent be alloy, for ex imple, can be estimate: 
from data available to be more than twice that of the 12 per ce 


the critical stress was found to be 
the 


( hrome 


a oo 


ipproximate! 


when material cooled from S50 


the logarithmic decrement of such o 
ibout O.09 


psi Wits Ir 
According to Equation 
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lov w it the maximum which is mo 


It 


Is presented in | ik. 4 


value tor the high-damping chrome steel, 


recorded curve measured on such an alloy 


and it is noted that the decrement does appro h the theoreticn 


vialine Phe second curve in Pig. 7, measured in a strong magnets 
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field 


entire 


ain shows that the extremely 


high damping is practically 
due to magnetostriction 


Critical stresses may be estimated from coercive 


the 


force theasure 


ments sine areas of the magneti ind mechanical hysteresis 


loops ure proportional to each other as a consequence of the 


magnetomechanical effect Approximating the area of the m ig 
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netic hysteresis loop by the product of saturation induction B, and 

the coercive force H,, the following relation holds 
HB, « do, 

The saturation induction is constant for a given alloy, Further- 

more, in the alloy under consideration for which the crystal 


anisotropy energy is large and internal stresses are relative! 


y 
\ 


small,* the magnetostriction in the easy direction is virtual] 
constant, Hence in this case //, is approximately proportional to 
o,. On quenching the Co-30 per cent Fe alloy from 1000 C in 
water, the coercive force was found to be about three times 
larger than when the alloy was air-cooled from 850 C, Tripling 
the critical stress should reduce the decrement according to Equa- 
tion [7] approximately to 0.1 at 5000, to 0.02 at 10,000, and to 


0.03 at 15,000 psi. The data Fig. 8 again confirm the theoretical 


AIR-C 
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kia. 8 


prediction. The calculated curve is drawn with @ 11 x 108 
psiand Ay = 50 X 10~*, 


CONCLUSIONS 


That the magnetostrictive effect represents the principal 
source of damping in high-strength ferromagnetic alloys is shown 
by the following observations: 


1 The energy dissipated, when test conditions are such that 
the stress is virtually constant in all parts of the material, is found 
to increase in proportion to the third power of the stress almost 


® As known from magnetic measurements, 


JOURNAL OF APPLIED MECHANICS 


JUNE, 1953 


up to some critica] value and to remain essentially constant there- 
after. 

2 It is observed that alloys with extremely large damping 
capacities do not exhibit appreciable damping when tested in a 
strong magnetic field. 

3 For a given material the logarithmic decrement measured 
after various heat-treatments is shown to be dependent upon the 
magnitude of the critica] stress; heat-treatments which raise the 
stress value lower the decrement and vice versa, 

A theoretical analysis has been presented which is in quantita- 
tive agreement with these and previous d imping measurements 
employing either torsional vibrations or tuning forks. According 
to this analysis the energy loss during the vibration of high- 
strength ferromagnetic alloys is proportional to the magnetostric- 
tion in the easy direction of magnetization and is a function of 


both the critical and maximum stress. 
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Effect of Damping Constants and Stress 


Distribution on the Resonance Response 


of Members 


By B. 


The amplitude of vibration of a member at resonance, 
as defined by its resonance amplification factor, is analyzed 
in relationship to the damping properties of materials. 
Data are presented on damping energy to indicate the 
effect of stress magnitude, stress history, and temperature. 
Based on the mathematical relationship found to exist 
between damping and stress magnitude the resonance 
variety of 


amplification factors are determined for a 


direct stress members and beams. It is shown that the 
amplification in vibration caused by resonance may be 
considered to be the product of three basic factors, i.e., 
a) the material factor, (6) the cross-sectional shape factor, 
and (c) the longitudinal stress-distribution factor. The 
first of these factors may be calculated from the damping 
and dynamic modulus properties of the material and the 
last two from the shape and loading characteristics of 
the member. 
basic factors as functions of the damping exponent and 


Diagrams are presented to show these 


other variables for members commonly encountered in 
engineering practice. Experimental data are presented to 
confirm the equations derived for resonance amplification 
factor of members having various shapes and _ stress 


distribution. 
INTRODUCTION 


EAR-resonance vibration is generally considered to be a 
common cause for fatigue and other types of service fail- 
f Even if 


ind diverse fields of 
ivoided, the rough and noisy operation 


+ 


actual failure can be 
associated with the near-resonance condition frequently necessi- 


ures in many engineering. 


tates correction. Current trends toward higher speeds and de- 
creased factor of safety have increased the importance of reso- 
nance vibration as a factor in design. 

Considerable work has bee n done on the fatigue and other 
properties of materials which define their ability to withstand 
cyclic stress produced by resonance or other vibration condi- 
tions. However, relatively little has been done on the analysis 
of the properties of materials and other factors which govern the 
amplification in vibration that is caused by the near-resonance 
condition. Hence this paper is concerned with an analysis of 
factors which govern the relationship of the external force which 
vibration (hereafter called the exciting force) to the 
the 


excites a 


internal force « 


xeited in member at resonance (hereafter 


1 Professor of Materials Fngineering, University of Minnesota. 
Mem. ASME. 
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ASME, 20 West 39th Street, New York, N. Y., and will be accepted 
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for publication at a date. 
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called the resonance excited force The ratio of excited to ex 


citing force shall be called (1)? the resonance amplific ition factor 
A,, in this pager, 

The general nature of the viscous damped resonance curve is 
Although the in 


hysteresis d imMping of a material is fundamentally differ- 


well known (2) 


ternal 
ent in nature from viscous d imping (3), 


and will not be discussed here, 
ind the resonance curves 
may be quite unsymmetrical (4), the resonance amplification fr 
tor nevertheless prov ides a convenient measure of the severity of 
the re this factor shall be used 
in this paper as a basis for analysis. 


mant condition. Consequently, 


VarniasLes Wuicn Arrect MaGnNirupe or Damping ENeray IN 
MATERIALS AND Parts 


The « nergy absorption by in actual part, or its damping, may 


be due to several factors, among which are: (a) The inelastic be 
havior of the material as indicated by its damping capacity, ( 
slippage and other structural or joint factors, and (c) aerody- 


namic effects. In general, there is very little data on the relative 
magnitude and importance of each of these three absorbers of 


likely 
primary absorber of damping energy is the structure or joint 


damping energy. It is that in many applications the 
factor and the contributions offered by the material damping are 
insignificant. However, there is little doubt that to generalize 
this statement, which is sometimes done, is highly misleading 
In many applications subjected to resonance vibrations it is 
difficult. to include significant structural damping and one must 
rely on material damping. Even where significant structural 
and aerodynamic damping may be present it is shown by recent 
work (5) that material damping may still be sufficiently large to 
be highly significant as a limiter of resonance vibrations, 

Since this paper is concerned primarily with the dynamic 
properties of materials, structural and aerodynamic damping 
shall not be discussed further and only the material damp- 
ing factor will be analyzed in detail, 

With this as background let us now discuss, as an indication 
of the variables which affect the magnitude of damping in mate- 
For 
this discussion, data on the temperature-resistant material 5-816 


rials, the dynamic properties of one particular material 


at three temperatures will be presented so as to illustrate a va- 
riety of trends and patterns of significance in resonance-vibration 
stucies, 

For brevity, the recently developed damping, elasticity, and 
fatigue testing machines (3, 6) used to procure the data on 5-816 
will not be described in this paper, Also, for brevity, diagrams 
showing the variation in damping energy absorbed by the mate 
rial at various stress magnitudes as a function of a number of 
However, in order to 


cycles of fatigue stress (5) are omitted. " 
establish rnathematical relationships for later analysis, damping 
energy is plotted as a function of stress magnitude in Fig. 1, the 
different curves indicating the relationship for different stress 


histories and temperatures, The significance of the right-hand 


? Numbers in parentheses refer to the Bibliography at the end of 
the paper. 
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ordinate of this figure will be discussed later. The series of curves 
shown at each temperature (solid lines represent room tempera- 
ture, long dash 900 F, and short dash 1600 F) are identified with 
the numbers 2, 3, 4, 5, and 6 to indicate the damping values after 
102, 10%, 104, 10°, and 10° cycles of stress. The stress level 
during the imposition of the stress history was the same as during 
the damping measurement. The flags enclosing the letters F\S. 
indicate the fatigue strengths of the material. 

Due to space limitations, data for 5-816 only are presented 
in this paper. It should be pointed out, however, that the damp- 
ing values do not always decrease with an increase in number of 

Many different 
for example, the 


cycles at room temperature as shown in Fig. 1. 
patterns of behavior have been observed; 
damping of some powdered metals increases continuously with 
an increase in the number of cycles; 403 stainless displays an 
initial decrease followed by an increase to a peak after which the 
values decrease if the specimen does not previously fracture 
The data for some metals show damping values that decrease to 
t minimum, followed by a steady increase to fracture; other 
materials display practically no change in damping with number 
of eyeles; and Inconel X has high initial damping followed by a 
period of practically no change, after which the damping in- 
creases sharply preceding failure. The general trends for a given 
material may be the same at elevated temperature as at room 
temperature or they may be reversed, as in the case of 5-816 at 
room temperature and 1600 F. In most cases studied to date, 
however, the plot of log damping versus log stress (at constant 
stress history and constant temperature) may be represented 


by reasonably straight lines. 


RELATIONSHIP BETWEEN DAMPING AND STRESS 
MAGNITUDE 


MATHEMATICAI 


It is desirable at this point to determine the mathematical 


relationships between damping and stress magnitude, stress 
history, and temperature. As indicated previously, stress his 
tory affects different materials in pronouncedly different manners 
It is therefore impossible to generalize stress-history effects 
It is also 
How- 
ever, there are sufficient data (7, 8, 5) to indicate that for many 
materials the effect of stress magnitude (at constant tempera- 
ture and stress history) may be expressed by the equation 


at this time and express such effects mathematically. 
impossible to generalize temperature effects at this time. 


dD Js" 
where 
Db 
S 
Jin 


= specific damping energy, in-lb/cu in /cycle 
= stress, psi 


const 


Referring to Fig. 1, it may be seen that the log D versus log S 
2to8. Thus 
und 8 depending on stress 


is reasonably straight with slopes ranging from 
for S-816, exponent n varies between 2 : 
history, magnitude, and temperature. 
In some of the earlier work (4, 8) exponent nm was found to be 
3. for materials at temperatur 


However, most of the materials now under study at the Univer 


approximately several room 
sity of Minnesota display exponents n which generally are greater 
An 


exponent nas large as 30 has been observed for one material at 


than 3, particularly if various stress histories are included 


high stress. 

In future work more careful analyses wih be undertaken of 
stress history and temperature effects. For a given material 
it may be possible to handle these variables mathematically by 
considering J and nas functions of stress history and tempera 


ture, rather than as constants as assumed in the foregoing 
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RESONANCE AMPLIFICATION Factor UNper Unirorm Dire 


STRESS 


prese hited 


on the d imping 


t a Ve been 
Now wh 
mp lific ition of actual parts at resonances 


in in terms of vibration 


, 


energy such data m 
The effect of damping energy on the resonant behavior of a part 
iv he specified in terms of the resonance am plific ation tactor 
This f 
Which is excited during resonance 
Thus A, 
For most applications in which linearity may 


this 


1,, as briefly discussed previously. wtor is the ratio of the 


lores vibration to the force 


exciting the vibration is a measure of the severity of a 


resonant condition 
be ussumed with reasonable generally 


HCCUTALY wtor 


tw computed 1) from the equation 


In D 
here 
i elastic energy in member at maximum stress, in-lb 
Db total damping energy in in-lb/cyele, VD 


| volume of material at stress 


Therefore, for the special case of direct uniform stress for which 


VS?7/2E 


energy 


trs?/E, D T/kE dS 


vhere E THU 
If the 
onstant, then A 


modulus of ehusticit 


elasticity. By is 


modulus of isumed to be reasonably 


,is a function of the variables S and D only, and 


for this simplified case of direct uniform stress only, a grid of lines 


may be drawn in Fig. 1 as shown (see right-hand ordinate) to 


However, as shown in : 
' 


CLoOcs 


indicate the values of A,. previous pub- 


of elasticity not 
10* psi, 


stress 


lication (5) the modulu remain constant 
but varies between 21 and 34 x depending on tempera- 
and Therefore the 
in Fig. 3 includes provisions for determining A, 
of By 


range of A, 


ture, stress magnitude, history. 


right-hand scale 
for various values is indicated at the lower end of this seale. 
“as reve tled 

Dep nd 
direct 
150. 


to 


The wide V ilue s obpse rved for S S16, 
by Fig. 1, is of considerable engineering significance 
ss magnitude and stress history, A, under 


ng upon stre 


uniform stress may be small or 
At 000 F, for ex imple, 
100 times its 


~pecihiication of 1. for 


insignificantly is large us 


stress history alone may increase 


over virgin value. It is therefore apparent that the 
i given material and its comparison with 
other materials cannot be done in a simple manner, since two 
are involved 


the 


under inet 


variables other than material and temperature 


It is desirable to review for future re ference relationship 
between damping exponent mand change in A, 
As indicated previously, if mn = 2 then A, is 


both elasti 


ising 
independent 


-fress 


f stress magnituce ind damping energy in- 


sine 
quare 7 stress If however, 


the 


rease as the is larger than 2 


which is the usual case, damping ene increases more 


rapidly with stress than does the elastic energy resulting in an 
These 


“tion sh ip 


1, which decreases with increasing stress observations 
will by 


tudu 


amplified in the analysis of cross ind longi- 


| stress-distribution effects in later sections 


NANCH AMPLIFICATION Facror UNDER NONt NIFORM 


Direct STRESS 


ussion to this pont } is heen oneerned primarily with 


and fatigue properties of mate- 


Interpre 


pretation of these properties in terms of he- 


resonant member under uniform direct 
this 


quite ine Cu 


stress only. 


rather desirable state of uniform stress is, of 


eritical members are 


whic 


nera ly speaking 


ourse, 


lens t sed nonuniformly, in ise the equation 


tlmost always stre 
not hold. Therefs 


BE, D dor 
| ibility. for the pe of d 


g wider engineering appli 


Ts Interest of pro- 


ita pre- 


DAMPING CONSTANTS AND STRESS DISTRIBI 


PION 


sented previously, this concerned with an 


{ 
the 


stress 


see tion is 4al\ysis « 


resonance amplification factor A, under nonuniform dire 
Be nding members are analyzed in the next section, Othe: 


types of members, such as those subjected to torsional stress, are 
not included in this paper for reasons of brevity, but may be 
ilyzed in a similar manner 
Analyses of members under resonant vibrations have been made 
in the past (0, 8) 1 
} 


to indicate that lutygue stre neth is not the 


riterion for indicating resonance durability, However 


ittempt is made in this section to undertake a more thoroug! 


treatment of the Important variables and to generalize the 


equations expressing the resonance unplifi ation I 
This tv 
lished after the completion of this paper 


wetor ol me 


bers of analysis is also given in reference (10) pub 


Phe general case of direct stress vibration covered in this 


tion considers the mertia forces produced by and within the 


brating member The force on a section of a member with u 


ternal inertia forces will be, of course, a function of the longitu 


dinal location of the Although the member may have 
Tablk I, ity 


ross section is uniformly «i 


section 
variable 


cross section as shown in the diagram in 


issumed that the 


tributed 


stress ata given « 


ilthough the total force on the section and the resultant 
stress may varv along the length of the member 

As indicated in Equation [2] the resonance 
tor A, i member generally 
tion A, 2r Wy D 


Referring to the 


inplitication | 


} 


for may be computed from the equa 


figure and symbol definitions in 


total elustn energy 


i dit 
vhere 
small differential volume having thickness da 
As indicated (5 
tion in 
level 
al tre 


ering 


» the unit elastic energy at any location and dV is a 


, some materials display sufficiently large varia 


itute considering this modulus a fur 


to meee 
ind 


sranges, FE 


etion o 


stress tress history llowever, most maternal 


lor 

isumed to be a constant for 
Pherefore F 

indicated 


l 
2K, 


ind 


ray bee thicest 


tleulations minyv be moved trom 


the integral sign as 
i 


Again, referring to the figure 
damping energy 


Db { ‘pp 


Combining Maquation 
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TABLE I:-SUMMARY OF VALUES FOR RESONANCE AMPLIFICATION FACTOR A, UNDER DIRECT STRESS 
Ay? Kai Ke Kg, WHERE Kc IW/EgrS0* <1, AND Ky GIVEN BELOW IN SEVERAL CASES 
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In accord se definitions, the resonance amplifica- 


tion factor | 


case of direct stress may be written as 


K,, K, (10) 


nade pe 


The 


sectional shay e 


material fact vm, is, of course, ndent of cross- 


distribution of the member; it depends 


only on the properties of the material Fy, J, and n, and the oper- 


iting stress S,. eferring to Lxquation [3], it may be seen that 


the material tor is identical to the resonance amplification fae- 


tor A, under direct uniform stress. This relationship will be 


discussed again in connection with bending members. 
The longitudinal stress distribution factor A,, separated from 


A, a8 shown in Equations [7], [9], and [10], is a function of mem- 


™ ' 


ber shape (as specified by A,), longitudinal stress distribution S,, 
member length a, and damping exponent n, and it is independent 


tant J 


ol damping con 
is of bend 


In the analy 
1, Iso miuty 


observed that 

tudinal stress-distribution factors K,, 
K..-factor required to ac 
tlor 


yg members in a later section it will be 


be separated into material and longi- 
and A,, with an additional 


count for cross-sectional stress distribu- 


In the interest of generalizing, this A,-factor is included 
in the summary for direct stress members given in Table 1, Ke 
being equal to 1 for this case since a uniform stress distribution 


it a4 gIVeNn Cross section is assumed 


Referring to Table 1, the first row lists the general case of direct 


stress and subsequent rows cover various il direct-stress 


sper 


cases encountered in engineering practice. For each of the gen- 


eral, semigeneral, and special cases listed, the values of K, are 


viven in the second column. For conciseness, the derivations for 
the A,-equations listed in this table are not shown in this paper. 
In general, these equations are rather simple mathematical reduc- 
tions of the equation for general case I with appropriate substi- 
tutions for Ss, and A The these K,-equa- 


tions will be discussed later. 


trends revealed by 


z 


ReSONANCE AMPLIFICATION Facror UNpbER BeNnviInG STRESS 


An analysis of the resonance amplification factor of beams, ¢ 
structural component in which resonant vibrations are often of 
is given in the following. 

Table 2, 


il sh ipe may be expressed as indicated 


critical importance, 
Referring to the figures in the elastic and damping 
energy of a beam of gener 
in the following 
"OM 2dr 
1/2 M, dé 
2 E,l 


. /J0 os 
and assuming F, is constant as discussed previous] 


2 E. 


W 


. 


D fou f fozayae 


Total damping energ 


dD 


stress (at outer 


irom neu- 


tress at any maximum 


position z, and ¢, maximum distance 
tral axis to outer fibers at any position z 
Thus, since t, and S, are functions of 


» 


D 


and the long tudinal 


are id 
remains to be accounted for in Equation [14] is therefore the last 
factor, 


DAMPING CONSTANTS AND STRESS DISTRIBUTION 


where ind ¢'(.r) are functions of 4 which define the lo 
the fibers most 


Combining | 


distant from neutral axis of the beam 


> und [12 


juations le], 11] 


Inspecting it is apparent that” the first factor 
a/E, JS," 


It will be shown that, in general, the remaining part of this equa 


Equation [13] 


is the material factor A,, discussed previously 


tion may be considered to be the product of two other factor 
(a) The longitudinal stress distribution factor A,, as discus 
previously, and (6) the cross-sectional shape factor A, to be d 
cussed later, 

In the foregoing general case these two factors cannot be sepa 
rated conveniently and only their product (A,A,) is specified 
However, in most special cases discussed below, K, and AK, can 
be separated, 

Consider now the special case of beams having constant cross 
ixis distance ¢ and ¢ 
Under thes: 


sectional moment of inertia J and neutral 


within the length of the beam under consideration, 
f r 
Jyet(z 


i; 
[ow Zdy 


conditions the integral 


y” Z dy 


reduces to 


e 
which is not a function of 2 and may therefore be removed fro 


within the { 


Pe 4 


3 
dz integral. Thus Equation [13] reduces to 
0 


y" Z dy 
’ 
with direct-stress Equation 
seen that the 


Comparing 


th A, = const 


£ ’ 


Equation [14] 


it may b material factor 
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K,, : 
E.J S,," 


I stress-distribution factor 


(Ja 
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itieal to those defined in Equations [8] 


dr 


"a 
uv 
. 
a 
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e { 
and [9]. All that 


which may be defined as follows 


Ie 
ectional shape factor K, 5 


("Z dy 
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Inspection of Equation [15| will show that the mame assigned 


to this factor is descriptive of its nature 
resonance 


Therefore it ars to be possible to define the 


il uplific ition ! f beam by the equ ition 


A, = K,, K, kK [16] 


ippears a5 4 separate Tuctor Although for the 
. beams of uniform cross section and other special cuses it 


and K 


A ,¢an be specified 


iv be possible to separate the «a factors as shown: in 
the most gener il case only the product A 

Table 2 is a summary of values for the resonance amplification 
beams en- 
this 


1 and is self-explanatory, It 


factor A, for various general and special types of 


engineering practice. The arrangement of 
to that of Table 


should be noted that three cross-section il shape s frequently en- 


ountered in 


tuble is similar 


ountered in engineering practice (the rectangle or square, circle, 


indi diamond) are an ilyzed merely to indicate trends to be dis 


Other sh ipes can, Of course, also be analy zed by 


the same methods 


From Table 2 it may be noted that the equation fora vibrating 


ussed later 


heam (case ITA2) of rectangular cross section is 


allowable foree IP’) at 


resonance and if a value of 3 is substituted for n, then the resultant 


If this equation is used to compute the 


equation is in exact agreement with Marin’s Equation [14] im 


reterence (J) 


[14] of this paper, it may be seen that 


Referring to Equation ! 


both the A, and A 
n. Since this exponent is widely different for different materials, 


factors are functions of d imping exponent 


» 


t range from 2 to 30 having been observed to date, it is desirabl 
to diagram these factors as a function of n as shown in Figs, 2 and 
» These di iwrams also reveal trends which provide au basis for 
liscussing the interpretation of damping data in terms of reso- 
nance amplitiv ithon factor as used in engimeering de sigh 


big. 2 diagrams the 


longitudinal stress-distribution factor AK., 
damping exponent n for various common shapes 
Members 


and 


is a function of 


members and tvpes ol louding without discon- 


tinuities are shown in solid lines members with one dis 


ontinuity (two section members) are shown in broken lines 

For all the cases referred to in Fig. 2, factor K, equals latn 
2, and, except for uniform direct stress, increases with increasing 
\ slues of v7. The rate of imeresase in kK. with m is greatly ck pe nd- 
ent on the ty pe of me mber and loading. 

For example, for a freely vibrating cantilever member of eon 
stunt cross section under either tension or bending stress (stress 
distribution assumed to be S, S,, Sin{woe/2a} as indicated for 
cases [A4 and IA4 
exponent m increases from 1 to 50.) As a second example, A, for 
Lida 1 «is- 


plays the much larger increase from 1 to 40 in the same range of 


A, Increases from 1 to only 3.5 as damping 


t tape red tension member (case having a t iper s ol 


n-Values 
In the case of discontinuous members (broken lines), it is of 


course possible to have an infinite number of ratios of section 


irea, and so on, at the discontinuities. For simplicity, members 
considered, and for further sim- 


1, to A 


ratios pot le ngths a, to (se bet ween discontinuities are 


with one discontinuity only are 


plific ation only a lew ratios q of areas ind only a few 


mncluded 


Small values of ratio p were selected to indicate the character- 


members with notehes and other stress-concentration 


‘For example, a member with a small notch (which al- 
member) can 
is high as SO Th nN . i at the same 
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To illustrate the effect of damping expore 


sectional shape factor A, three common sections were 


and diagrammed as shown in big. 3. “The equations used to p 


the characteristics of the diamond, cirele, and reetangle are giv 
in Table 2. The ite the g 


modified diamond sh ap 


broken line ited neral treme for 


(with sharp upper and lower edge 


an I-beam Since the exact hap of these sections gove 


exact locations of the corresponding curve the 


] f 


qualitative indi tions on of the general trends 
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i020 30 
DAMPING EXPONENT n —> 


Cross-SecrionaL Suare Factor A, ror Vantous COMMON 
SeevTions a8 A FuNcTION OF DAMPING EXPONENT nh 
energy, then relatively large A,-factor will result. This is so 
for diamond-shaped cross section (as compared to I-beams), for 
tapered members at constant force (as « ompared to constant sec- 
tion members), for cantilever beams (as compared to constant 
moment beams), and for stepped or notched (discontinuous ) mem- 
bers (as compared to continuous members). In general, as much 
volume as possible should be exposed to near peak stress if A, is to 

be kept amall, 

An example of the method of using the three factors which gov- 
ern the amplification in vibration caused by resonance is given in 
the following. The example considered is a cantilever beam of 
constant diamond cross-sectional shape made of S-816, vibrated 
at 900 F, and exposed to a maximum stress of 60,000 psi (virgin 
material assumed ), 

From Equation [16] 


A= &. ka, 


From Fig. 1, A,, = 19 for virgin material at 900 F, at 60,000 
psi and damping exponent n = 8 

From Fig. 2, K, 1.7 for a vibrating cantilever beam (case 
ITA4) with a damping exponent of 8 

From Fig. 3, A, = 7.8 for a diamond cross section of a mate- 
rial with a damping exponent of 8 

A, = 19 X 1.7 X 718 

If this resonance amplification factor is too large for the appli- 
eation under consideration, a change in cross section from dia- 
mond to I-section could be considered. The resultant reduction 
in K,-factor from 7.8 to 1.7 would result in a reduction in reso- 


nance amplification from 252 to55. Needless to say, the resultant 
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reduction in fatigue stress at resonance may be sufficient to elimi 
nate service-failure difficulties in critically stressed members. 


I-XPERIMENTAL VERIFICATION FOR A,-E-;QuATIONS 


In order to procure at least partial experimental confirmation 
of the A, equations derived in the pre vious sections a serics of 
tests was undertaken with a newly deve loped resonance-Vibri- 
tion testing machine described in reference (4 With this ma- 
chine it is possible to excite resonant vibrations in various types 
of systems and at the same time maintain the desired excited force 
by controlling the magnitude of the exciting force. Automatics 


controls maintain (a) a state of resonance and (4) the desired ex- 
cited for 
namic stiffness in the sy 
1, may then be computed from the ratio of the 


, even under conditions of changing damping and dy- 


stem. The value of the resonance ampli- 


fication factor . 
indicated by an accelerometer output) to the ex- 


1 counter which 


excited fore 
citing foree (determined from a tachometer and 
indicate unbalance in a re volving eccentru 


A, for a 


beam-type specimen made of alloy TP-2-B,’ this alloy being se- 


Tests were undertaken in this machine to determine 


lected because its large damping exponent n of 13 provides a more 
critical test of the theory than a material with a small damping 
exponent. In these tests, made at a stress of 80,000 psi and a 
stress history of approximately 1000 cycles, three cross-sectional 
shapes were used, i.e.,a square with the neutral axis parallel to one 
side, a circle, and a diamond shape (actually the same specimen 
as used for the square cross-section test, except that it was ori- 
ented so that the neutral axis was diagonally across two opposite 
The experimental A,-values so determined and the 
1.-values calculated by means of the equations pre- 


corners ). 
theoretical 
sented previously are indicated in Table 3. 

It might appear from Table 3 that the check between the theo- 
retical and experimental values of A, is rather poor, lloweve a 
considering that in alloy TP-2-B (with a damping exponent n 
of 13) a 3 per cent error in stress magnitude will result in a 29 per 
cent error in A,, and A,, and that the number of other variables 
which affect damping (such as variability of stress history and 
rest, cyclic stress frequency, machining stress, and others dis- 
cussed nm reference 3 , the ( he ( k between theory and exp riment 


is considered adequ ite 
(GENERAL OBSERVATIONS, SUMMARY, AND CONCLUSIONS 


In many machines and structures, it is highly desirable, if not 
essential, that the amplitude of near-resonance vibration encoun- 
tered in service be reduced. In general, the most satisfactory 
approach is, of course, to reduce the magnitude of the exciting 
force or change its frequency so as to avoid the resonant condi- 
tions. However, this cannot always be accomplished, in which 
case it becomes necessary either to make the machine more vibra- 
tion-resistant or to increase the damping of the system in order 
to reduce the magnitude of the near-resonance vibrations, Fre- 
quently, the methods for increasing the fatigue and dynamic 
strength of a part are exhausted without a satisfactory solution, 
in which case one must resort to increasing damping. 

Sometimes it is possible to increase the damping of a vibrating 
system through more effective use of joint, aerodynamic, and 
other damping not directly related to the material, shape, and 
stress distribution in the members. However, this too may be 
quite difficult to accotaplish, in which case it becomes necessary 
to increase the damping of the actual part. It is this last type of 
damping which is the subject of this paper. 

It was shown in this paper that the amplification A, in vibra- 
tion of a part at resonance is the product of three factors (a) ma- 
terial factor K,,, (6) longitudinal stress-distribution factor A,, 

3 See reference (5) for details on this material, including data on its 
damping, elasticity, and fatigue properties. 





LAZAN 


THEORETICAL 


38 OF 80.000 PSI 


COMPARISON OF 
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TABLE 3 
Ar FOR 


therefore, 


t Hy 


pe used in rota 


Tapered 


r t 


inif etre distrit n longitudinally 
nance tests the longitudinal stress distribution was n 
mens lies between 1 (for the case IIA! having unifor 
ITA2 having cantilever-beam-type stress). ow the b 


also were u 


ind (c) cross-sectional shape factor K,. The critical relation- 
ships of these factors to damping exponent n and other variables 
were derived and analyzed. Methods of decreasing the resonance 


amplification factor, based on the equations derived, were sug- 


gested and demonstrated, Experimental data were presented to 
verify the theory. 

It is desirable at this point to generalize and interpret physi- 
cally some of the mathematically derived A, and K,-relationships 
discussed in the previous sections, This is done to provide a 
guide for those who find it necessary to reduce the resonance am- 
plification factor of parts which encounter troublesome resonance 
vibration. 

Probably the most important generalizations and conclusions 
apparent from Tables 1 and 2, and Figs. 2 and 3, are as follows: 

(a) For materials with low damping exponent, say, values of n 
near 2, the cross-se tional sh pe and | mgitudinal stress distribu- 
tion in the members is relatively unimportant compared to the 
general level of material damping as defined by constant J. 

b 


of the temperature-resistant materials may be so classified, the 


(b) For materials with high damping exponent n, and many 


cross-sectional shape and longitudinal stress-distribution factors 
Relatively small changes in member 


shape and loading, which can sometimes be mad 


unre extremcy important. 
e through design 
without affecting functional behavior, cost, and so on, may greatly 
j 


improve the ability of a part to withstand resonant conditions. 
(c) As a guide for decreasing the A, and A,-factors for a part 
having large damping exponent n, an attempt should be made 
to design the part so that the percentage of material at peak or 
Material at relatively low 
to 


damping energy which tends to increase the resonance amplifi- 


near-peak stress is as large as possible, 
stress contributes a relatively large ratio of elastic energy 
cation factor, 

The above observations and conclusions are of course based on 
the assumption that damping is related to stress exponentially as 
indicated by Equation [1]. Although most materials seem to 
follow this relationship, some, notably a few temperature re- 
sistant alloys, possess high magneto-mechanical or other types 
of damping which may cause significant deviation from this re- 
lationship. The analysis of members made of such materials 
must of course consider the significance of the deviation from the 


exponential relationship. 


sed in these 
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ting-beam " ng rk (see reference t 
tests llowever, i 

the Ke-factor for 
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very 
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ot uniform 
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eam 1 Ks 
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ist ited to be 


It is felt that the analyses and observations discussed in this 
paper should provide the design engineer with improved perspec- 


tive in dealing with problems involving resonant vibrations 
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Unsteady Radial Flow of Gas Through 
Porous Media 


By R. JENKINS! anno J. S. ARONOFSKY! 


This paper presents a numerical method for describing 
the transient flow of gases radially inward or outward 
through a porous medium in which the initial and ter- 
minal pressures and/or rates are specified. Specific ex- 
amples are worked out which have application in the 
The computations were 
The pres- 


study of natural-gas reservoirs. 
carried out by means of punch-card machines. 
sure distribution as a function of time has been calcu- 
lated for various ratios of reservoir diameter to well diam- 
eter and for various dimensionless flow rates for a well 
penetrating the center of a homogeneous disk-shaped 
reservoir. A simple means of predicting the well pressure 
at any time in the history of such an idealized field has 
been developed. Flow rates and pressure distributions 
within the radial reservoir also have been calculated for 
the case in which the well pressure is suddenly lowered 
from its initial static value, and then held constant. 


NOMENCLATURE 
The following nomenclature is used in the paper 


formation thickness, em 

perni ability, dareyvs 

| ae 

pressure within reservoir, atm 

bulk average pressure in reservoir, atm 

Initia’ pressure within reservorr, atm 

well pressure, atm 

flow rate from or into well, standard ec 
ured at 60 F and | atm 


radial distance from conter of well, em 


per see (mens 


effective drainage radius, em 
radius of reservoir, em 

well radius, em 

time, sec 


In 
Viscosity, Centipotses 
porosity, fraction 


dimensionless time parameter 


INTRODUCTION 


unstendly flow of compressible liquids through porous 


The 
media has been investigated in many different geometrical forms 


(1, 2, 3),2 and is directly analogous to the unsteady conduction of 
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(4 The 
pressure-density relationship of gases has different characteristi 
from that of liqui js, such that the differential equation for ur 


heat, which has been investigated at great length 


steady flow of gases is nonlinear, and has not been solved by 
analytical methods. A numerical solution of the case of one 
dimensional gas flow through porous media has previously beet 


presented as the initial stage of this investigation (5). This 


paper presents numer.cal solutions of the problem of unsteady flow 


of gas radially inward to (or outward from) a well bore from a 
These 
numerical solutions were obtained with the aid of IBM punct 


reservoir having an impervious, circular outer boundary. 


card calculators, which were found to be quite effective for this 
type ol problem. 

The principal application of these calculations is believed to by» 
to flow in natural-gas fields, in the interpretation of pressure 
drawdown tests, in the estimation of reserves, and in caleulatior 
of injection pressures required in gas-injection and eycling opera 
The belief has existed for many vears that transients in 

T 


study has shown this assumption to be true in some cases, but no 


tions 
reservoirs producing only gas were of minor Importance. 


in others, and has delineated the conditions where transient be 


havior is important 


FLow CHARACTERISTIC 


Visualize a well passing through the center of a sand body o 
uniform thickness and circular cross section, such as is shown 1 
Fig. 1, containing gas at a uniform pressure Py. The top, bot 
WELL RADIUS 

EFFECTIVE ORAINAGE RADIUS 

RESERVOIR RADIUS 


Ke 
fa 


vr 


s Section of Rapran Reservoir 


bu CHEMATIE 


v4 3 
gu 


tom, and outer boundary of this sand are lmpervious to the 
which can escape only through the well. Suppose that at time 
t 
thereafter constant rate, 
The pressure at the well 7’, will then fall below its original pres 
sure Py, asa result of flow of the gas through the sand. This pres 
ealeulated from the equation for steady-state 


0, withdrawal of gas through this well is begun and maintaine 


at a in standard cubie feet per hour 


sure drop ean b 


laminar, radial flow of gas through porous media, f 


as given, for 
example, by Muskat (1) 
pa Qu In r,/r, 
ahh 
if the proper drainage radius is used 
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proximate] 
oil field producing at 
requirement 
Boyle's law 


in appropriate correction tactor for these calculations 


center at the 


I 
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In the first instant of time after withdrawal of gas begins, the 
gas removed originates very close to the well itself, so that the 
effective radius of drainage is practically the same as the radius 
of the well Therefore the logarithmic term in | quation [Ll] as 
zero, indicating the absence of pressure drop 


nd 


\s time passes, 
as additional gas is withdrawn from the sand, the effective 
radius of drainage will move away from the well into the interior 
of the reservoir, and a corresponding drop in the well pressure will 
As the reservoir becomes ce ple te d, 
pressure in the reservoir, ?, (bulk average )* the 


tion should be used, rather than the initial reservoir pressure in 


be observed, the average 


at time in ques 


I-quation [1 thus 


Ou In 
P2—P2 


7 


a 


We shall use equation [2] to define the effeetin 
Thus, when P,, Py, ky h, @ 


» fh, | 
the effective radius of drainage from /quation [2 


iinage radius 


, and ware known, we may caleulate 
It should be 


observed that ry is a variable representing a fictitious radius, and 


that fluid may move toward the well from points further away 
than rg. Obviously, the recession of the effective drainage radius 
the 


is the radius of the reservoir 


cannot continue indefinitely; upper linut for the effective 


itself It 
oper cent ol the gus 
withdrawn, 


radius of drainage was 
found in this study that after approximately 
the r 


radius, as defined by Equation {2 


originally in eservoir has been the drainage 
. stops rece ding, and becomes 
onstant at a value equal to one half the distance trom the well to 
the outer boundary of the sand body, or reservoir, 

The characteristics obtained in injection of gas into a well are 


similar to those described in the foregoing 


EQuATIONS OF Gas FLow 
The basic differential equation which describes the tlow of gas 
through a porous medium has been described in the literature (1 


Phis equation for isothermal flow is 


Vv 


Zou 
(P/P 
t 


Pik oO 


TUP/P 


radial flow, this equation reduces to 


2ou OP /P. 
Pd yt 


2 1 oP/P.)? 
) Or 


Phe assumptions involved in using Equation |4 as follows: 


a horizontal disk 


its top, bottom, 


are 


] The reservoir has the shape ol with its 


well bore ind outer radius are im 


eTV1lOUs 


, 


2 The permeability to gas within the reservoir is constant 


and uniform 


hon 


vhich would be encountered in the 


+} 


3 The only phase flowing is a gas of constant 
4 The density 
ure (Boyle's Ila 


» The viscosity of the gas is constant 


olnposition 


of this gas ts directly proportional to the pres- 


Ww 


6 The flow follows Darcy’s law; i.e., is in the viscous range 


7 Gravitational forces are neglected 
\ field developed in a square or staggered pattern would ap 


A fre: 


would satisfy 


satisfy the first assumption gas field or an 
the third 


eviations trom 


a high gas-oil ratio 
In the fourth assumption, where d 
are severe, PVT me 


asurements may be used to select 


Assump 
be d sufficient] 


field. 


s 5 and 6 may relaxe to handle s 


InAnY Cisse 


whie? be fe 


\t any time, 
e well were stopped, 


P, is the pressure 
and 


ind if flow 


illowed 


at 
pressure in to 


wu ilize. 


RADIAL FLOW 


OF GAS THROUGH POROUS MEDIA 


equations [3] and [4] would be 


inalytical methods, if P/P’ 


left-hand side of these equations 


linear, and essi 
us the first px 
Lrimte ad, this ratio ts 
[4] to 
equation, Which was then solved numerically 


literature (6, 7, 


appeared 


“qu ire 
and it 


Was necessary to reduce | quation M hit! 


erences 
ch am thee 


as descri 


s The procedure used is deseribed i thie thaw 
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tious well radii increase the time increment represented by each 
step by 64, and 4096, respectively. 

In calculating the pressure values at the fictitious well radius 
(for the next succeeding time step), it has been assumed that the 
steady-state flow equation can be applied between this radius 
This is equivalent to neglecting the 
the fictitious well 
Correction for this 


and the actual well bore. 


time required for the gas originally inside 
radius to flow out through the actual well. 
time has been made by making additional calculations using the 
true well radius that overlap those made with the fictitious 
radius, and fitting the curves together. The time correction was 


found to be very small. 
WeELL-PrRESSURE VARIATION 


A generalized correlation of the well-bore pressure in an infinite 
reservoir is presented in Fig. 2. This figure applies to injection 
as well as production, and shows in dimensionless form a varia- 
tion in the results with the flow rate during gas injection, but very 
little change in the curves with flow rate for gas withdrawal. 
More than one curve is obtained in Fig. 2 because of the non- 
linearity of the differential equation for gas flow. At very small 
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flow rates, the nonlinearity becomes negligible and the differen- 
tial equation of gas flow approaches, as the limiting case, the 
classical diffusion equation. A curve for the limiting case of the 
flow rate (either injection or production) approaching zero has 
been calculated independently by Carslaw and Jaeger (4), using an 
analytical method and is shown as the dashed curve in Fig. 2. 
The agreement between this curve and those calculated numeri- 
cally is quite satisfactory, and illustrates the continuous trend of 
the curves from injection to withdrawal. 

A similar generalized correlation of the well-bore pressure for 
finite reservoirs of several radii is presented in Fig. 3. The curves 
shown are for the two withdrawal rates shown in Fig. 2 but they 
can be applied to any withdrawal rate with very little error. Fig. 
3 shows the early transient period clearly, with a relatively sharp 
transition as the effective radius of drainage ceases to move out- 
ward, into the later period where the entire reservoir is being de- 
pleted. 

In order to give a clearer physical meaning to these results, a 
plot of the radius of drainage versus dimensionless time is pre- 
sented in Fig. 4. This plot emphasizes the fact that, initially, 
the effectivedrainage radius is independentof the reservoirradius, 
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reported for linear gas flow in a previous paper (5). Similar plots 


could be prepared from calculations already completed for many 


other positions within a radial reservoir system 
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Pure Bending of an Incomplete Torus 


By M. A. SADOWSKY? ano E. STERNBERG,’ CHICAGO, ILI 


An exact solution in series form is presented for the 
stresses and displacements in an incomplete torus of 
circular center line and circular cross section under con- 
ditions of pure bending. The solution is preceded by a for- 
mal treatment of the case in which the shape of the cross 
section is arbitrary. This more general problem is re- 
duced to one of axisymmetry, which is in turn attacked by 
a modification of the stress-function approach of Timpe 
to rotationally symmetric problems in elasticity theory. 
The modified stress-function approach, which may be 
of interest beyond the present application, is referred to 
general orthogonal axisymmetric co-ordinates, and the 
solution of the specific problem considered here is based 
on the use of toroidal co-ordinates. The normal stresses 
acting on the circular cross sections of the torus are evalu- 
ated numerically in an illustrative example and are com- 
pared with the results of previous approximate solutions 
of the same problem. The adaptation of the present 
solution to the determination of the initial stresses in a 
complete torus from which a wedge-shaped portion has 


been removed is indicated. 


INTRODUCTION—STATEMENT OF PROBLEM 


r SHE extension of the problem of Saint Venant to curved 
beams with a circular center line has received repeated pre- 
vious attention in the literature. The generalized problem 

onsists in determining, within the classical theory of elasticity, the 

stresses and displacements in an incomplete circular torus of 
arbitrary uniform cross section under the following loading condi- 
tions: The lateral surface of the torus is free from stress; the 
terminal cross sections are acted upon by a system of normal and 
shearing tractions, the stress resultant of which is prescribed 
irbitrarily subject to the requirement of equilibrium of the body 
as a whole. Two special cases are of particular significance: 

a) the case in which the tractions applied to each of the terminal 

sections are statically equiy ilent to a single force whose line of 

wction coincides with the axis of revolution of the torus (“pure 


torsion” »h) The case in which the resultant of the loading on 
e 


either terminal section is a couple whose axis is parallel to the 
ge 


ixis of revolution of the torus (“pure bending’ 
Phe case of pure torsion, which is important in connection with 
' 


the theory of helical springs ol =mall pitch, was treate d by Michell 


1)*and Fubini (2) on the basis of a semi-inverse approach, start- 
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exact solutions, based on Iquatior |, for a torus of near 


circular and of rectangular cross section were given by Michel 
(1). The rectangular cross section was reconsidered in greater 
detail by Tricomi (3) and Langhaar (11 Ina recent paper 
Freiberger (5), with the aid of toroidal co-ordinates, obtained a: 
exact series solution corresponding to the cireular cross section 

Gohner (7, S, 10) arrived at approximate re ults for the circular 
elliptic, and rectangular cross section by a method of successive 
approximation hie employed the known solutions to the corre 

sponding problem of Saint Venant-torsion of « straight beam as a 
first approximation, and deduced higher approximations throug! 
a perturbation scheme applied to Equations [1 

Phe cuse of pure bending, with which we are cones dl, pre 

sents considerably greater unalytical diffieultic Here sain, the 
first contribution is due to Michell (1). Guided by considera 
tions of symmetry, Michell made certain restrictive assumption 

regarding the displacement field and reduced 


the determination of a stre function @(p which « 


\‘ed lin Db 
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where L, and Ly are linear operators involving partial derivatives 
up to the third order. Essentially the same result was established 
by Southwell (4), whose derivation rests on the stress equations 
of equilibrium and compatibility. Fubini (2) and, more recently, 
Freiberger and Smith (6), arrived at alternative reductions of the 
Thus the 


formal solution presented in (6) necessitates the determination of 


problem on the basis of displacement approaches. 


two harmonic functions dof p, z) and @,(p, z), which are subject to 
a pair of interlocking boundary conditions, each involving partial 
derivatives up to the second order. 

The specific applications of these general solutions apparently 
have been confined to the trivial case of a narrow rectangular 
cross section for which the well-known generalized plane-stress 
Gohner (9, 10) treated the 
case of a circular cross section by a method of successive approxi- 
mations analogous to that described previously with reference to 


solution® was re-established (4, 6) 


the problem of pure torsion. His perturbation process here rests 
on the stress equations of equilibrium in conjunction with the 
Beltrami-Michel] conditions of compatibility, and the solution ap- 
propriate to pure Saint Venant-bending of a straight beam is used 
as a first approximation. Reference is also made to the elemen- 
tary treatment of the problem by means of the approximate 
theory of curved beams, originated by Winkler.’ Finally, we 
mention the available shell-theoretic investigations of the bend- 
ing of thin-walled toroidal shells; a pertinent bibliography is 
given in the most recent study of this kind, by Clark, Gilroy, and 
bk). Reissner (22). One of the objectives of the current investi- 
gation is to examine the limitations of the existing approximate 
solutions in solid circular 


Furthermore, the exact solution presented here lends itself to the 


connection with the cross section. 
rigorous study of certain dislocations and initial stresses in a 
complete torus. 
In connection with the foregoing formal solutions to the prob- 
lem of pure bending for a torus of arbitrary cross section, we note 
that Michell’s work (1) clearly implies a reduction of the problem 
to one of torsion-free axisymmetry, which is characterized by 
prescribed surface tractions on the lateral boundary of the torus. 
Moreover, 


means unique, and that the axisymmetric residual problem so 


it should be emphasized that this reduction is by no 


arising is amenable to any one of the various available stress- 
function approaches® to rotationally symmetric problems in elas- 
ticity theory, such as those of Boussinesq-Papkovich-Neuber, 
Michell, Love-Galerkin, Féppl, Timpe, or Weber. 
(a) the particular 


The essential 
feature of the present treatment is twofold; 
reduction to an axisymmetric problem adopted here seems to 
vield a more tractable form of the re (b) the 
residual problem is attacked by means of a modification of 


idual problem; 


Timpe’s approach (15, 16) with an apparent gain in facility. 
We now 
approach which is preliminary to the consideration of the problem 


turn to a discussion of this modified stress-function 


to be dealt with subsequently. 
MopiricaTion oF Timpe’s Srress-FuNnerion Arproacu 


\ solution of the basic field equations is said to possess torsion- 
free rotational symmetry with respect to the z-axis if its displace- 


ment field conforms to the conditions 


or Ou, 
‘p 0, ON, 0 
oY OY 


where (u,, u,, u,) are the cylindrical components of displacement, 


€ See, for example, (13), p. 61 This solution is here attributed to 


Golovin 
7 See (14), p. 65 
. 


See (16) for references. 
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According to Timpe (15, 16) the general solution of the displace- 
ment equations of equilibrium subject to the restrictions, Equa- 
tions [3], and in the absence of body forces, is representable as 


i, 


the sum of the two displacement fields 


.7r ’ 7 
[7]: 2Gu, = Dz, 2G u, 


2Gu, = V 2Gu, 


where 


V'*o(p, z)= 0, AV (p, z)=0 


Here VY? is the Laplacian, the operator A? is defined as in Equa- 
tions [2]; whereas G and v designate the shear modulus and 
Poisson’s ratio, respectively. The displacement fields given by 
I:quations [4] and [5], together with their associated fields of 
stress, constitute the first and second Timpe solution, and are 
denoted by {7} and [7%], respectively.’ 

The stress function V, which generates [7':], satisfies the par- 
tial differential equation characterizing the stream function in 
axisymmetric potential flows of an ideal incompressible fluid, and 
we shall find it convenient to refer to any solution of the equa- 
tion AtW 0 as a In analogy to the ve- 
locity potential of such rotationally symmetric flows, we may 


“stream function.” 


associate with every stream function V a conjugate potential func- 
tion P defined by 


or, alternatively, by the line integral 


“os 
P(p, 2) = / | V dp 4 Wels] [s 
p p 


. pe 


where (po, 20) is an arbitrary fixed point of the meridional half 
plane p > 0. Since A’V 0, the line integral, Equation [8}, 
is independent of the path and @&(p, z) is single-valued in any 
simply connected domain throughout which W(p, z) is regular; 
moreover, V2P = 0. 
[7] to associate with any given harmonic function ®(p, z) a 


j 


In the same manner we may use Equations 


conjugate stream function V(p, z). A potential function and a 
stream function satisfying Equations [7] will be called conju- 
gate with respect to each other 

If Y denotes the stream function conjugate with regard to @¢, 
the displacements of [7], Ee 


juations [4], may be written as 


2Gu, 2Gu, = 9,. 


Now, let a new conjugate pair of potential and stream functions 
be defined by 
Pp, z 


and the first Timpe solution becomes 
re 
PLATT vy, 


p 


2Gu, d [11] 


This solution henceforth will be referred to as basic solution [A]. 
Next, we define 


Means oF 


a second and independent basic solution [B] by 


v) [A] + [73] [12] 

® Throughou i eapital letters in brackets denote either 
the displacement vector-field or the stress tensor-field of the corre- 
addition, as well as multiplication by 


sponding solution, and equality 


asealar. are to he nterpreted iccordingly 





SADOWSKY, STERNBERG —PURE BENDING OF AN 


rene rated by QY 
utions [7';], [7's] 
aban \ basic solutions 
Bh ‘ : iu I> | I yuitv, omit the bars over 
in Equations [11 With this 


[12], | id [5], we 


erstanding Vv virti juation le P 


stress 


una 


reach 


[15] 


{ ’ 
and +d, ¥ l eli g¢ Ee mr conjyugalk ial the sense of 
Equations |7}. follows from the generality of the Timpe solu- 
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ment equations of equilibrium is also representable as the sum of 
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iti em and the curvilinear co-ordinates 


Basic SOLUTIONS IN CYLINDRICAL AND TorRoIpaAL Co-ORvINATES 0 < 


In what follows we shall have oceasion to refer in particular to 
circular cylindrical and to toroidal co-ordinates. For this rea- 
son we cite here the corresponding special forms assumed by basic 
olutions [A] and [B], Equations {20} to [23]. The cylindrical 


representations of the two displ wement fields were given in equ i- hequations [29], [16 imply 


tions [13], [14]. For the stresses we obtain . ( 


[A]: 
The co-ordinate surfaces @ const are thus spherical bowls of 
radius (p|~! centered on the z-axis at z = p/p. The surfaces 
3 = const are tori, the meridional cross sections of which are the 
circles of radius 7~! centered on the p-axis at p = q/g. As B— 
the tori degenerate into the circle'*® p 1, which lies in the plane 
2 0. Fig. 2 shows the traces of the fore going two mutu ill 
orthogonal families of co-ordinate surfaces upon the meridior 
half planes y = const. 
According to Equations 19) ind 29), the metric coefficients 


; . here be« ome 
Poroidal co-ordinates! (a, B, y) are introduced by setting in 


Equations [16] 


pla, PB) 2 ; [29] ‘ 
With the auxiliary notations 


where “w= (q p 


See references (19. 5) and also the closely related discussions of 16 This normalization of the co-« 


spherical dipolar co-ordinates in references (19, 17 [29] is, of course, inessential, 


p+o 


Fic. 2. Tororpar Co-Orpinates 


urfaces a onst and 8 const on a half plane 
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The problem thus ultimately reduces to the determination of the 
: 0, A’W 0 


two stress functions Y and W which satisfy Aty 
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that the unwieldy character of the boundary conditions, | qua- 
the introduction of toroidal co-ordinates 


tions [55], necessitates 
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is symmetric with respect to the plane z = 0, and 
This limits the supply 


solution [So] 
hence [2] must have the same symmetry 
of stream functions available from Equations [62], and admissible 
as stress-functions in conjunction with basic solutions [A] and 
[B] to 

4? 


WV (a, B) = Q, 


' 
- 1/, (Gg) Cos na@ 
(4n? lu 


v,(a, B) 


. [63] 
(in = @ 1.2,... 


The solutions generated by W,(a@, 8) and V,(a, 8) will be desig- 
nated by [A,] and [B,], respectively, and consistent with Equa- 


) a,{A,] + 6, [B,] 


tion [54], we put 
[64] 


in which the coefficients of superposition a,, 6, are eventually to 
be determined from the boundary conditions, Equations [59] .*’ 

Before we pursue the residual problem further, we need to at- 
tend to certain analytical preliminaries. For future reference, 
we record Legendre’s equation 


Qn-1/, = 0..[65]* 
') 2 > 


(1 g*) Qn-1/." 2qQn—1/5' + (n° 


and recall the recursion formulas 
iy = Qn-/, 
ingQn—*/s 1) Qnit%, 4 
1) (qQn—¥/, Qn —*/s) 


1) Qn—s (66 


(2n 
(2n 


2q°Qn 1 - = 


which are valid for all integral values of n. Furthermore, we 


cite the Fourier series” 
. Cos na 


which gives rise to the identity 


l ** cos na 
1 
V2 Jo bu 


through the 


[68] 


and note the representation of Q,—1/, Laurent 


series, *° convergent for | < q < 


8 
2*1(n + 1)g"* 


The explicit determination of the displacements belonging to 
solutions [A,] and [&,], defined by Equations [63], as evidenced 
by Equations [36], [38], necessitates a knowledge of the potential 
function @,(a@, 8) 
v,(a, B) W,, 


the equations to be integrated presently are 


2*-1-2A(n + 


®,(a, 8) conjugate to the stream function 


a, 8B). According to relations, I quations [42], 


2¢ The unessential coefficient (4 4n* l i matter of convenience 
only 
27 It will become apparent later that / 


is exceptional, and must 


vanish by virtue of regularity considerations 


28 The argument of On j 


»is henceforth assumed to be gq 
143 

® See reference (18), p. 317 
placing n with 7 and 
p. 281 of reference (18 


29 See reference (19), p 
The present series is obtained by re- 


ising the hypergeometric series given on 
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[70] 
0a q 


where V,(a, 8) is given by Equations [63 It is readily con 


firmed with the aid of Equations [70] that 


= pw [Qn+i4 sin (n + lba @n— 1), sn na [vi 


This recursion formula yields ?, once Py is known In order to 


establish Bo, we observe that letting 


2 
oo ee 


implies the alternative representation 


‘ osh p 2’ 


Equation [68 


w/e dé 
Q-1, =k KA 
Jo Vi kK? sin? @ 


ik 
Kyu 


and thus 
a4 


where A and E are the complete elliptic integrals®? of the firat 


and second kind, respectively, for the modulus 4 Now let ¢ be 


defined by 


am being the amplitude function, then lxquations [70], with n 
0, after some computation lead to 


k 2 
\ 2( K dut ), 
dnt 7 


in which sn, cn, dn designate the Jacobian elliptic functions re- 


oP, 
ya k’ 


oP, V2k7 EF snt ent 


0a 
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dnt 


ferred to the modulus k, and k’ is the complementary modulus 
equations [76] are explicitly integrable, and yield 


do = Dy = 2y/2(KE(t tk} 


where E(t) is the incomplete elliptic integral of the second kind 


for the modulus rk. We « ane lude from equations [71 I, [77] th it 


O(a, 


+ Lt), 


2h ) Q, 1, sin 1a 
\ 


re0 


, Sih na 


It is important to observe on the basis of | quation [78] that 
the toroidal pseudo-product solutions of the potential and stream 
equations, listed in equations 162), do not constitute 
Indeed 


‘ onjugate 


conjugate 
pairs a single pseudo-product stream function gives 
rise to a potential funetion whose representation re 
infinite series of pseudo-product potential functions 


78], Fl 


quires an 


the closed representation hquation mince possible only 


through the introduction of elliptic functions and integrals 
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SoLuTION OF ResipuaL ProspieM For Torus oF Circular Cross 
SECTION 


We are now in a position to return to the residual problem for 
the circular cross section, the solution of which was assumed in 
the form of Equations [64]. The displacements and stresses 
of the component solutions [A,], [B,] result from substitution of 
Equations [63] into Equations [36] to [39]. In this manner, by 
aid of Equations [65], [66], and with the auxiliary 
sin na, we finally obtain the following for- 


pp?’ (n My “| 
+ wt), | 


notations 
¢, = cos na and &, * 
mulas: 

Solution [A,,] 
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GM : - ; 
= Qn 2 (3 ty pe, + 2np?s,,| 


— 
.~y/).. ew . [82] 
T } efi ps, 
tn? ' : (cont 


» 7], \ 
Voge (4 SV) : Pc, 
rm f 


®,, appearing in Equations [79], [81], was 


. 


The function @, 
given in Equation [78], and the auxiliary parameters uw, w were 
The series, Equation [69], enable 


defined in Equations [35]. 
Such 


us to examine the regularity of the preceding solutions, 
an examination reveals that all components of stress of solutions 
[A,] and [B,] for n 0, 
same is found to apply to the displacements,** with the exception 
of those belonging to [By] which have poles of the first order at 
For this reason [ Bo} must be deleted or, equivalently, 


1,2,... remain finite asqg— ©. The 


q = 
bp must vanish in Equation (64). 

Next, we approach the determination of the remaining coeffi- 
cients of superposition a,, 6, in Equation [64] from the boundary 
conditions Equations [59]. To this end, we expand the right- 
hand members of Equations [59] as a Fourier series so that the 


boundary conditions assume the form 


b’o,(a, Bo) = € ) I 


n= 


pe? 

Tap\ &, Bo) c ) 7, Sin na 
( 
i 


n=] 


COs na 


where @q, Tag are again stresses of solution [R]. With the aid of 
Equations [67], [66], as well as the addition formulas for trigo- 
nometric functions, we arrive at the Fourier coefficients 


On Py 20n 


5)(2n < 4n? 


Qn+2/’ 
: —i(n = 0,1,2,... 
(2n + 3) (2n + 5 


On+3 y 
3) (2n + 
| ey 

(2n 5) (2n 
where 6,9 is the Kronecker-delta. At this point we represent 
uo, and utag/q of solutions [A,] and [B,], Equations [80] and 

Subsequently, in accord- 

and cn, the coeffi- 

cients of cos n@ and sin na@ in p°o,g(a@, Bo) and p°Tag(a@, Bo)/7 of 
solution [R], Equation [64]. This results in an infinite system 
of linear equations characterizing the unknown coefficients of 


and b(n = 1,2,...). The 


{$2}, as Fourier cosine and sine series. 
ance with Equations [83], we equate to cé,, 


superposition a, (n = 0,1, 2,... 
trivial, though tedious, computation just outlined yields 


% 4, (a, 8) is analytic in the domain under consideration 
% The superscripts zero, which all functions of 8 ought to bear in 


these equations, have been suppressed. 





, a; 0 for i 


4¢ In these equations, the superscript zero 


again was omitted, 
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The structure of the foregoing system of equations is apparent 
from the matrix scheme shown later, in which the asterisks de- 
note nonvanishing coefficients. The first equation is seen to in- 
volve five unknowns, whereas each additional pair of equations 
successively involves two additional unknowns. The maximum 
This is a 


consequence of the fact that woq and utag/¢ of solutions [A,], 


number of unknowns entering any one equation is ten. 


B,|, Equations [80], [82], are even and odd trigonometric poly- 
nomials in a, so that the corresponding Fourier series terminate. 
The stresses oq and Tag of these solutions, without prior multi- 
plication by wy, are irrational funetions of cos @ and sin a, which 
give rise to infinite Fourier expansions. The artificial faetors 
gw in Equations [59] were introduced for the purpose of avoiding 
a doubly infinite system of equations in place of the simply in- 
finite system, Equation [87]. 
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4 2 = = 


Equations [85], [86] cannot be decomposed into an infinite 
number of determinate finite systems; their solution may be ac- 
complished by the usual sectionalization process, Once the val- 
ues of a,/e and b,/c have been established, the parameter ¢ is de- 
termined from the moment-condition, Mquation [56], 
lently, from the third of Equations [46]. By virtue of equa 
[30], [S34], and [35] 


or, CQuivae- 


tions [20), 


“ln 1 p a “2a ” a, 
Vv da dp da dq SS} 
0 Sa Mik; Jo Jn Hw 


where a, belongs to the complete solution [S] which, by equations 


64), [49], now appears as 


S| | So] t > a,,| 1 ] + ) b,, B) 
' “ ’ l 


We substitute for a, in Equation [S88], the value consistent with 
Equation [89] as well as the stress formulas, 


[80], [82], and carry out the two successive integrations indi- 


Mquations DS}, 


cated, In the integration with respect to a the identity, Equa- 
tion [68], is needed, the remaining integrals so encountered being 
elementary. The subsequent integration with respect to q re 


quires the use of the identities 


oe Sars Sere, 
/ d - dq 
. i 


in? l . 
qn —1/s" 


Ss 
which are subject to direct verification with recourse to the recur- 


27 Recall that bo = 0 
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rence relations, equations [66] In this manner one obtains ulti- 


M+8V2 } a, 


q 
i 


mately 


tn? 

The complete solution |S] to the problem of pure bending of a 
torus of circular cross section is given by Equation [89], with 
reference to the stresses and displacemente of the component 
solutions [So], [A,], and [B,], recorded in Equations [58], [79], 
80}, and [81], [82], respectively. The coefficients of superposition 


a,,(n 0,1,2,...)andb,(n = 1,2,3 are uniquely deter- 


and the moment 


mined by the system of equations 85], [S6], 


condition, Equation [91]. 


NUMERICAL EXAMPLE, COMPARISON Wirn APPROXIMATE SOLU- 


TIONS; INITIAL STRESSES IN A Complete Tortus 


In spec ifie applic ations of the prece ding solution, the values of 
the normal stress acting on the circular cross section, along the 
diameter perpendicular to the axis of the torus, are of foremost 
interest. For this reason we cite here, in particular, the formulas 
for a, of [|S] at z = 0, and observe that the two segments @ = 0 
roof the p-AXis, Fig 
By means of the equations defining the solution [S}, 


and @ 2, require separate treatment 
and through 
elementary geometric considerations based on Equations [29], 
33], and 159], we obtain, for @ 0 


Vv A? 


' , a a QV, 
+ (q 
in 2 


plax<A+l 


and for ¢ 


+ Q)Qn 


27°Q n 
4n? 


where A = b/a is the shape ratio first introduced in Equation 
57]. Furthermore, along the p-axis 
(p/a)? + A? l 
. 2 2 -- (94 
(p/a)? As 4. ] 


footnote 36 
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in which the plus and minus signs apply to @ = 
respectively. Finally 


lim p/a = ¥ A? 


. 
4 


95} 


and proceeding to the limit as g — © in Equation [92] or [93], 


there results, with the aid of the expansion, Equation [69] 


lim o, 


qe 


We now turn to a numerical example and assume A = h/a 
5,v = 03 
ratio, the infinite 


nd of Poisson's 
10771 
iS@], 


For these values of the shape ratio : 
system of Equations [85] and [86], or 
vields** the numerical values listed in Table 1 


rABLE 1 NI VALUES Of} 


. 0.4 


MERICAI AND be FOR 3A 


0 22076 


) 771 
 OLsel 


2a 


‘ 


The values given in Table | are stabilized in the sense that the 
results of the last two successive approximations used in the sec- 
tionalization process applied to Equation [87] coincided within 
the number of digits shown. A total of no more than 11 simul- 
taneous equations had to be solved in order to establish the listed 
sufficed 


sired stress values up to four significant figures 


values, and these values in turn to stabilize the de- 
This indicates 
the unusually favorable convergence ol the solution for the shape 
ratio chosen here The convergence is, of course, bound to deter- 
iorate as A approaches the limiting value of unity. In this con- 
nection it should be kept in mind, however, that values of A of 
the order of less than 3 are no longer apt to possess any physical 
interest in view of the appeal to Saint Venant’s principle which 
underlies the present formulation of the problem 


Substitution of the numerical data of Table 1 into the moment 


condition, | quation (Ol leads to the dimensionless value 


VW /aX 0.1030 Q7\* 


‘I he 


Table 1, and the stress formulas, Equations [2], 


equation [97], 
193], and [96] 


Values ol @ now follow readily from 


They are plotte din dimensionless form in Fig 3 which also con 
tains the corre sponding curves obtained on the basis of the ele- 
mentary beam theory for straight beams, the approximate theory 
of curved beams of Winkler,“ and the second approximation in 
Gohner’s perturbation scheme.“ The maximum and minimum 


values of o a hich occur at the end points ot the diamete z= Q, 


for the current solution and for the loregoing three approximate 
orded in Table 2. 
the present solution, the stress component @g atz = Oand p/a = 4, 
The ratio of this 
at the same point is found to be 0.000, 
violation of the boundary 


solutions, are re¢ As a check on the accuracy of 


which ought to vanish, was computed also 


stress to the value of ¢ 


which indicates a conditions of less 
than 0.1 per cent 

The comparison with the approximate solutions reveals that 
both Goéhner’s and Winkler’s results are within 10 per cent of the 


correct values for A = b/a = 5. It is interesting to note, how 


ever, that Gohner’s maximum value of ay is slight)y more in 


The required numerical values of the functions Qn are availa- 
ble in reference (21 

«© Note that for the normalized form [29] of the toroidal co-ordinate 
that in the 


transformation, a = 1/4°®, and 


A=5 
4! See reference (14), pp. 74,75 
and (10 p. 356 


present instance q 


#2 See references (9), p. 407 
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theory 
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GOWER 


CURRENT SOLUTION 


WINKLER 





VARIATION OF 


error than that which stems from the much cruder 


tions of Winkler 


Solution 


1pPprotna 


[S] to the problem of pure bending of an incomplete 
torus is readily adapte d to the determination of the initial stresse 
in a complete torus from which a wedge-shaped portion has been 
removed, the two free end sections having been joined subse 
vedge, the dis 


quently.“ If ye is the opening angle’ of the 


location condition becomes 


In view of Equations [44], this implies 


Yel 


Wy] 
7 


With ¢ known, Equation [56] yields the bending moment M 
provided the associated proble mn ol pure bending for the incom 
plete torus has otherwise been solved. In particular, in case of 
the circular cross section, the value of M follows from I quation 
[91], once the solution to the system of Equation [87] is availa 
ble. In the numerical example considered previously, we con 


clude from Equations [97], [99] that for A b/a 5v=03 
i } 


VW 0.1939 
: Y* 
(ra T 
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Deflections of Circular Beams Resting on 


Elastic Foundations Obtained by Methods 


of Harmonic Analysis 


By ENRICO VOLTERRA,! TROY, N.Y 


Solutions in form of Fourier series are given for the prob- 
lem of circular beams resting on elastic foundations on the 
assumption that the foundation reacts according to the 
classical Winkler-Zimmermann hypothesis. The case of 
an arbitrary load distribution is disposed of by separate 
treatment of the symmetric and antisymmetric load com- 
ponents. of the of the 
trigonometric expressing deflections, angles of 
twist, bending and twisting moments are presented for 


Numerical tables coefficients 


series 
both symmetric and antisymmetric loadings. 


NOMENCLATURE 
The following nomenclature is used in the paper 


u, 
M, 
: 


= bending moment 


twisting moment 
= displacement of axis of beam in direction perpendicular 
to plane of beam 


8 


angle of twist 
= initial curvature of center line of beam 

= moment of inertia of cross section of beam with re spect 
to r-"XIs 


of beam 


torsional rigidit, 
Young’s modulus of beam 
v/R 

C/EI, 

EI,/R 
concentrated load 
= distributed load 

= elastic constant of foundation 
(KR) /(ET, 
(R?P)/(El 


z 
INTRODUCTION 


on an elastic foundation and loaded by concentrated forces, 


In 4 previous paper 2 the proble m of a circular beam resting 
ar- 
ranged symmetrically with respect to the center and perpendicu- 
lar to the plane of the original curvature of the beam, was solved 
form under the assumption that the foundation reacts 
This 


problem has a practical application in civil engineering in the cal- 


in closer 
following the classical Winkler-Zimmermann hypothesis. 
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re inforced- 


In this instance, not only the case 


circular beams use a foundation of 
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culation ol iis 
concrete water tanks, I ig 
of symmetric loading, Fig. 2, has to be taken into consideration, 
but also the case of antisymmetric loading, Fig. 3, which is in 
duced by the wind action on the water tank.’ 

In the present paper a solution in terms of trigonometric series 


for the problem in the absence of symmetry restrictions is given 


method of evaluat 


ing deflections 


is solution offers a simple approximate 
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aAnYV Cus ¢ 


computations, numeri in the 


ck 


giving 


required series im 
are presented 


fh ire 


ith hi 


Dh 


The following assumptions will be made: (a ) is 


constant inertia characteristics F/,, and it i of ra 


dius /? (h) The to the 
portional it every point to the deflection of the beam at that 


1 


i 


reaction forces due foundation are pro 


point 


SERIES OF THE Prop 


PARTICULAR SOLUTION BY TRIGONOMETRIE 


LEM OF A CrrcuLcaR Beam RestTiInG ON AN ELAsti NDATION 


The 


nates 


beam will be referred to a system of rectangular co-ordi- 
O-X-) Zz, hig 1, with the ut the the 
axis XN and Y coinciding with the prineiy ul axe 


origin O centroid of 


cross section, the 


of inertia of the cross section, and the axis Z with the tangent to 


the discussion which followed the 
entation of the previous paper (1 the 1951 Annual Meeting 
by Prof. R. M. Mindlin of Columbia Univ and by 


Shaw of Brooklyn Polytechnic Institute 


pres 


rhis was pointed out ir 
before 
of the Society ersity 
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CASE a: 28-90° CASE b'2 560° CASE a: 285=90° CASE b:25=60° 














CASE c:28-45° CASE di28-30° CASE ¢:28=45° CASE d:26=30° 


Fic. 2 Fie. 3 


< 


sional rigidity, 1/# the initial curvature of the center line of the 
bar, the following Equations arise (5, 6, 7) 


3 d* 
El, (: , ) = M. 
R ds? 


ee 7] 
ds? ” 





l ‘) 
= MM, 
R ds 


= () 








R 











In the case of a circular beam resting on an elastic foundation, 
the displacements u and w can be neglected (1) and Equations 


[1] reduced to 
ie d% 
El, = M, 
R ds? 
Cc dp ' 1 dt Vv 
ds R ds 
If k is the elastic constant of the foundation, y = »/R,a = EI,/R 


the center line atO. The plane X-Z coincides with the horizontal # = C/(E1,) Equations [2] become 


plane of the initial curvature of the beam, the positive direction 
of X being toward the center of curvature; Y is positive down- 
ward, Z is taken positive in thie direction in which the rotation 
from X to Y is clockwise, the length s of the center line being 
measured in the same direction as Z. 

The displacement of the centroid O during bending is resolved 
into three components, u, v, w, in the directions of the X, Y, ; 
and Z-axes, respectively. while, for equilibrium, if p(¢) represents the external distributed 

The angle of twist @ of the cross section about the Z-axis is force, Fig. 5 
taken positive when the rotation is counterclockwise with re- 
apect to the Z-axis. The deformation of an element of the curved 
bar, bounded by two adjacent cross sections, consists of bend- 
ing in the principal planes X-Z and Y-Z and of a twist about the 
Z-axis. If M,, M,, M, are the moments on the cross section at d 
O about the X, ¥, Z-axes (their positive directions are shown 
in Fig. 4), Els, El, the two principal flexural rigidities, C the tor- 


dM, 
+ R*[p(¢) — Rky(¢)] = 0 
- 


From Equations [3] and [4] we conclude that 





VOLTERRA-——DEFLECTIONS OF CIRCULAR BEAMS RESTING ON ELASTIC FOUNDATIONS 


d*y d‘y 
- dg? dg* 


R? 
+ [p(¢) kRu( ¢)) = () | 
a / 


B 


Yow) 


Fig. 5 


Combining Equations [5], there follows 
1 + 2p d*y wp dty 
1+ pdg* 1+ ywdg¢* 


aR? 
a(l + p) 


dty d‘y d?y kR® Rk 
+2 4 1 + ky 
dg dg‘ dg? a au 


6 = 


Rk? R? d*p(¢) 
4 


PCY) 
ap 


the periodicity conditions are 


dg dp 
B(O) = B(2mr); = ; WO) = y(2n 
de]. dg] 2s 


(2 (“”) ; (2%) () 
dg 0 dy ag dg?]¢ 7 dg? Qs 


(7).- (@),, | 


~ (p(y) — kRy(¢)] 


a dg? 


i 
go) = (1+ 2 cos n ( Pp)? 
sie 2rk | ig ie 


nol 
[5] 


the solutions of Equations [3], [6] are expressed by 


Pp PRS 
vig . t - > Y, cos n (= 
2a kth aur ‘ 


where 


where 


where 


where 
16} 


Now, if P(£) is the intensity of a distributed load at the section 
¢ = £, by applying the principle of superposition, the following 
expressions are obtained 


l -_ R 
(¢) = P(ejydé 4 ) 
Ne) OekR? I * "apr > 


E n ef P(E) cos n EdE + sin ng / P(E) win nidg 
0 /J0 


cos ng / P(&) cos n&d& 
JO 
+ sin ng / P(E sin neat 
0 


. 


k 3 
M,(¢) = : M,.| co ng | P(§) cos nid& 
uéqTr a 0 
+ sin ng [ P(E) sin net [19) 
/0 


| 
' 
ion 
4 Jt should be noted that Series [8], as the trigonometric expansion 


used for representing concentrated loads in the case of simply sup 
ported beams, is not a convergent series (8); but, as in the case of 
simply supported beams, this will not interfere with the legitimacy 
of the harmonic process which is to be used for determining deflec 


If a concentrate load P is acting on the section ¢ = , then tions. 
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R an 
> M,, | sinng P(&)cos n&dé 
ur 0 


n=l 


, 


P(E) sin n&dé 


cos n¢g 
0 


Symmetric Cast or LOADING 


If the loads are symmetric, Fig. 2, so that /(£) is an even fune- 
tion of — through obvious reductions, the coefficients of sin ¢g in 
Equations [17], [18], [19] and of cos g in Equation [20] vanish, 
and we obtain 


y(~) 


2 "9 2 1 
P( dé + 
mkh* Jo ods apn 
n 


2 


P(&) cos n&dé 
) 


w/2 


AR - y 
: B, cos ng P(&) cos n&dé 
apr 0 


2,4,6, + 


Bly) = 


/9 


P (&) cos n&dE 


4h 
ur 


M,, cos ng 


MA ¢) _ 


n= 2,4,6,°°° 


: ) M,, sin ng I P (&) cos ntdé 
pr 0 


n= 2,4,6,+" 


[23] 
M,(¢) = [24] 


COEFFICIENTS FOR SYMMETRIC LOADING; 4 
A = 100 


TABLE 1 
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Tables 1 and 2 contain the first 24 coefficients of the series ex- 
pressing the functions y(¢), 8 (¢), M,(¢) and M,(¢) for w = 1, 
dh = 100; uw = 0.7, = 60. 


ANTISYMMETRIC CASE OF LOADING 


If the loads are antisymmetric, Fig. 3, so that /(£) is an odd 


function of £, analogous reductions lead to 


~/2 
", sin ng P(& 
0 
2. /9 
T/« 
_sin ng / P(g 
J/0 


. 


> M,, sinng | P (&) 
0 


1,3,9,° 


> ) cos ng | P (&) sin néd& [28] 
ur 0 


n= 1,3,5,°** 


sin n&d& 


sin nédé 


sin n&dg 


Mg) = 


Tables 3 and 4 contain the first 24 coefficients of the series ex- 
pressing the functions y(¢), 8B (¢), ,(¢) and M,(¢) for uw = 1, 
d = 100; » = 0.7, = 60. 

Numerical Example. Suppose a circular beam of radius R = 
25 ft in reinforced concrete [| = 3(10°) psi] of square cross section 
(depth 30 in., width 30 in.) with eight concentrated loads P = 


TABLE 2 COEFFICIENTS FOR 
70: 


0.76 


SYMMETRIC LOADING; 
A = 60 
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The constant of the founda- 
It follows 


15 deg), Fig. 6 
1500 |b per in. per in. 


50 tons each (2 


tion is supposed to be k 


= 6§.75(10') in.* 


= 0.04444 


= 28,125 ft-tons 


ay = 1250 ft-tons 


From Equations [21], [22], [23], and [24] one obtains, in 


particular case 
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& | ‘ 


24 


V 


zn COS ng cos n 


VU 
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In Table 5 the results obtained by using the first three terms of 
the series given by the 29}, [30], [31] 


and [32] are presented 


ipproximate Equations 


50 TONS 
SOTONS 


CASE c: 2 5=45° 


hia. 6 


In Table 6 the results obtained using the solution in closed form 


leve loped in th © previous | Apert l are given 


As should be expected and should be seen by inspection from 


Tables 1. 2, 3, and 4, the convergence ol the bending-moment 


favor able ian the convergence ol the series of the 


serie im if 


deflections, angles of twist and twisting moments 
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On the Application of the Impedance Method 
to Continuous Svstems 


By P. F. CHENEA, 


It is shown how the concept of impedance may be ex- 
tended to apply to those continuous systems whose vibra- 
tory behavior leads to the wave equation. The use of the 
method is demonstrated by three examples which include 
the free and forced vibration of an elastic bar in longitu- 
dinal oscillation and torsional oscillation of a tapered 


shaft. 


NOMENCLATURE 


The following nomenclature is used in the paper: 
= longitudinal stress 
= cross-sectional area, and polar moment of inertia ot 
cross section 
= external torque 
density of medium 
longitudinal displacement 
angle of twist 
impedance 
co-ordinate along length of bar 
circular frequency 
= natural frequency 
\ l 
Young's and shear modulus of elasticity 


Poisson's ratio 
INTRODUCTION 
The 


are linear in character ts generally made more systematic by the 


solution to free and forced vibrations of systems which 


introduction of the impedance concept. This method has re 
ceived wide recognition in the treatment of vibratory systems 
which have diserete physical elements. Although the concept 
of impedance has been used in the problems of electrical circuits 
and acoustics, it has not received attention nm the treatment of 
continuous vibratory svstems whose formulations lead, in general, 
to the wave equation. It is the purpose of the present paper to 
show how the impedance concept may be applied readily to this 
general class of problems such as the free and forced-vibration 
problems for the longitudinal oscillation of an elastie bar, the 


lateral vibration of a and the torsional oscillation of a 


shaft 


string 


ANALYSIS 


Consider an elastic bar whose cross-sectional area, as well as 
(such as elastic moduli, 
with the 


It is assumed that the variation in 


the physical properties of its medium 


damping constants, and density) vary co-ordinate z in 


the longitudinal direction 
the cross-sectional area is gradual, a requirement which is essen 
' Professor Purdue University 
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tial in one-dimensional treatment of the problem The damping 


may be both internal and external but it must, of course, be 


linear 
The equation of motion tor an element of the bar, shown in 
Fig l(a), is 


0 


= pri 
OL 


where ¢ riis the damping coefheient 


c' 


o A(x)+d (o Aw) 
(a) 


EA 
dx 


cA 
= ‘b00 + 


7 A+d(o A) 


2(x) Z+dz 











pAdx 











(b) 


Mope. ror Loncirupinal OsciLLaTion oF a Bar 


The 


damping 7 is 


stress-strain relation modified to inelude internal viscous 


Oru 
vrot 


The the 


element of the bar is shown in Fig. 1(/ 


model which exhibits properties of the infinitesimal 


It consists of a spring 
and dashpot in series, this combination in parallel with another 
Since the the solution to 


dashpot, and « mass model is linear 


Equation «{lland [2} may be written as 


the 
in general, complex, indicating a phase difference 


force and displacement amplitudes S(z) and ('(2) are 


Th 


where 
imped- 
ance is then define das 

aA S(z 


u U(z 


The change in the impedance dz across the infinitesimal element 


in Fig. (a) may be obtained in the usual fashion,? namely 


“Mechanics of Vibration,”” by H. M 
New York, N. V., 1952 


7 see Hansen 


and P. |} 


for example 
Chenea, John Wiley & Sons 
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+ ywe'dz — pw* Adz 


l dz dr 
2 kA jwnaA 


This equation is now simplified to read 


dz 


t 2*y(z) 


dz 
I | I ! 
A(z) LE(z) jwn(r) 


h(x) jwe'(r4) + w*p(x) A(x 


+ h(x) = (). 


where 
g(a) 


and 


Equation [5] is of the Ricatti type? which, in many cases, ean 
I I 


Ifowever, the introduction of a new 


be integrated directly. 
variable & defined by the relation 


1 i dé 


g(x) Edz 


transforms Equation [5| into the linear second-order equation 


d 1 dé d 
+ wt A(x) 0 
dz Lg(2) dr_ 


which may be more tractable. The solution of Equation [5] 
provides the impedance z(2) containing one arbitrary constant 
The constant of integration may be evaluated from the boundary 
conditions in question which are easily expressed in terms of the 


impedance, as follows: 


For freeend: 0 =0, z=0 
For fixed end: u 0, z= «a 
For end which is elastically restrained: oA ku, z2=k 


The results of the foregoing analysis, particularly Equations 
[5] and [7], are valid for all problems in which their formulations 
lead to the wave equation. For instance, when the continuous 
system is subjected to torsional oscillation, the quantities oA, u, 
pAdz, and FA /dz in Fig. 1(4) and Equations [1] and [2] must be 
replaced by M,, 0, pJdx, and GJ/dz, respectively. The imped- 


ance in this case is defined as 


uM, 
6 »©60 


where 7’ and (QO) are the torque and twist amplitudes, respec- 
tively. 

Likewise, for a vibrating string, the only alteration required is 
to replace the spring constant KRA/dx by F/dz (F being the ten- 
sion in the string) and, of course, to remove both of the dashpots 
in Fig. 1(6). 

I:XAMPLES 


Assuming FE, A, and 


Uniform Elastic Bar Without Damping 
, then for a longi- 


p to be constants and taking c’ = 0, 9 
tudinal oscillation of an elastic bar without damping 


g = 1/EA h 


= wipA 


and Equation [5] may be integrated directly to yield 
c 2 
tan”! + ¢ 
wW wAVY Ep 
*“A Treatise on Differential Equations,"’ by A. R. Forsyth, 
Mac Millan & Co., New York, N. Y., 1943, p. 191 
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where c = V E/pis the velocity of sound in the bar and = = 


i oe ° ° 
wAV Ep may be called the specific impedance of the bar. If the 
impedance at the end z = 0 of the bar is zo, then the constant C is 


c z 
tan! 
w é 


and Equation [8] become ~ 


from which 


Wr 
tan 
Cc 


At the end x = L of the bar, the impedance Is 


wl, 


zc tan 


tan 
‘ 
It is clear that the frequency equation can now be obtained by 
and z;. 
0 and it follows that 


specifying the appropriate values of 2 
If both ends are free, then z 


oL 
tan = ( 
c 


and thus the natural frequencies of the system are 


f = nc 2L (n = ey 


For fixed ends, Z = 2p 
identical with those of the free-free ends. 
When one end is free (z, = 0) and the otherend fixed (zp = « ‘ 


and the natural frequencies are 


then 
ol 


tan 
e 


and the natural frequencies of the system are 
f = (2n 1/4 (n= 1,2... 
If one end of the bar (say, the end z = L) is forced so that 

wt 


(oA )sey, = S, € 


then, by Iquation {4} 


A tan- 


It will new be shown how the force and displacement amplitudes 
Sand U can be obtained at any section of the bar. Sineec’ = 0, 


it follows from Equations [1] and [3] that 
— wpAdr 
aS/S = 
WwW 


r Cc’) 


from which 
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: Ww 
S = B sin 


The constant C has been determined previously and the constant 
B= S, sin (w/cvr C") is evaluated at the end z = L of the 
1 


bar. Henee the expressions for the force and displacement ve ae ee + J. is also free, 


amplitude satany section zs of the bar are 
equation ts 


wr 


. uw 
c tan 
J 


a 
wh 
It is clear that the foregoing procedure may be applied to shafts 


olin ste ps 


Torsional r of a Stepped Shaft. Consider the shaft 


shown in Fig. 2 which has two sections of different cross-sectional 








Zo ry G.3 Taprerkep Swart 





Torsional Oscillation of a Tapered Shaft. Ut is seen from the 











geometry of Fig. 3 that 








rian a and 
Pic. 2) STEPPED SHAFT 


area and length. In this case 
In this case 
and by Equation [5 Gy 1/GJor* and h(a 


d 2 and Equation [5] becomes 
+-- + w'pJ = 0 . 

dz GJ j , 

t . t w'*pJ rt 0 10} 

The impedance for each section of the shaft is readily obtained dr GJuxct 


as in the prece ding « xample They are 
\ change of variable in accordance with Equation [6], namely 


reduces | quation 


Which may be reduced to Bessel’s standard form whose solution 


where 


where 


Hence Thus by F-quation 
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DJ), + J od | 
i) A) Ld - 
DJ, ¢) + J -1/,(¢) VG 


G e 
a= be 


a p 2(1 


= GJixt [ 


D = B,/B:, yg = 
+ v) 


The constant )) is evaluated from the condition of the end z = 


Ly for which we may denote the impedance by z. Thus 


Ww 
GJ lot J ‘ af Yo) <0 J ’ af Yo) 
a 
D = . 
Ww 
GI Lat Js Po) tr & Ja ,f ¥o) 
a 


Iftheends = Lois free, then 2 = Oand 


, 2! Go) 
J0/,( Go) 


D = 


and finally, the impedance z of the shaft is 


w (+: (Go) J 


6/,(¢) J 
w4(¢e) + J 


z= GJor* 
a 


6/3( Po) Jo/,( "| 


Jes (go) J 8/1( Go) J1/,( ¢) 
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If the end z = Lo + L is also free so that 27,4, = 0, the fre- 
quency equation is 


Js/( go) J —0/,( G1) — J —0/,( Go) Jogi) = 0 


If one end of the bar, say, z = L + Lo, is forced with an oscil- 
lating torque 


(M,) = Tye 


zelet+L 
and the end z = Lo is free, then as in the previous example 
To 


(Win+L = 
(Zp=yi 


Ta K (Go) J 
J+/( go) J 


(Gi) + J 


6/3 Po) Ja/,( G1) 
6/,( Pi) J 


¥ GJ ortw 6/3 Go) J4/,( G1) 
The twist and torque amplitudes at any section z may be found 
as in the first example. 

The above solution is in agreement with that of Conway* who 
obtained the solution to torsional vibration of a truncated cone 
via the wave equation. 


‘The Calculation of Frequencies of Vibration of a Truncated 
Cone,"" by H. D. Conway, Aircraft Engineering, vol. 18, 1946, pp 
235-236. 





On an Iterative Method for Nonlinear 
Vibrations 


By R. E. 


An iterative method for nonlinear vibrations, previously 
discussed by Brock,? is treated from a primarily analytic 
point of view. In this light, it is a modification of a 
Picard-like process for two-point boundary conditions 
mentioned by Gwoh-Fan Djang.' It is generalized from 
previous treatments to systems with more than one 
degree of freedom and to dissipative systems. Despite 
its quite different rationale, the results are only slight 
modifications of those obtained by the application of 
Duffing’s method, indicating that the two are facets of 
the same fundamental process. 


INTRODUCTION 


ROCK? recently proposed an iterative numerical method 
for solving certain problems in nonlinear vibrations. It 
adapts a Stodola process of numerical integration to an 
As proposed, the 
How- 


iteration method of a modified Picard type. 
method is convenient and of fairly wide applicability. 
ever, it is considered as a primarily numerical method, and with 
the kind of numerical integration which is used, it is limited to 
nondissipative systems. Actually, the method can be quite use- 
ful from a purely analytic point of view, aside from the numerical 
procedure involved 

The essential feature of this iteration method is the enforce- 
ment of a condition in excess of the usual pair of initial condi- 
tions, and the use of this excess condition to determine an un- 
known parameter of the problem. Thus certain intervals of 
integration in the iteration involve a parameter, rather than al- 
ways being the interval (0, ¢) as in the classical Picard iteration 
Seen in this light, the rationale of Brock’s method is similar to 
that described by Djang? for two-point boundary conditions 

The purpose of this paper is to unify the points of view repre- 
sented by these two works and to consider the extension of the 
method to dissipative systems and systems with more than one 
degree of freedom. We wish to emphasize that the basis for the 
method is independent of the particular process of numerical inte- 


gration that one might be led to use 


' Electro-Mechanical Engineering Department, North American 
Aviation. Jun. ASME. 

2**An Iterative Numerical Method for Nonlinear Vibrations,”’ by 
J... Brock, JourNAL or Appitiep Mecuanics, Trans. ASME, vol. 73, 
1951, pp. 1-11. 

‘A Modified Method of Iteration of the Picard Type in the Solu- 
tion of Differential Equations,”’ by Gwoh-Fan Djang, Journal of The 
Franklin Institute, vol. 246, 1948, pp. 453-457. This merely touches 
upon the question of two-point boundary conditions. Djang's main 
efforts were to show how the Picard method can be made to converge 
more rapidly by using the new approximation for each variable, im- 
mediately as it is obtained, in the iterations for the remaining varia- 
bles 

Contributed by the Applied Mechanics Division and presented 
at the Annual Meeting, New York, N. ¥ ‘ November 30 December 
5, 1952, of Tue AMERICAN Society OF MECHANICAL ENGINEERS 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until July 10, 1953, for publication at a later date. Discussion 
received after the closing date will be returned. 

Note: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received by ASME Applied Mechanics 
Division, July 7,1952. Paper No. 52-——-A-20 
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ROBERSON,' DOWNEY, CALIF 


REVIEW oF THE Metruop 


Consider the equation 


= f(r, x, 1) {1 ] 


For our purposes, the most convenient initial conditions are 
r(0) = a, 2(0) = 0, with the supplementary condition 2(7') = 
0.4 The first two are conditions which maintain at a relative 
maximum or minimum of the solution curve, so that if the re- 
sponse is oscillatory and periodic, a has the interpretation of solu- 
tion amplitude. The third condition is a statement that there 
exists a time ¢ 7 at which the solution becomes zero (for the 
first time), and is particularly important for periodic solutions 
This condition will not generally be true, of course, for arbitrary 
functions f. Write Equation [1] in normal form with 2, Zz, 


ry r, and put the result into a form for iteration 


=f |x, z'”, t] 


Here superscripts in parentheses are iteration numbers 

Now assume approximate solutions 2,°°(0) and 2,'" (t), such 
that 2," (O) = a and +, (7) 0, 7 being the first zero, We 
may consider that 2° contains both a and 7' as parameters, and 
may denote it as 7°" (ty a; T) Any other parameters relating 
to initial conditions, as in a system with more than one degree 
of freedom, would be included with a between semicolons, —In- 
tegrating Equation [2h] 


f [rs (7; a; T), re (7), 7] dr. . [3] 


In continuing by the Picard iteration, one would next integrate 


Equation [2a| to obtain 


t 
ry" (t; a) a + f, ry” (r)dr 
0 


However, in Djang’s method this would be « hanged to 


t 
r," (t; a; T) =a 4 f ri” (tr; a; T)dr 4) 
o 


since 7) already has been obtained from Equation [3]. In 
Brock’s procedure, one goes a step further and uses the z,(7') 


condition rather than the 2,(0) condition. This gives 


fc 


The importance of avoiding the additive term a which appears in 


ry" (t; a; T) r'") (7; a; T)dr 


ix related to the process of numerical integration 
With an integral of the form of Equation [5], the 
(one 


equation \4 
which is used, 
necessary double integration can be performed very easily 
continues in the same way to find higher approximations 

If we now use the remaining initial condition, inaisting that 
z(0) = a for each approximate solution, we have an algebraic re- 
lationship between the initial amplitude and the time which it 


takes for the solution to reach its first zero. This is 


* Brock adequately illustrates a case in which the second and third 
conditions are modified, while leaving the first unchanged 


37 
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T a 
J, da ff tes (75 0; 1), 24 (4; a; 1), 7) dr. (6) 


(When the integrations are numerical, it is important to change 
the variables of integration so that the parameter 7’ does not ap- 
pear in the limits of integration.) The process may be con- 
tinued, of course, without using Equation [6] until convergence 
This equation may be considered as giving the 
But alternately 


ing « solution with the period or first crossing time 7', one can 


is complete. 
time 7’ when an initial value a is known. lesir- 
use Equation [6] to find the initial value compatible with this 
time requirement, 

The general nature of the method is as outlined, but there are 
modifications and deviations to suit various specific problems, 
some of which are treated in the following. 

It is appropriate to remark briefly on the question of the 
convergence of this method, There are really two aspects of con- 
vergence The first of these relates to the 
convergence of the iteration when all integrations are 


to be considered, 
exact, 
The second relates to the convergence when there are errors at 
Brock has 
shown by example that there are systems for which there is con- 
The difficulty, of 


course, is that there is no way of stating how closely the function 


each step due to approximate numerical integrations. 
vergence even in the presence ot such errors, 


reached by such a convergent process approximates the true solu- 
tion of the differential equation. The answer to such a question 
may be strongly conditioned by the nature of the numerical 
integration process which is used, For this reason, a treatment 
of the case where the integrations are approximate is not at- 
tempted, The more modest goal of investigating convergence for 
exact integrations probably can be accomplished by some pro- 
cedure analogous to the ordinary Picard-Lindeléf existence proof, 


However, this is left for treatment elsewhere. 


Appeuication 0 Sysvrem Wirn Two Decrees or Freepom 


Consider a nonlinear dynamic vibration absorber with cubic 
spring coupling, which can be deseribed® by the equations 


Qt,(7T) = cos tT + (A%, + vyn*) — mn 


{224}.(r) cos T + M(A%y, + vy’) "1 

Here, m(7) and y(r) are, respectively, the dimensionless dis- 
placement of the main mass and relative displacement of main 
mass and absorber, Dimensionless time is denoted by 7, and v 
is the coefficient of cubie nonliniarity in the absorber spring. 
These can be written in normal form with 2, = m4, 22 Wi, 2 


Ya, ts = Y2 a8 


i,(7) r,(T) 


i.(r) [cos tT + (A2%Qr, + v 23%) —r,] 


2 


ry(7) r,(r) 
| 


UG 


ir) leos T + M(At%rs + v 23°) —21] 


Consider that 2,(0) = a, 2:(0) = 6, and 2,(0) = 2,(0) = 0. Fur- 
thermore, if we seek a solution with the period of the exciting 
force, we have the additional conditions x,(9/2) = 23(7/2) = 0. 


As Oth approximations, we take 
r,(r) = acost, x3°°(rT) = beos Tr 
* Synthesis of a Nonlinear Dynamic Vibration Absorber,” by R. 


Ee. Roberson, Journal of The Franklin Institute, vol. 253, September, 
1952 
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Then 


cos w + (A% cos w 


+ MI(A% cos w 


+ vh* cos*u ) 


The latter are analogs of Equations [5], with the unknown param- 
eters a and b rather than a and 7, 
Evaluating these integrals, we find 


+ (A% + 3vb3/4] 


cos T + vbh*/36 cos 3r 


+ M(A*% + 3vb3/4)] 


tT + M vh*/36 cos 3r 


Re-using the initial condition on x2; and 2x3, we obtain 


7Tvb3/9) 


t (A% T 
W(A*% + 


(2) = | } 7Tvh3/9) 

These equations determine (to a first approximation) the values 
of a and 6 which are compatible with the requirement that the 
as functions of a dimensionless 


solutions vanish at 7 nr /2, 


“excitation frequency” Q 

At this point, one has three options in proceeding. 
purposes, he may consider the amplitude relationships implicit 
They suffice to give ap- 


For many 


in Equations [10] as his final answer. 
proximate response curves as functions of the problem parameters 
and to give them fairly closely for small values of the nonlinearity 
parameter v. However, if a higher-order approximation to the 
answer is desired, there is still the choice of proceeding analyti- 
cally or numerically. If numerical values of the problem param- 
eters are known, then one may expect that the numerical pro- 
cedure of Brock would converge rapidly, using [Equations [10] 


to write the first approximation 
a, hb; 


9 


) = (a + v b3/36Q2) cos Tr 


(vh3 362?) cos 3r 


vor M /3622) cos Tr 
+ (vb3M /36Q2 )cos’ r 
and using this as a starting point for the iteration. His method, 
of course, must be generalized somewhat. It seems most con- 
venient to form a tableau such as that of Table 1, in which the 
coeflicients for epoch 1 are merely denoted by 0.9 for conveni- 
The found in terms of a and b 


ence. values for #; and #3 are 
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pproach, integrating 


condition, the 


where 


oo (1 A2M)vb3/3242 36022 


(= 125 
Vi 
300 ) 
16,025 141) 
+ =e ) V2)? /1 2062 
ia00 


It is apparent that the 


L1IOS! 


57,025 


14,100 


at this pomt, 
this second approximation 


One further comment on this example is appropriate 


ship is superficially somewhat different from the method just pre- 


sented If it is: to the same example one obtains 


a+ (A*% + 3vb3/4) 


W(A% + 3vh 


which are relations of Mequati ms 10 


differenc e comes only Irom the fact that in the pres nt me thod 


of 


the cos 3 7-term is included in setting the amplitude 
mation equ il to the initial condition Thus the rel itionship be 
tween the prese nt method and that of Dufhi ivi 
bears further investigation in the general 


the Approxi- 


vers and 


" 
close 


iné 


APPLICATION TO A DIsstPATIVE SYSTEM 


( onside the system with one degree of freedom described by 


N77 4 
We seek a solution with the ye riod of the drivir 
ever, the presence of d Wnping means tl i spotse 
out ol phase with the 


excitation, One n choose an 


How- 


will be 


gy term 


ippronri- 
mate solution of the form 


a COs 


with the two undetermined const in suppose 
that the solution is simply 


and that the driving force has the ph int 
origin of time determined by this 
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assumption 


METHOD 


rwo 
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mations of | quations 


) VW ev h* / 44,6560 {13 


inalytical approach is becoming unwieldy 
but it is still possitile to obtain useful results from 
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Duffing method for finding an approximate amplitude relation- 
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It seems necessary, in this case, tg fix the Nth epoch att = 3 


rather than making the customary choice ( = w/2. The condi- 
tions used in integration are then that 2, = Oat epoch O and z, 
0, x The value of 2:°7(N) obtained by 


integrating Zz, will not be zero in the table but will involve the 


= —a at epoch N. 


parameters a and yg. Setting this table value equal to zero at 


JUNE, 1953 


the end of the approximation stage then establishes a second 


condition on a and ¢. The two conditions suffice to determine 


both parameter values. This example might have been made to 
a parameter 2, a dimensionless forcing frequency, as 


Then the a and ¢~ would be given as functions of 2 by 


include 
well 


these conditions. 





Natural Frequencies of Twisted 


Cantilever Beams 


By D. D. ROSARD, 


When a cantilever beam, an aircraft propeller, a turbine 
or compressor blade, is twisted, the natural frequencies 
of vibration may be changed appreciably. The effect of 
twist depends on the width-to-thickness ratio. An ex- 
perimental and analytical investigation was made of the 
effect of twist for various width-to-thickness ratios. 


INTRODUCTION 


HE determination of natural frequencies of twisted canti- 

lever beams has received increasing interest in the past 

few years due to the direct application to turbine and com- 
pressor blades, as well as aircraft propellers 

Several papers have been published recently concerning the 
effect of twist on the natural frequencies of cantilever beams,** 
but they fail to point out that this effect is only a special case of 
coupled vibration and follows the same simple law as other forms 
of coupled vibration. This law may be stated as follows: 

If two vibrating systems having nearly equal natural fre- 
quencies are coupled together, the resulting system has one nat- 
ural frequency below the lower uncoupled frequency and one 
natural frequency above the higher uncoupled frequency 

In this beam-vibration problem, the two vibrating systems in- 
volved are the second-mode beam vibration in the flexible direc- 
tion and the first-mode beam vibration in the stiff direction. Ina 
uniform beam, these two uncoupled frequencies are equal for a 
width-to-thickness ratio of 6.36. The coupling is introduced by 
the twist of the beam. 

The simple case of uniform beams having ratios of width to 
thickness varying from 1 to 12 is treated to demonstrate the 
vibration characteristics. Results were obtained both experi- 
mentally and analytically (with an analog computer). 


NATURAL FREQUENCIES OF UNTWISTED UNIFORM CANTILEVER 
Beams 


The fundamental frequency of a uniform cantilever beam is 


3.52 3.52h 


_ [EI BE 
Onl? V4 Ql? Viz, 


where 
E = modulus of elasticity 


lrurbine Engineering Department, Westinghouse Electric Corpo 

ration. Jun. ASME 

2 “Influence of Twist in Turbine Blades on Natural Frequencies 
and Directions of Vibration,”’ by J. Geiger, Engineers’ Digest, vol. 11 
April, 1950, pp. 115-118 

>“ Analytical and Experimental Investigation of Effect of Twist 
on Vibrations of Cantilever Beams,"’ by Alexander Mendelson and 
Selwyn Gendler, NACA TN-2300, 1951 

Contributed by the Applied Mechanics Division and presented 
at the Annual Meeting, New York, N. Y., November 30-December 
5, 1952, of Tue American Society or MECHANICAL ENGINEERS 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until July 10, 1953, for publication at a later date. Discussion re- 
ceived after the closing date will be returned 

Note: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received by ASME Applied Mechanics 
Division, June 2, 1952. Paper No. 52—A-15 


241 


LESTER, PA 


J] = 


moment of inertia of beam cross section = : hh 
12 


= mass density 

= cross-section area = bh 
= width 

= thickness 

= length of beam 


We will make our results dimensionless by expressing all fre- 
quencies in terms of the fundamental, fj. The second-mode 
frequency is fe = 6.36 fi. The third-mode frequency is fy = 
17.53 fi 


which the fundamental! frequency will be 


The beam can also vibrate in the ‘stiff’ direction, in 


It will be noted that for a square beam (b/h 1), Fy is equal to 
f;. As the width of the beam is increased, F, increases until it 
becomes equal to fp for b/h = 6.36. As the width is increased 
further, fF, becomes larger than fy and becomes equal to fy for b/h 
= 17.53 

CANTILEVER 


Twistepo UNtrorm 


Beams 


NATURAL FREQUENCIES OF 


When the beam is twisted, vibrations in the flexible and stiff 
They 
coupled together and give rise to complex modes which are best 
The first mode 
has the lowest frequency, the second mode is the next highest, 


direction no longer take place independently become 


identified by their order in increasing frequency 
and soon. The effect of twist on the first mode is very small. 
Of special interest is the effect of twist on the second and third 
modes. Usually, we think of second and third-mode vibrations 
as taking place in the same plane as the first mode but with one 
In Fig. J 


and two nodal points, respectively the second mode 


would be fe and the third mode would be fy. For thin beams 
where the width-to-thickness ratio is 20 or more, this conception 
brings no difficulties, because the second and third modes ne we 
have just defined them are also second and third in order of in- 
creasing frequency. In such wide beams, the effect of twist on 
the second and third modes is relatively small 

However, as the width-to-thickness ratio decreases, Fig. 1 
shows that an extra mode of vibration appears and obscures the 
identity of the second and third modes. In Fig. 2 the deflee- 


FREQUENCIES TO UNTWISTED 
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‘ 4 6 8 10 
WIDTH TO THICKNESS RATIO 


1 Unrrorm Rec- 
WipTH-To- 


NATURAL FREQUENCIES OF 
Beam AS A FUNCTION OF THI 
Paickness Ratio b/h 


(fh, Je, and fa are the first, second, and third modes in the flexible direction for 

the untwisted beam; F, is the first mode in the stiff direction for the un 

7T:, 72, and Ty are the first three modes of the beam with 40 
deg total twist.) 


hia. b VAniarion of 
TANGULAR CANTILEVER 


twisted beam; 


Ya 
a “if 


yes 
“~~ 2ND MODE 


FIRST MODE 
— 
Ay 


wa 


3RD MODE 
—_ 


CaLcuLaTep Move S#apes ror b/h = 8: Total Twist = 40 
Dra 


tion in these two modes of vibration is plotted. This plot shows 
the x, y-locations of the centers of ten equal length sections as 
shown in Fig. 3. Note that the three modes of vibration have 
no connection with each other and only the relative deflections 
at one instant are shown for each mode. During vibration, each 
point moves along a line passing through the vertical axis. 

When looking from the direction of the 40-deg tip angle, both 
the second and third modes seem to have one nodal point, and 
could be thought to be characteristic seeond-mode vibrations 
The difference lies in the manner in which the vibration in the 
stiff axis couples to the characteristic second mode, The effect 
of this coupling on the frequencies is appreciable in the range of 
width-to-thickness and 12. For width-to- 


thickness ratios below 4, the second mode ln comes Wwe ll defined 


ratios between 4 
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NATURAL FREQUENCIES AS A 
Tora. Twist 


When the beam is twisted, the lower frequency is decreased and the higher 
requency is increased.) 


hia. 4 VARIATION OF FUNCTION OF 


again, but is third in order of in reasing frequency, while the 
fundamental in the stiff direction is second in order of increasing 
frequencies, 

In Fig. 4, for example, the lower frequency line, which is second 
in order of increasing frequencies, is recognized as the funda- 
mental in the stiff direction for b/h 1, and as the characteristic 
second mode for b/h = 8, For b/h = 6.36, 
fundamental frequency in the stiff direction and second-mode 


where the untwisted 


frequency in the flexible direction are equal, the lower and upper 
lines can only be differentiated by their frequencies, 


EXPERIMENTAL PROCEDURE 


Beams of various lengths and width-to-thickness ratios were 
welded to a heavy bedplate. Vibrations were excited by hitting 


the beams with a hammer. A microphone was used in con- 


junction witha “Stroboconn”’ to measure the frequen ies of vibra- 
tion, Figs. 5 and 6. 

To excite the various modes of vibration, the hammer must be 
used with some finesse; the beam must be hit at the proper loca- 
tion, and in the proper direction, For the lower frequencies, a 
soft hammer is used, while for the higher frequen ies a hard ham- 
To obtain a good signal, the mile rophone also Is 


All this be- 


mer is used, 
held close to the position of maximum amplitude 
comes instinctive after a little practice. 

To check whether the support flexibility had any appre¢ iable 
effect on our results, one beam was tested again on a 7-ton block 
No difference in frequencies was noted 

\ tapered model also was tested on this block to check fre- 

Test 


quency calculations of a tapered twisted blade. results 


agreed with the calculations, 
CALCULATION Mretuop 


The natural Trequencies of a twisted beam, whether uniform 
or tapered can be calculated as shown in the Appendix 


These equations are not “as refined is the ones used by Myvykle- 


stad,‘ but were found to be accurate within 1 or 2 per cent for rea- 


sonable usually encountered in turbine or compressor 


blades 
These « qu itions cnn be solve d re adi 


tapers 
ly by setting up an equiva- 


0. Myklestad, MeGraw-Hill Book 
1044 


Analysis,"” by N 
New York, N.Y 


‘Vibration 
Company, In 





245 


NATURAL FREQUENCIES OF TWISTED CANTILEVER BEAMS 


ROSARD 
beams was measured with reasonable accuracy, the twisting 


method used could not produce a uniform twist, but on the con 
trary, caused very little twist at the base and tip, and a corre 
spondingly larger fraction of the twist in the center portion of the 


beam 
» 


The calculations assume a long beam following the classi- 
cal beam f 


ormulas, whereas, especially in the wider beams, the ce 
creasing length-to-width ratio changes the nature o 


f the prob- 


lem toa cantik ver-plate vibration 


ACKNOWLEDGMENTS 


The author wishes to express his appreciation to his associates 
in the Westinghouse Electric Corporation for their co-operation 
and to Prof. J. P. Den Hartog for suggesting this study. The 
calculations were made at the We stinghouse Anal 4 Computer 


Luboratory. 


Appendix 


ALCULATION OF NATURAL Mopes or BENDING VIBRATION oF 
4 Twistep Cantitever Beam 
3 The 


Divide the beam in 10 sections of equal length, Fig 
The flexi 


mass of each section is concentrated at its mid-point 
section is also concentrated at its mid pot and 
Shears and slopes are 


Moments and deflections 


bilitv of each 
considered constant within the section 
measured at the ends of each section 
are measured at the centers of each se tion. 
The following relations can be written 


Deflection 


the flexibility coeflicients 


onless form, these relations become 


lations are also written in the s-direction) 


DIFFERENCES Berwken CabLcuLaTion AND EXPERIMENTS 
The differe: n calculations and experiments can be 
ittributed to tw wr. as follows 
| Because the of this investigation was not to deter- 
of the calculations, but only to estab- 


methods were kept as 


mine the degree of 
lish a general the experime ntal nacos a 
simple as possil Although the total twist produced in the 
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Starting at the free end, let the following four quantities be given 


6,¥ 6," V/s Zi/, 


The following four quantities can be computed immediately 


Sw = Kmp; ip Sit = Km, 21/, 


My” a Sy Mu)? Sy 
From these eight starting quantities at the free end and the iter- 
ation Equations [5] through [8] with their z-counterparts, every 
other shear, moment, and slope and deflection in the blade can 
be computed as functions of 6,¥, 6,7, 91, and Ri/,. 

In particular, we can solve for 
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60" = Ay 6," + Ai fry, + Ars 6% + Au Ris, 
i), = An 6." + Ag fiy, + An 6:7 + Au B1/, 
6% = Ag 0,” + Age Pi), + Ass 6% + Ax Ri/, 
Byi/, = Ag OY + Ae fry, + Aa Oi? + Au B/, 


The following determinant should then be equal to 0 


Ayn An Aw Au 
A 2 A 22 A 23 A ra) 
A 3 A 32 A aa A au 
A 4 A 42 A 43 A “4 


By plotting the value of the determinant for a number of fre- 
quencies (by varying A) in the neighborhood of a natural fre- 
quency, & curve is obtained which passes through zero at the nat- 


ural frequency. 





An Analytical Theory of the Creep 
of Materials 


Detormation 


By YOH-HAN PAO! anv JOSEPH 


This paper reports on the formulation of an analytical 
theory of creep. This theory is proposed for an idealized 
material and may be applied to those materials whose be- 
havior conforms to that of this ideal material. The theory 
takes into account the initial elastic strain, the transient 
creep strain, and the minimum rate creep strain. Unlike 
previous theories, this theory is capable of representing 
the simultaneous action of creep and creep recovery and 
may be used for conditions of varying as well as constant 
In this respect the theory is more general than 
The new theory is of particu- 


stresses. 
those presented in the past. 
lar importance in the design of many new 
domestic applications where high temperatures over short 
periods of time make the initial short-time creep strains of 


military and 


importance. 


INTRODU« rlON 


FRENVULRE are many materials which behave like elastic mate- 
rials when loaded and unloaded rapidly, but behave like 
non-Newtonian fluids when subjected to a constant stress. 

Both aspects of material behavior are present when the material 

Is subje eted for any finite length ol time to constant or varying 

stresses. This flow phenomenon is also called creep deformation 

Metals at moderate and high temperatures and plastic sat room 

temperatures behave in the foregoing manner, 

Such materials are sometimes used at these temperatures in 
structures and machines. The redistribution of stress or the ex- 
cessive deformations that might occur due to creep become 
Important practi it] design considerations, 

The analysis of the behavior of such structures can be achieved 
only if knowledge of the actual behavior of materials is com- 
bined with the mathematical techniques of analytical mechanics 

It is rather unfortunate therefore that those who are familiar 
with the phenomenon of creep deformation of materials are usually 
too engrossed with the materials aspect of the problem to give 
much thought to the application of their knowledge to the solu- 
tion of engineering design problems. On the other hand, those 
interested in theoretical mechanics are sometimes not sufficiently 
familiar with the complexities of the phenomenon of the creep 
deformation of materials. The simplifying assumptions used in 
often in direct contradiction with 
the theoretical 
all the different 


their theoretical solutions are 
actual On 
expressions used are not capable of repre senting 


material behavior other occasions 
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PA 
aspects of the phenomenon and the solutions obtained are ap- 
pli able only to mye ial cases 

The theory proposed in this paper is based on existing ¢ xperi- 
mental evidence The analytical expressions are derived theo- 
retically and are « ipable of re presenting the ereep behavior of 
materials under varving as well as constant stresses.  Further- 
more, the mathematical simplicity of these expressions permits 
them to be used in the solution of engineering problems 

Before the proposed theory is explained, a brief review will be 
made of the phenomenological nature of the creep deformation of 


nuiterials and of the previous work done in this field, 


PHENOMENOLOGICAL NATURE OF Cremer DerorMaTION 


experimental observations of the creep deformation of mate- 
rials show that many materials which have widely differing molecu- 
lar structures follow a surprisingly common general pattern in 
so far as their macroscopic behavior during creep deformation is 
concerned 
idea of the 
tuined from constant-load and constant-temperature creep tests 


Some reep deformation of a material may be ob 
of this material 

Fig. 1 shows a family of creep curves for specimens subjeeted to 
different constant static loads, all specimens being maintained at 


temperature, The creep strain is plotted as a function 


j— —_ 
j 


TIME 


the same 


of time 





mn 








STRAIN in/ 
fod 














— 


(HOURS) 


hic A Famiry or Creer Curves 

Vo a different seale, the curves also could represent a family of 
creep curves for specimens tested at different temperatures, all 
specimens being subjected to the same constant static load 

The curves shown in Fig. 1 are typical of the results obtained 
from tests of many different kinds of materials including ferrous 
ind nonferrous alloys, rigid homogeneous high polymers, and 
laminated plastics 

Furthermore the creep curves themselves are very nearly simi- 
A creep curve typical of the curves indicated 


2. This curve 


lar geometrically 


in Fig. 1 is shown in Fig consists of three char- 


acterpst ye parts 
le- 


lormation is not 


loading It 


a) The initial part where the de L Creep « 


formation and occurs immediately on may be an 


elastic or a plastic deformation 
b) The 


i decreasing 


transient part where the deformation ts characterized 


rate of deformation. The low-temperature 
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hic. 2) A Typicar Creep Curve 


curves tend asymptotically toward a zero creep rate, while the 
high-temperature curves tend toward a constant creep rate. 

(c) The minimum rate part which is present in cases where the 
creep rate of the transient part does not vanish. The final part 
of the creep curve may take the form of B-C, B-C’, or B-C". 

In general, the creep curve is of the form B-C’, Occasionally 
it may take the form of a straight line B-C or it often may be ap- 
proximated by a straight line. The slope of the straight line is 
called the minimum creep rate. 

Sometimes the final part of the creep curve is of the form B-C". 
It has been shown (1)' that for some cases the point of inflection 
and the stage of aecelerating creep rates can be eliminated by 
maintaining the stress rather than the load constant. 

After a certain period of time, the exact length of which would 
vary with the kind of material being tested and the magnitude of 
The final 


form of the creep curve determines whether this failure by fracture 


the load applied, the specimen fails by creep rupture. 


occurs at C, C’, or C” 

If the specimen is not allowed to progress to failure but is un- 
loaded, some of the deformation is recovered, A typical creep 
curve and recovery curve are shown in Fig. 3. 

There is a lack of agreement among investigators about the ex- 


tent of creep recovery in materials, especially for the case of 


* Numbers in parentheses refer to the Bibliography at the « nd of the 
paper 
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metals. Fortunately, some experimental studies have been 


made on this subject by Tapsell and Prosser (2), Chevenard (3) 
that 
metals and stress levels investigated most of the transient creep 


Suiley (4), and Johnson (5). These studies show for the 
is recoverable. 

In engineering service, the load or stress may vary in magni- 
tude from time to time. Under such conditions, creep and creep 
recovery may occur simultaneously The situation is more com- 
pli ited if the material is subjec ted to combined stresses and if 


these combined stresses also vary in magnitude. 


SurRVEY OF Previous ANALYTICAL THEORIES OF CREEP 


In the early work, the initial deformation and the transient 
ereep were considered to be negligible in « OMparison W ith the mini- 
mum rate creep and this method is still perhaps adequate where 
magnitude and where the 
Marin 


(Ss proposed essentially identical forms of theories for re present- 


the stresses are of nearly constant 


length of time is long. Soderberg (6), Odquist (7), and 
ing the principal minimum creep rates in terms of the principal 
stresses, These theories are based on the following Assumptions: 

(a) The volume of the material remains unchanged during 
ereep deformation and that this condition can be « xpressed Aap- 


proximately as 
0 


(b) The directions of the principal shear strains coincide with 
those of the principal shear Stresses, 

(c) The distortion strain energy or the octahedral shear stress 
is the determining factor affecting the cree pol the material. 

The 


the same In tension 4s In ¢ oOmpression 


material was assumed to be homogeneous and to behave 


In the ease of simple stress the minimum creep rate was ex- 


pressed as 
= Bo’ 


where C = the minimum creep rate, 0 the stress, and B and 
nare material constants. 
Using the foregoing assumptions, the principal creep rates in 


the case of combined stresses ure shown to be 
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0 





where o;, 02, and 03 are the principal stresses, and Cy, Co, 





the principal minimum creep rates 
Bailey (4) carried out experiments on the creep of thin-walled 


tubes subjected to tension and. torsion By the procedure ol 


curve fitting, he found th he principal creep rates could be ex- 





pres ed as 

















tan TIME ¢ ~~ 
hia. 4 ComMPponents OF STRAIN 
In Bailey’s theory the three experiment il constants B, m, n 
need to be determined in place of the two const ints required bv a , 
the Soderberg-Marin theory. Marin (8) compared the results The postulates of the proposed theory are as follows 
obtained by the ipplic ition of the two theories to test data ob- a) The total strain of this material at any constant te mpera 
tained from creep tests ol lead tubes subjected to torsion and ture and at any time ts composed of three independent com 
showed that the results from each theory agreed equally well with ponent parts, ie., the elastic strain, the transient strain, and 
test results. the minimum creep strain, as shown in Fig. 4, for the case of a 
Marin and Pao (9) have since extended Marin’s theory to take constant stregs 0 
into account the initial deformation also. In this later extension 4) The magnitude of the elastic strain is proportional to the 


all of the creep strain and elastic strain are represented by aninter- — + s, or by Hooke’s law 


cept strain, Although this represents d one more step in the de- 
velopment of the theory, the theory was still not adequate for 
short periods of time and for varying stresses 


Bailey (10) has since also extended the expression : 
c) The transient creep strain is related to the stress by the con 


Rat” [! dition that the transient creep rate is a funetion of the stress and 

the transient creep strain, or 

to the case of combined stresses following the same procedure used ' 

by Soderberg, Marin, and Odquist. The resulting expressions de,’ 

then take into account transient creep as well as minimum rate Mt 

creep, The the ory is of such i form, howeve r, that it is not ¢ apable 

of representing the simultaneous action of ereep recovery and 

creep, and is therefore inadequate for conditions of varying 


stresses, transient creep rate 


Provosep Theory or Cres 
transient ¢ reep stram 
Basic Postulats The theory proposed in the following is for an ipplied str 
I 
idealized material. Some experimental evidence exists to show 
fully 


] tr 


that this idealized material is representative of many actual ma- more, if wsumed that the transient creep strain is 
terials and the results derived are, therefore, of. more than mere 
theoretical interest The minimun ‘ rain is related to the stresses by 
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the relation that the minimum creep rate is a function of the stress 


alone, or 


“ he re 


Ininimuim rate creep strain 


Ininimum creep rate 


fla some funetion of applied stress 


It also is assumed that the minimum rate eres p strain is ol @ per 
manent nature, The main features of the proposed theory are 
contained in the postulates (a), (b), (ce), and (d). The exact re- 
lationships for expressions f; and fz remain to be formulated, 

Theoretical Determination of f; and fo. The functions f; and fy 
may be determined from the existing knowledge of the phenom- 
enological nature of creep and from the postulates of the pro- 
posed theory, 

Term fy expresses the relation between the stress and the mini- 
mum creep rate, If the material were a Newtonian fluid, fe would 
be of the form 

eh 
= Ba 
dt 


However, experimental data show that materials in creep behave 
more like non-Newtonian fluids and the simplest assumption that 
can be made would be that the minimum ereep rate is not pro- 
portional to the stress but rather to some power ol the stress, 


namely 


110 


It is seen that equation [9] is but a special case of Equation 
{10}. 

Term fi expresses the relation between the transient creep 
rate, the transient creep strain, and the stress. Experimental 
data show that the transient creep rate is not proportional to the 
stress but rather to some power of the stress and that the transient 
creep rate decreases with increase of transient creep strain and 
All these 


vanishes when the latter reaches a maximum value 


facts can be incorporated in the expression 


de 


Aa" qe” 
dt 1€; 


qi Ka 11} 
The exponent n used here is the same as that used in Mquation 
[10] 
strain are assumed to be independent, nevertheless they occur 


The thought is that although the two « omponents of creep 


in the same material and the influences of stress on the eree p rates 
The facet that the 


creep rate decreases with increase in transient ereep strain and 


are probably of the same nature transient 
that the transient creep rate vanishes for a maximum value of 
the transient creep strain is expressed most simply by the linear 
relationship shown in equation !11}. 

Creep and Creep Recovery. In the case of varying stress, the 
total strain after some length of time may be written as 


od] 
f 
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q( Ka 


0 


where @ is some function of time 


If the stress o is constant, the total strain at some time 


integration of Equation [13] 
+ Ko"(1 at) + Bort 14) 


The components expressed in Equation [14] are shown in Fig 

If the material has been subjec ted to a constant stress o, tor 
ilength of time ¢,, the total strain is then 

15 

When the stress is then completely removed, the elastic strain 

is recovered instantly. The transient creep strain 1s recovered 


with time. The transient creep rate right after unloading is 


given by Equation | 


lb 
Integrating this differential equation and substituting the bound 
it t ti, 


transient component becomes the reversed image of the transient 


relation of the 


: the recovery 


ary condition €,' = € 


} 


‘ reep ¢ urve or 
7 


In accordance with postulate (d) of the theory, however, the 
minimum creep strain €,” is not recovered 
In cuses where the stress is decreased but not removed com- 


pletely, ereep recovery may or may not occur, Thus if a speci- 
men has been subjected to a stress o, for a period of time such 
ind if the 


the transient creep rate im- 


that a transient creé p strain ry has been deve loped, 
stress is then decreased to a value a,, 
mediately after the decrease in stress is given by Equation [11] as 


1, = Ko, Is 


dé 


recovery of transient strain takes 


In expression if Koa,"| < |e 


place. However, if |Ka, > lé..’|, there is no recovery and the 


pa 
transient creep strain continues to increase until a maximum 
value of Aa,” is reached. 

Incidentally, this explains why in short-time creep experiments 
investigators found that 
On the other 


of metals at high temperatures, many 
there was no ereep recovery with decrease of load, 
hand, references (2, 3, 4, 5) show quite conclusively that most of 
the transient creep strain is recovered upon complete removal o 
Stress, 

Extension of Theory to Case of Combined Stresse Phe theory 
has so far been derived only for the case of uniaxial stresses 
However, in the following it is extended to the case of combined 
stresses The theory to be developed tukes into necount the 
transient and minimum rate creep components and is pr posed 
for both constant as well as varying stresses. Beeause the mate- 
rial is assumed to be homogeneous, and isotropic, the theory ean 
be discussed in terms of the prine ipal stresses and strains, 

In accordance with postulate (a) of the theory, each of the 
prineimp il strains is conside red to be composed of thre indepe nd- 


ent components. This may be written as 


€ = € T Epi TT €p1 
€2 = €4a T €pa’ Tt €p2” 
Le,’ 4 €,3° 


I 


€é3 = €, 





PAO, MARIN —ANALYTICAL THEORY OF CREEP DEFORMATION OF MATERIALS 


where 0 
total strain 2 The principal transient shear creep rates are proportional to 


elastic strain the principal shear stresses 


pal or 


= transient creep strain 
minimum rate ereep stra n 
ind the subse ripts 1, 2, and 3 denote the three prin ipal “XCS, 
In the following the independent components are considered 
separately as follows: From | solving simultaneously for 
a) Elastic strains By Hooke’s law, the principal elastic de it 


strains in terms of the principal stresses at 


dé,a 


dt 


se ol constant stresses, the two l quations o4 
or 
Ss, 
) Young's modulus of material 2S; 
vy = Poisson's ratio of material 
In the uniaxial case, the relation between transient creep rate 


Equations 20) are an extension ot postulate 4h) of the theory to ind stress was given in | quation [IT] b 

the case of combined stresses 
Before the transient creep strains and the minimum rate creep = y(Ko 

strains are discussed, it will be assumed that hydrostatic stresses 

do not cause creep strains. In so far as creep is concerned, It Is 

then possible to represent any three-dimensional stress system 


by a two-dimensional stress system with equivalent shear stresses 


that is, in Fig. 5 the stress system shown in Fig. 5 (a) may be re 
placed by the sum of the stresses shown in big. 5 (4) and Fig. 5 (« 


The principal stresses @), 02, and @ ire then replaced by a system 


I 
of hydrostatic stresses 03, 03, and oa; which do not cause creep 


strains, and a two-dimensional system of stresses S; and S, which 
have shear stresses equivalent to those of the original system of 
stress s shown in I ig 5(a 
In so far is creep strains ire concerned, the stresses 0), 02, and V \¢ i" ) material b thy 


a, ¢an then be replaced by the stress s shown in Fig. 5(¢) or 


Ing done on tiaterial 


it | quation 2) " bn applied to cnuse 
leseribed by Equations [21] is then used in the bined s es. it should be 


sritten in a tnere general torm 


moment of the theory 
cep strain The following assumptions are : 
letermine expressions for transient creep ; I 


eof volume, or 






































(a) (b) 


Fie. 5 Revvuction or Turee-Dimensionat Stress System To Two-DiIMeENsIONAL STRESS 
System Wits Equivalent SHEAR STRESSES 
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= some function of principal stresses 


V’ = 


’ ’ 
S2 €p2 


dt 


If equation [30] is to represent a physical law, S? will have to 
be a stress invariant or a function of several stress invariants. 
Furthermore, the assumption that only shear stresses cause creep 
strains suggests that S? may be written, in general, as 


S? = [(o, 02)? + (a, 03)? + (2 a,)? 
since the right-hand side of Mquation [33] is proportional to the 
octahedral shear stress as well as the second stress invariant 


For the case of uniaxial stress, Equation [33] reduces to 


[34] 


[35] 
Substitution of Equations [31], [82], and [35] into Equation 
[30] gives 
’ de,,' 2 “a4 
S; , q _K(S/? + 
dt 


(Si€pi’ + S2€p2’) 


Placing value of creep rates from Equations [24] 
[36] 


and 


S,( 28, S2) S( 2S» Si) 
2 , ’ 
’ G 
3 3 


n+l 


qLK(S2 + S,2— S,S,) * (Si€p’ + So€,2’) [37] 


n~l 


, Sx€p2’ ) 
SiSs) * 


3 (Si€n’ + 


4 
2 "(S27 + S22 —S,S;) 


3 
G = — qK(S? + S37 


Substituting €,2’ in terms of €,,’ from Equation {26] in Equation 
[38] 

3 n—1 
G =~ qK (S\? + S:?— SiS) * 


3 g : S1) 
9 q | Oi€pi S:) (S,2 


Placing G from Equation [89] into Equation [24] gives 


Sy€p1'(2S2 


(28, S:? 


n—1 


dé,’ kq ’ lo 9 , 
( S,? S,S2) * {40} 


: GEw” 
dt 2 _ 


Si? 4 (2S; 


Similarly, by use of Equations [25], [26], and [39] it may be 


shown that 


, n—1 
dép: — > 
SiS2) * 


dt 


S,) [41] 


(28S, qEp2" 


By using the assumption of constancy of volume as given by 
Equation [22] together with Equations [40] and [41] 
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dé,a' ; f s, ca - . 142 
dt 


Equations [40], [41], and [42] reduce to Equation [27] for the 
case of uniaxial stress, thereby affording a check to this analysis 
These equ itions also are capable of represe nting negative ereep 
rates required by the creep-recovery relations as shown in Fig. 3: 
that is, in Equation [40], if the stresses were removed, the nega- 


tive creep rate of recovery is given by 


deé,," 


ue “a 
dt 1; 


Although the process of the extension of the theory to the case 
of combined stresses was done for the case of constant stresses, 
it has been shown that the expressions are Cap ible of re presenting 


For 


creep recovery 8 well is creep under loading conditions. 
and 


this reason the expressions given by Equations [40], [41], 
[42] are assumed to be valid for varying stresses as well. 

(c) Minimum rate creep strains: In the case of minimum rate 
creep strains, Equ ition [10] also may be extended to combined 
stresses, 


Multiplication of each term of Equation [10] by o gives 


de.” 
a = Ba 
dt 


dae,” 
dt 


Equation [45] also may be written as 
n+l 


dv" , 
= B(a*) - 
dt 


where 


ae,” = V" = work done on material 


av” 
dt 


= rate of work being done on material 


In order that Equation [46] may be applied to cases of com- 
bined stresses, it should be written in a more general form or 
n+l 


dV" : 
= 8(S2) - 


dt 


where 


S? = some function of principal stresses 


V" = Sten” + Srt,2” 


dV" dé,” 
= §, |? 


dt dt dt 


de - 
5. — 19] 


Following the same reasoning described previously in the sec- 
tion dealing with transient creep strains, it is assumed that S? 


may be written as 


Substitution of (dV")/(dt) and S? from Equations [49] 
[50] in Equation [47] gives 


de ro 
Ss; — 
dt 


It also will be assumed: 
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1 The minimum rate creep strains produced no change in 
volume of the material or 


o f. 


si 9) 
€; T €p2 €é = 0 (\vo] 


2 The principal minimum rate shear creep rates are propor- 


tional to the pring ipal stresses or 


51], [52], and [53] and following the same 


From Equations 


proc edure used in the case of the transient cree p strains, it can be 


shown that 


dt 


and 03, the three principal 


[42], 


’ ; 


For any sy f G1, G2, 
strains ut Equations [20], [40], [41] 


54] 


For the case of constant stresses, Equations 


grated to give 
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By Equations [56] the strains &, €, and & at a time fare now com- 
ple tely defined in terms of the stresses 0;, 02, and o, and the ma- 
terial constants E, v, A, B,n, and q 


Errect Or TEMPERATURE 


The theory in its present lorm is limited to the case of con- 
stunt temperature. The limitation is not drastic as it might seem 
because all parts ol a struc tural member often may be at a uni 
form temperature, 

Furthermore, both theory and experiments have shown that 
the effect of temperature is to cause creep strains to Increase by a 


akT 


factor of ¢ where ais aconstant and 7’ is the absolute tem 


perature, In the expression 


= Bo ° 


the quantity Bo" 


ole a/kT However, experiments ilso show that the exponent m 


would inerease with temperature by the factor 


decreases with temperature and the variation of B is influenced 


by this fact 
In due time, the authors will attempt to incorporate the effect 
of temperature into the analytical expressions given by the pres 


ent theory in the simplest manner possible 


DeTERMINATION OF EXPERIMENTAL CONSTANTS 


is assumed to be applicable to any material whose 
to that of the 


This theory 
tension-creep behavior conforms idealized mate 
rial 

The material constants can be obtained from a simple tension 
creep test in the following manner 
longitudinal and lateral deformation readings 
constants FE and 


By taking the 
immediately after application of the load, the 
vy can be obtained 

If the specimen is then maintained at a constant stress for suffi 
cient length of time ¢, 80 that the slope of the creep curve becomes 
ipproximately constant, the minimum creep rate is then given ap 
proximately by that constant slope. This procedure should be 
applied to several specimens tested simultaneously at different 
stress levels. A plot of stress and the minimum creep rate Con a 
log-log plot can then be used to obtain B and n constants in the 
relation ¢ Bo" 

The transient creep strains can be obtained by subtracting the 
elastic strains and the minimum rate creep strains from the total 
variation of the maximum transient creep strains 


incl the 


strains. The 


with stress usually can be expressed in the form of Ke 
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constants K and n can then be determined. The constant q is 
obtained by fitting the expression Ka"(1 — e,~*) to the transient 
creep-strain component. The value q selected is the one giving 
the best agreement at the time intervals considered to be of maxi- 
mum importance for the particular problem. 

The stresses are then removed and the specimens are allowed 
to recover for an additional period of time 4. The strains re- 
covered immediately after unloading are the elastic strains. Af- 
ter the end of the additional period of time 4, the creep strain 
recovered may be considered to be the maximum transient creep 
strains. The remaining permanent deformation when divided 
by the original period of time t; should give values for the mini- 
mum creep rates that agree fairly well with those values given 
by the slopes of the creep curves. ‘Thus the values of K, B, and 
n obtained from the creep curve may be checked by data obtained 
from the recovery curve 

If the exponent n is not an integer, it will not be possible to 


apply the expressions so obtained to the analytical solution of 


engineering problems. It is suggested therefore that where n 
in the expressions Ko” and Bo" is not an integer, that n be re- 
placed by the integer nearest to it. If the values of the con- 
stants A and B are adjusted accordingly, the errors caused by 
this approximation are often surprisingly small. Furthermore, 
it is suggested that whenever possible n should be adjusted to be 
an odd integer as the signs for compressive stresses and strains 
are then automatically taken care of, 

Another possibility would be to take the two odd integers 
bracketing the actual value of n as determined from tension-creep 
data and solve the problem for these two values of n. The final 
result then may be determined by interpolating proportionately 
hetween the results obtained for the odd integral values of n 


SUMMARY AND CONCLUSIONS 


A theory has been developed in this paper for the creep defor- 
mation of materials. The theory takes into account the initial 
elastic deformation, the transient creep, and the minimum rate 
creep. The basic postulates of the theory are simple and agree 
with the phenomenological nature of the creep deformation of 


materials. The actual analytical relations used are obtained 
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from simple mathematical assumptions and are capable of repre- 
senting creep recovery as well as creep. 

The theory is proposed for simple and combined stress system 
and for constant and varying stresses. 


ACKNOWLEDGMENTS 


The authors acknowledge their appreciation to the Research 
Corporation for their sponsorship and financial assistance that 


made this work possible. 


BIBLIOGRAPHY 


1 “On the Viscous Flow in Metals and Allied Phenomena,” by 
kk. N. da C. Andrade, Proceedings of the Royal Society of London, 
series A, vol. 84, 1910, p. 1 

“The Flow in Metals Under Large Constant Stresses,"’ by E. N. da 
C. Andrade, Proceedings of the Royal Society, vol. 90, 1914, p. 329. 

2 “High Sensitivity Creep Testing Equipment at the National 
Physical Laboratory,” by H. J. Tapsell and L. E. Prosser, Engineer- 
ing, vol. 137, 1934, p. 212. 

3 “Etude Experimentalle de la Déformation Visquese des Fils 
de Fer et de Neckel,”” by P. Chevenard, Review Me’t, 1934 p. 473. 

4 “The Utilization of Creep Test Data in Engineering Design," 
by R. W. Bailey, Engineering, vol. 140, 1935, p. 595 

5 “The Creep Recovery of a 0.17 Per Cent Carbon Steel,”’ by A. 
Johnson, Proceedings of The Institution of: Mechanical Engineers, 
London, England, 1941, p. 187. 

6 ‘The Interpretation of Creep Tests for Machine Design,"’ by 
C. R. Soderberg, Trans. ASME, vol. 58, 1936, p. 733. 

7 “Theory of Creep Under the Action of Combined Stresses 
With Applications to High-Temperature Machinery,”’ by F. Odquist, 
Proceedings of the Royal Swedish Institute for Engineering Research, 
No. 141, 1936; see also Proceedings of the Fourth International Con- 
gress of Applied Mechanics, 1934, p. 238. 

8 “Design of Members Subjected to Creep at High Tempera- 
tures,” by J. Marin, Journal or Appiiep Mecuanics, Trans 
ASME, vol. 59, 1937, pp. A-21-A-24. 

9 “A Theory for Combined Creep Stress-Strain Relations for 
Materials With Different Properties in Tension and Compression,” 
by J. Marin and Yoh-Han Pao, presented at the first U. S. Congress 
for Applied Mechanics, Chicago, Il., 1951, and to be published in 
the Proceedings of the Congress. 

10 “Creep Relationships and Their Applications to Pipes, Tubes 
and Cylindrical Parts Under Internal Pressure,"’ by R. W. Bailey, 
Proceedings of The Institution of Mechanical Engineers, London 
England, vol. 164, 1951, pp. 425-431 





Influence of Viscous Effects on Impact Tubes’ 


By C. W. HURD,? K. P. CHESKY,? ano A. H. SHAPIRO* 


Experiments were conducted to determine the effect of 
viscosity on the pressure rise recorded by a blunt-nosed im- 
pact tube in incompressible flow. The results are presented 

2Ap/pV..?) as 
V_a/v), where 


in terms of the pressure coefficient (C, 
a function of Reynolds number (Rey 
Ap is the excess of stagnation-point pressure over free- 
stream static pressure, V,, is the free-stream velocity, a 
is the radius of the impact tube, p is the fluid density, and 
v is the kinematic viscosity of the fluid. Above Reynolds 
numbers of 1000, there is noeffect of viscosity, and C, isequal 
tounity. Between Rey < 50 and Rey = 1000, C, is slightly 
less than unity, but has a minimum value of 0.99. For 
values of Rey less than 50, C, is always greater than unity. 
When the Reynolds number is below unity, the pressure 
rise is independent of the fluid density, and the data may 
be represented approximately by the formula C, = 5.6/Rey. 
The results are compared with the experimental investi- 
gations of Barker and of Homann, and with the theoretical 
studies of Stokes and of Homann. 


INTRODUCTION 


N the usual Interpretation of impact-tube readings, it is 
that the the 
brought to rest without viscous forces and that the opening 


assumed fluid on stagnation streamline is 
in the tube measures the static pressure at the stagnation point 


This interpretation is subject to two sources of error 


l If the hole in the tube is not minute compared with the 
diameter of the tube, there will be a comple x flow pattern near 
and within the hole, and the average pressure registered within 
the tube will to some degree differ from the stagnation point pres- 
sure A similar deviation will occur if the impact tube is not per- 
fectly aligned with the flow 

2 If the Revnolds number of the flow, referred to the iunpact- 
tube radius as a characteristic length, is not very large compared 


with unity, the viscous forces acting in the fluid may be of suf- 


ficient size compared with the inertia forees as to make the 


Bernoulli formula inapplicable 
The Investigation reports do here is concerned with the second of 


thes: 


sure rise recorded by an Impact tuly 


proble ms, 1.e., the effects of te nolds number on the pres- 
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later, experiments were made with a small pitot tube which was 
towed at various speeds in a circular towing tank containing 
liquids of various viscosities 

Fields of {pplication 
tions in which viscous effects may significantly influence impact 


Some types of « xperimental investiga 


tube readings include the following: 


l Wake 
using very small impact tubes 

2 Velocity 
minute impact tubes 

3 Measurement of impact pressures in very viscous liquids 

1 Measurement of impact pressures in air flow at hypersonic 


surveys behind compressor and turbine cascades 


! 


traverses in boundary layers, using extremely 


speeds, where the air density (and hence the Reynolds number) is 


likely to be very small 


Dimensionless Coefficients. The experimental results are ex 
presse d iti dimensionless terms by means of a pre ssure coothe int 


(,, and a Reynolds number, Rey, defined, respectively, by 


where p, denotes the pressure registered in the impact tube, p 
denotes the free-stream pressure far upstream ol the impact tuly 
and at the same elevation, V, denotes the velocity of the impact 


tube relative to the undisturbed fluid, a denotes the radius of the 
eylindrical portion of the impact tube, and p, w, and pv denote, re 
spectively, the density, coefficient of viscosity, and kinematic vis 
fluid 


It may be shown fron 


cosity of the 
similarity considerations that for an im 
pact tube of given geometry moving steadily in an incompressible 
fluid the pressure coefficient C, is a function only of the Reynolds 
Rey. 


i, a result which is presumably correct for very high Reyno 


number Bernoulli's formula, it may be noted, yields C, 


ld 
numbers 
Previous 
influence of 
of hte 


Reynolds numbers less than 30 the measured value of Cp exces 


Work. 


viscosity 


The earliest experimental investigation ol the 
was that of Miss Barker (2) in the rang: 
3.5 to 5O, who concluded that fs 


nolds numbers from 


unity by an amount which is no longer negligibl Homann (3 
made measurements over the range of Reynolds numbers from 0.1 
to 60 and found similar but not identical re sults, the deviation of 
at Rey 


No exact theoretical solutions for the effect of viscosity 


C" from unity 60 being about 5 per cent 


onan 
low Reynolds num 


pact-tube readings exist. In the range of very 


. the famous solution of Stokes (4) vields, for 


the formula (, 3/We 


bers (creeping flow 


the normal stress at the nose of a sphie re 


i result wl ich mav be taken as indieative of the order of tiag 


ynolds number 


ancl ¢ hi 
to eanleulats the pre 


tude to be expected for actual impact tubes for Re 


less than about unity More recently, Homann (5 


(6) used thin boundary-laver theory 


the nose of a phere Their result, which ma 


t 
0.457 V/ Rey 


presumably should apply only when the boundary-layer thicknues 


at the stagnation point is small compare L with the radius that is 
I I 


only when the Reynolds number is greater than about 10 
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EXPERIMENTAL APPARATUS AND PROCEDURE 


The general arrangement of the apparatus is 
The circular towing tank had a 


Towing Tank. 
shown schematically in Fig. 1 
mean diameter of 10 ft and a rectangular cross section 8 in. wide 
X 10 in. high with the liquid level maintained about 8 in. from 
the bottom. Thirty-two fly-screen damping baffles were inserted 
at uniform intervals to minimize circulatory flows induced by the 
drag of the pitot tube on the fluid. The openings in the damping 
screens through which the pitot tube passed were very large com- 
pared with the diameter of the pitot tube, thus minimizing inter- 
ference effects between the screens and impact tube. 
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hic. 1) SenemMatic ARRANGEMENT OF APPARATUS 

The impact tube was carried on a rigid, counterbalanced arm 
driven by a variable-speed (1 to 60 rpm) motor placed on the 
center line of the tank. 

The impact pressure at the mouth of the pitot tube was allowed 
to communicate with fluid in the rotating arm and thence to a 
column of fluid in a large-diameter glass tube on the axis of rota- 
tion. Impact pressures were inferred from the level of the fluid in 
this manometric tube. 

Complete details of the apparatus, together with descriptions of 
the procedures employed for leveling, alignment, calibration, and 
methods of correcting for many minor errors, are given in ref- 
erence (1). 

Impact Tube. Details of the impact tube are s'town in Fig. 2. 
The tube was made of 0.072-in-OD hyperdermic tubing, with a 
0.010-in. wall, and the end of the tube was cut off square, as 
shown in the enlarged portion of Fig. 2. The shank of the tube 
was streamlined in order to reduce the drag exerted by the moving 
tube on the liquid. 


Measurements. By determining the angular velocity of the 
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rotating arm (through counting revolutions in a given time), and 
by measuring the diameter of the circle traced out by the tip of 
the impact tube, the linear speed V,, of the tip of the probe was 
found with great accuracy. 

The kinematic viscosity of each liquid used was determined 
by a Saybolt viscosimeter over the appropriate range of tempera- 
tures 
to that of the room, and it was measured by a mercury-glass 


The liquid temperature in each run was substantially equal 


thermometer. 

The height h of the fluid in the central manometer tube above 
the level in the towing tank was observed with a transit. Taking 
account of the centrifugal pressure gradients produced by the arm 
rotating with the angular speed w, the impact pressure p, just be- 
hind the mouth of the probe may be written as 


p 
+ 1) + — w*r? 
ws 


Po = Pa + pgth 


where p, is the atmospheric pressure and r is the radius arm to the 


LIQUID LEVEL 





FAIRING 














0.820 


Fic. 2) Detar or Impact Tuse 
tip of the probe. The free-stream pressure at the elevation of the 
probe mouth may be expressed as 


Po = Pa + pgl 


Subtracting the second of these equations from the first, and not- 


ing that wr = V,, we get 


Pi — Po = pgh + , v.* 


- 


If the fluid were without viscosity, the dynamic pressure rise at 
the tube mouth would be exactly canceled by the centrifugal pres- 
sure drop in the rotating arm, the displacement h would be zero, 
and C, would be equal to unity. Hence the displacement of the 
liquid level in the central tube from its position when the arm is 





HURD, CHESKY, SHAPIRO—INFLUENCE OF VISCOUS EFFECTS ON IMPACT 


stationary is a direct measure of the influence of viscosity, inas- 
much as this displacement is zero for an inviscid fluid. 

Induced Circulation of Liquid in Tank. The drag exerted by the 
moving pitot tube tends to set the liquid in motion in the direction 
of rotation. However, friction at the walls of the towing tank 
tends to resist this circulatory motion of the liquid, and a steady- 
state value of mean liquid velocity is reached when the propelling 
drag of the pitot tube is just balanced by the resisting drag of the 
tank. With no damping screens present the induced fluid velocity 
was large enough to cause troublesome errors. The presence of 
the 32 damping screens apparently reduced the induced velocity 
to at most a few tenths of 1 per cent of the probe velocity 

Range of Variables. The liquids used ranged from water with a 
kinematic viscosity of 1 centistoke to a heavy oil with a kinematic 
viscosity of 150 centistokes. Probe speeds varied from a minimum 
of 0.5 fps to a maximum of 16 fps. 
V., and v were such that there were overlappings in the Reynolds- 
number ranges which could be covered with the several liquids. 
By thus operating at the same Reynolds number with different 


The various combinations of 


velocities it was possible to ascertain that there were no free- 
surface (Froude-number) effects. 


RESULTS 


All the experimental data of the present investigation are 
plotted in Fig. 3. In Fig. 4 the data in the range of higher 
Reynolds numbers are plotted on an enlarged vertical scale, and 
for comparison, there are also plotted the results of Miss Barker 
reduced to the dimensionless form employed here. 


rUBES 


slight indication to this effect in an early investigation by Fry and 
Tyndall (7). In this connection it should be noted that neither 
Miss Barker (2) nor Homann (3) made tests at sufficiently large 
Reynolds numbers for this lowering of C,, below unity to be clearly 
observable, 

3 and 4 show that the 
influence of Viscous forces is to increase the pressure Prise on the 


For Reynolds numbers below 50, Figs 
stagnation streamline, thus leading to values of C,, greater than 
unity 

Range of Very Low Reynolds Numbers. For vanishingly small 
Reynolds numbers, the inertia forces acting in the fluid become 
negligibly small compared with the viscous forces. There ensues 


the well-known “creeping flow” of Stokes. Since inertial effects 


are of no consequence, it follows that the pressure rise on the stag 
nation streamline is independent of the fluid density. This con 
dition can be met only when the relation between pressure co 


efficient and Reynolds number is of the form 


Rey 0 


C, = const 


Henee dimensional reasoning indicates that at very low Reynolds 
numbers the curve of C, versus Rey on log-log paper should ap- 
proach a straight line with a slope of —1 

The experimental data, Fig. 3, are in accord with the rule 
stated in the foregoing. For values of Rey less than about unity 
it appears that the data of the tests may be represented with good 
accuracy by the formula 


C, 25.6/Rey. 16] 
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hic. 3) EXPeRIMENTAI 


Range of High Reynolds Numbers 
creases without end the viscous forces acting in the fluid become 


As the Reynolds number in- 


vanishingly small compared with the inertia forces, and the pres- 
sure coefficient C,, (according to Bernoulli's equation) should ap- 
proach unity. The data in Fig. 4 confirm this hypothesis. Here 
it should be noted that the value of V_. was taken to be the linear 
speed of the probe tip. Owing to the small steady-state motion 
of the liquid in the tank, the actual relative speed between liquid 
and probe was slightly less than the probe speed, and, therefore, 
the values of C, shown in Figs. 3 and 4 are slightly less than the 
correct values. However, the data at the highest Reynolds num- 
bers in Fig. 4 suggest that this error is of the order of 0.3 per cent, 
and that the departure of C, from unity is not discernible at 
Reynolds numbers greater than about 1000. The error introduced 
by the steady-state induced motion in the tank may, for Reynolds 
numbers greater than 1000, be approximately canceled by in- 
creasing the ordinates in Fig. 4 by 0.003. 

In the range of high Reynolds numbers the flow is essentially a 
potential flow modified by small viscous effects confined to thin 
boundary layers. For Reynolds numbers greater than 50, Fig. 4 
shows that the effect of viscosity is to decrease the value of C, 
below the asymptotic value of unity This is a somewhat sur- 
prising result which hitherto has not been observed, exeept for a 
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hie. 5 Comparison or Resuits or Present Exeeriments With ExpeerimMental Re- 
SULTS OF HoMANN For Impact Tunes, ano With THeoretical Resucts or HoMANN FoR 


Pressure at Nose or 


between the present data and the data of Miss Barker, although 
the large scatter in Miss Barker's results makes an exact compari- 
son difficult. In any case it is felt that Miss Barker's experi- 
mental method was not entirely reliable at low Reynolds num- 
bers. The method involved the use of a pitot tube of 0.1 em 
diam placed at the center of a pipe of 1.1 cm diam in which there 
The difficulty here is that at low 
Reynolds numbers the effects of viscosity propagate to considera- 


existed a Poiseuille flow. 


ble distances from the pitot tube, and so unknown errors are in- 
troduced as a result of nonuniformity in the flow and of inter- 
ference effects produced by the wall of the pipe. Indeed, the ex- 
periments reported in the present paper were preceded by an 
experimental investigation (8) similar to Miss Barker's, except for 
a very much more favorable geometry, namely, an impact tube 
of 0.072 in. diam at the center of a pipe of 3.26in. diam; neverthe- 
less the results were not considered reliable. 

Experiments of Homann (3) The mean curve expressing the 
experimental results of Homann are compared in Fig. 5 with the 
mean curve in Fig. 3 for the data reported here. 
been found for the serious discrepancies between Homann’s re- 


No reason has 


sults and the present data except possibly that the shapes of the 
Unfortunately, there 
is no description of the impact-tube geometry in’ Homann’s 
paper 
Homann seems quite sound, and his results show very little 


impact tubes may have been different. 
Although the experimental procedure employed by 


scatter, it is noteworthy that at low Reynolds numbers his re- 
sults obey the law C,, = const/Rey®-°, There is no tendency to 
deviate from this relation even for values of Rey as low as 0.1 
This is indeed surprising, for there is no way of escaping the re- 
quirement that the relation between C,, and Rey must asymp- 
totically approach Equation [5] as the Reynolds number becomes 
very small. ‘Thus the nature of his results throws doubt on the 
validity of Homann’s data at low Reynolds numbers 


Comrarison Wrra THEORY 
Stokes’ Law 
sphere with an infinitesimal hole at its nose and the impact tube 


Considering the difference in geometry between a 


used for the present tests, the agreement between Mquation [6] 
(for low Reynolds numbers) and the Stokes’ solution for the nor- 
mal stress at the nose of a sphere in creeping flow (C, = 3/Rey) 
is considered to be quite satisfactory. It also is significant that 
the experimental data begin to deviate appreciably from Equa- 
tion [6] at about Rey ~~ 1, for it is well known (9) that a similar 
deviation from Stokes’ law of drag for spheres occurs at about Rey 
2 1. 

The difference between the factors 3 and 5.6 for the sphere and 


4 SPHERE 


blunt impact tube is a measure of the influence of probe shape 
and suggests that at very low Reynolds numbers the calibration 
of the probe is quite sensitive to its shape. 

Homann’s Theory (5). The theory of Homann for the pressure 
at the nose of a sphere for comparatively high Reynolds numbers, 
Equation [3], is compared with the experimental results in Fig. 5. 
Of course a direct comparison is impossible because of the dif- 
For Rey 


is presumably applicable, the viscosity correction of the Homann 


ference in geometries, > 10, where the Homann theory 


formula is several times the measured correction. The observed 


decrease of C, below unity for Rey > 50 is not at all accounted 


for by the theory. Whether these deviations are entirely the re- 
sult of differences in geometry or whether they reflect inadequa 
cies of the theory is not clear 

Homann made experiments (5) with spheres to check directly 
His tests, 
which were made over a range of Reynolds numbers from 2 to 80, 
were in generally good agreement with Equation [3] and the 
The discrep 
ancy between this curve and the curve representing the data re 


his theory for the pressure at the nose of a sphere 


curve marked “Homanp (theoretical) in Fig. 5 


ported here is a further indication of the importance of probe 


shape when viscous effects are significant 
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Axisvymmetric Flexural Temperature Stresses 


in Circular Plates 


By J. 


The problem to be considered is that of determining the 
flexural stresses which result from temperature differ- 
ences T between corresponding points on the upper and 
lower faces of circular plates (7 =temperature at lower face 
minus temperature at upper face), when T is assumed to 
vary only with the distance from the center of the plate. 
This problem arises, for example. in the design of heated or 
cooled cylindrical processing tanks or vessels. In such 
cases, heat may be applied to the circular bottom of the 
vessel by a single concentric burner or heating element or 
by a ring of burners or elements, and the resulting tem- 
perature distribution will be approximately axisymmetric. 


HIS analysis applies specifically to the special case of a circu- 

lar plate in which the temperatures (a) vary linearly between 

( orresponding points on the upper and lower surtaces (b) are 

zero at any instant over the entire median surface, and (¢) vary 
only slowly with time. Condition (6) may be replaced by a more 
general statement since a theorem stated by Biot? leads to the con- 
clusion that a two-dimensional temperature distribution in simply 
connected uniform plates results in a condition of constant mem- 
brane stresses, provided this result is compatible with the bound- 
ary conditions 
At any rate 
dimensional elasticity solution for radial temperature gradients 


under certain conditions the well-known two- 
may be superimposed upon the present flexural solution to take 
care of variations in the median plane. Clearly, the solution for 
normal pressures upon the plate also may be superimposed under 
essentially similar conditions. 

In the derivation of formulas for flexure due to an arbitrary 
axisymmetric temperature-difference curve, we first determine the 
effects throughout the plate of a small tractable teraperature dif- 
ference AT’, over a concentric area of radius b lying within the 
plate. Formulas for the total effects due to the actual tempera- 
ture-difference curve are obtained by integrating the foregoing 
results with respect to 7’. 

We begin with the conc ept of an infinite plate it uniform tem- 
perature, Imagine that a circular disk of radius } is cut from the 
plate, Fig. 1, and its temperature distribution is changed so that 
a uniform temperature difference AT’ exists between its upper and 
lirection of the 


thickness. The disk would curl to a spherical surface with a curva- 


lower surfaces with a constant gradient in the 


ture proportional to AT. Restoration of the connection be- 


tween the disk and the remainder of the plate requires that equal 
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hic. 1) Diramerrat St 


and opposite moments be ipplied at the edge of the disk and at the 
edge of the hole in the infinite pl ite so that the acd jae ent slope sof 
the disk and the plate 


magnitude of these edge moments, the moments and slopes 


are made equal After determining the 


throughout the entire plate may be calculated. These are due, it 
is recalled, only to a uniform temperature difference AT existing 
over a circular area of radius 6. However, by direct superposition, 
these moments and slopes may be combined with those due to 
other incremental temperature differences which exist over their 
corresponding concentric aren Thus the total moment or lenpner 
at a pornt is determined by superposition or integration of cer 
tain funetions of the area under the temperature-diference 
curve 

A solution to this problem may ilso be obtained by direct 
integration of the nonhomogeneous form of Poisson's equilibrium 


equ ition 
DeRIVATION 


If a free cireular plate is heated or cooled so that tuntiorm tem 
J 
perature gradient exists between the top and bottom surfaces, the 


late curls to a spherical surface with radial slopes 
} | 


ar 
(AT) 
h 
where 
thermal coefficient of linear « .pansion 
radial co-ordinate 
uniform thickness of pl ite 
uniform temperature difference between top and bottom 
suriaces, a greater temperature on bottom corre pond 
ing to a positive A7’ (AT7’ is, 


vtual 


ultimately, a portion or 


“slice” of area under temperature-dilference 


urve, Fig. 2 
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If the disk is also acted upon by a uniform edge moment Mo, 
then 
Mor ar 
+ (AT) [1] 


o = 
D1 + MM) h 


In order to attach this partially heated or cooled disk to the un- 
heated infinite plate from which we may assume it had been cut 
requires that the slopes at the edges of the disk and the hole be 
equal. In terms of the stiffness of the disk and of the plate (see 


Appendix) this requirement becomes 
Mob Mot al 
— = — + — (AT) 
D1 — p) DL + pw) h 


aD ) 
M, = Al 
2h 
Conditions throughout the disk are uniform, and for all points 
rT < 4 


k 
M, = M, = my (AT) 


OP anew 
= 2 (AT) 
aD(1l — pw?) 


vhere 
where h 


a(l + hb) 
h 


For r > b, by Equations [18] and [19] of the Appendix 


b? 
M, = ( ar) 
r? 2 


M, = 


. ( b2 

d= . ar) 

r 2 

The term b?A7'/2 is equal to the statical moment, about the 
origin, of a strip of the temperature-difference chart which has a 
height 47’ and a length b (measured from the origin of the plate). 

Comparison of the expressions for the moments as given by 
Equations [3] and [5] discloses that while M, is single-valued at 
r = b, M, will be discontinuous if AT is finite. 

In analyzing the total stresses and total slope at an interior 
point, r = p, it is convenient to refer to the differential-tempera- 
ture curve, Fig. 2, and to retain the assumption for the time being, 
that the actual plate is a region in an infinite plate. 

We observe that for all increments d7’, for which b < p, the 
contribution to moments and slopes is given by Equations [5]; 
and their total effect is calculated by integrating these expressions. 
The result is equivalent to taking the statical moment of area A), 
Fig. 2, and multiplying this quantity by certain physical con- 
stants of the plate to obtain the moment and slope contributions 


‘. 
M,’ = M,’ =— * (A,) (hh) 
p* | 
P [6] 
, k, 
Qo = (A;) (hi) 
p 
We observe also that for al) increments d7’, for which b > p, the 
contribution to moments and slopes is given by Equations [3] ; 
and the total effect is obtained by integrating these expressions. 
The result is equivalent to 


M,”" = 
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Fic. 2 Generac TemPerRaTuRE-DirreRENCE CHART 


Thus, for a point r = p in an infinite plate, the bending mo- 
ments and slope are obtained merely by adding Equations [6] 
and [7], which give, in terms of the quantities shown in Fig. 2 


ke mn 
2 ", 


km : 
M, = «<- 2 (A;) (fi) 
p 


Km 7 - 
M, = p? (A;) (b1) = - 


k, . —_ 
o= (A1) (bi) + 7. pT, 
p " ) 

Since the foregoing expressions give the moments and slopes 
on the assumption of an infinite plate, upon these must be super- 
imposed the moments and slopes which are required at the edge 
of the plate to adjust the results obtained at r = c for an infinite 
plate to the moment and slope prescribed at that location. 

It is worthy of note that the last term in each of Equations [8] 
implies the easily proved fact that if a temperature difference is 
applied to an annular region of an infinite plate, the circular region 
within the inner boundary of the annulus is stress-free. Thus the 
effect, in an infinite plate, of a rising (or falling) portion of the 
T-curve in the region r > p would be offset by a corresponding 
falling (or rising) portion of the curve in the same region; and thus 
such humps and valleys may be neglected. Their effect, however, 
must be included in computing moments and slopes at points 
beyond such hump or valley and, of course, they must be con- 
sidered in establishing the actual conditions at the edge of a finite 
p must be in- 


plate. That is to say, such hump or valley at r - 


cluded in A; and, of course, will be considered in computing hy; 


AbJUSTMENT OF EpGeE CoNnpbiTrions 

We turn now to consideration of the moments and slope at the 
edge of a circular plate of radius ¢ such as might form the bottom 
of a evlindrical tank. Were this plate to be a portion of an in- 
finite plate, the momerts and slope would be calculated by inte- 


grating Equations [5] for r = cand b = b(T) 


ie Ti ps 
M, = —M, = — aT 
c 2 
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The integrals cover the area under the curve of b (7') versus 7’, 
Fig. 3, and have the simple physical interpretation of the statical 
moment, about the center of the plate, of the area under the 
curve, i.e., Ag times be. 

Generally, the moments and slope as given by Equations [9] do 
not satisfy the actual edge conditions. This situation, however, is 
rectified merely by applying an additional edge moment at r = c 








->b 


TEMPFERATURE-CURVE PROPERTIES REQUIRED FOR STRESS 
AND SLOPE CALCULATIONS AT EpGe or PLaTEe 


Fia. 3 


which, in combination with Equations [9], will give the desired 
slope or moment. Since‘the region r < ¢ constitutes a uniform 
disk, the additional moments are constant throughout the plate 
and the relation between the additional slope and additional 


moment is given by Equations [16] of the Appendix 


AM.r 


= ; 10 
D1 + p) [10] 


Ag 
If, for example, the edge of the plate is hinged, the total moment 
at r = c must be zero and, by Equations [9] 


ke To ps 
AM, = dT 11} 
c 0 2 


and this additional moment must be added to .M, and M, as given 
by Equations [7] and [8]. 

If, on the other hand, the plate is built in, an edge moment 
must be added which reduces the edge slope as given by Equations 
The magnitude of this additional moment is 


Tw 
k, DO 4 ) 42 
e f aT (12) 
c? 0 2 


throughout the 


19] to zero. 
AM, = 


and this amount is to be added to M, and M 
plate. 


EXAMPLES 


Example 1. Built-in 0.25-in. steel plate, radius = 20 in., tem- 
perature difference 7 between lower and upper surfaces as shown 
Moments and slopes at p = 0, 10, 20 


in Fig. 4. Required: 


E 30 X 10° psi 
a 6.5 * 10~¢* in/in per deg F 
m 0.3 

30 * 10°(0.25)? 


D = 42.03 « 10° 
12(1 0.09) 


aEh? 6.5 & 10-* & 30 & 100.25)" . 
a= 12 = 12 = 1.0156 


AXISYMMETRIC FLEXURAL TEMPERATURE STRESSES IN CIRCULAR PLATES 
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€— PLATE 
Tio)" 200° F. 
Tuo) = 150° F. 


Teo) "100° F. 
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~—10 — -10 ~ rb 
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¢ A, FOR @ #20 


TemMPperatTure-Dirrerence Curve ror EXampte 1} 


) 65 10-1 + 0.3) 
ie = 0.25 


j E } ") 33.8 X 10°* & 42.93 & 10%1 
a : = 
( 


= 33.80 K 10-* 


+ 0.3) 
(20)? 
= 4.71541 K 107 
Equations [8] 


= () 


101.56 


O156 
(200) = 


- 


ae 
O156 


(200) = —101.56 


A, = 50 XK '/2 X 10 = 250 


b= '/, x 10 


10156 (10 1.0156 
(250 — (150) = 
(10)? 3 2 


LOG 10 1LO1I5S6 | 
(250) (150) = 
(10)? 3 2 
2328 x0 10 33.8 < 10°¢ 
= (250) } (10) (150) 
10 3 2 


= 28.167 K 107-* radians 


84.67 Ib in/in 


67.67 Ib in/in 


At p = 20 
100 & '/, KX 20 = 1000 


b= '/, x 20 


20 1.0156 
000 (1K 
3 2 
1.0156 20 1.0156 
(1000 (100 
20)? 3 2 


67.71 Ibin/in 


= $3.85 Ib in/in 
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33.8 * 10~% 20 $3.8 X 10° 
o = (1000) t (20 
20 3 2 


(100 


- 


= 45.07 * 10°* radians 


To reduce @ at the edge to zero requires additional moments 
MM, and AM; throughout the plate which are calculated by Equa- 
tion [12] or, since @ is already known for the infinite plate, eal- 
culated merely by inverting Equations [16] of the Appendix 


AM, = AM, = 


DOA + Lip 
r 


42.93 & 10° (1.3) (45.07 K 1074) 


20 


125.77 Ib in /in 


The correction to the slopes is merely 


15.07 X 10 ( . ) 
20 


Final moments, slopes, and bending stresses (0 = 6.47 /h?) are 


Ad = 


given in Table 1. 


TABLE 1 FINAL MOMENTS, SLOPES, AND BENDING STRESSES 
EXAMPLE 1 
r) 
10 20 
210 44 193 48 
143.44 159 62 
63 «1078 0 
20202 18574 
18570 15324 


M, ib in/in 
Mz \b in/in 
@ radians 

o pai (t) 
or psi ( t) 


Example 2. Plate of Example 1, but hinged at edge. Caleula- 
tion of moments and slopes for infinite plate same asin Example 1. 
Correction to M,; and M; throughout plate is such as to reduce M, 
at p = 20 to zero 

A V, : 67.71 
By Equation [10] 
67.71 7 


Ad = 
42.03 & 10°(1.3) 


= 1.2051 K 10°% 


Final moments, slopes, and bending stresses are given in Table 2 


FINAL MOMENTS, SLOPES, AND BENDING STRESSES 


EXAMPLE 2 


TABLE 2 


20 
8) 0 
85 + +33. 86 
60.17 « 10 
0 
3250 


Example 3. Plate of Example 1 but with elastic edge condi- 
tions (such as might be provided by cylindrical wall of tank) MV, 
15 X 10%,. 
From Example 1, the moment at the edge of the plate on the 
assumption of « clamped condition is M, 193.48 Ib in /in 
By Equations [16] of the Appendix the stiffness of the plate is 


AM, DL + pw) 103 (1.3) 
?, 20 20 


42.93 xX 
2.790 X 105 


The equilibrium condition between the edge of the plate and 
the elastic restraint is 
15 &X 


193.48 + 2.790 X 10° ¢, 4 103 @, 


d, = 10.876 & 1073 radians 


Moments to be added to the moments of Example 1 are 
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AM, = AM, = 2.790 * 10° (10.876 & 10>3) = 30.34 Ib in/in 


Appendix 


Axisymmetric bending of thin circular plates and circular rings 
by edge moments satisfies the following differential equation ,? due 
to Poisson 

lp 1 dd 


} 
dr? r dr 


where @ is the local slope of the plate measured along the radius, r 
The general solution of this equation is 


B 


? 


@ = Ar + [14] 


where A and B are arbitrary constants. 
The bending moments per unit width acting upon a cireumfer- 
ential arc and upon a radial line are, respectively, 


where 


D = flexural rigidity of plate 1 
Ek = modulus of elasticity 

h = thickness of plate 

u = Poisson’s ratio 


Consider a circular disk of radius b, subjected to a uniform 
moment Mp, around its periphery. By symmetry @ = Oatr = 0 
Thus B in Equation [14] is zero. At r = b, M, = M, 
follows from Equations [15] and [14] that 


and it 


M, 
: D1 4 ) 
Mor 
Dit 4 LL) 
and throughout the disk 
M, = M,. = M, [17] 
Consider now an infinite plate from which a disk of radius 6 has 
been removed, and assume that a uniform moment Vo is applied 
at the edge of the hole 


r increases indefinitely, it follows from Equations [14 
that A = O and 


Since the moments must approach zero as 
and 115 


Voie? 
~ DO Lu 


, 


The slope and moments for r > b are 


Vb? 
: rDX1 u 


MiP 
VY, Vv, = 


3“'Strength of Materials," by 8S. Timoshenko, part 2, second edition 
D. Van Nostrand Company, Inc., New York, N. Y., 1941, pp. 135 
137; see also ‘“Theory of Plates and Shells,”” by 8S. Timoshenko, first 
edition, McGraw-Hill Book Company, Inc., New York. N. Y., 1940 
pp. 55 58 





Transient Thermal Stresses 


Circular Pressure Vessels 


in Slabs and 


By M. P. HEISLER,? DOWNEY, CALIF 


This paper presents the results of computations for de- 
termining transient thermal stresses in slabs and circular 
pressure vessels. The process of solution adopted is to 
substitute transient-temperature formulas into the al- 
ready available stress expressions. The expressions for 
thermal shock are transformed by means of a simple in- 
tegral theorem into a form appropriate for analyzing the 
thermal processes commonly used to relieve thermal 
shock. A new dimensionless stress parameter is defined 
and applied to the determination of optimum heating or 
cooling times of massive pressure vessels. 


NOMENCLATURE 
The following nomenclature is used in the paper 


inner radius of hollow cylinder, ft 

outer radius of hollow cylinder, ft 

thermal stresses induced in directions parallel to 
the mid-plane of plate, psf 

distance measured from mid-plane of pl ite, ft 

Young’s modulus of elasticity, psf 

coefficient of linear expansion, it/it, deg k 

Poisson's ratio, dimensionless 

half-thickness of plate, ft 

temperature at n and N, deg F 

ambient temperature, deg F 

time, hours 

Btu /ft*, br 


volumetric rate of heat generation, 


thermal conductivity, Btu /ft, hr, deg F 

= surface heat transfer coefficient, Btu /ft*, hr, deg F 
rate of increase of ambient temperature, deg F/hr 
thermal diffusivity = (conductivity) /(volumetrie 
specific heat), ft?/hr 

r/L, dimensionless 

Fourier modulus = dr/L? or dr/a*, dimensionless 

inverse Nusselt number = &/AL, dimensionless 

o(1 bu) 


dimensionless stress parameter, . 
akt, 


Nf n, N) 


a(1 pd 
ak(cL?) 


a(l 
or 


dimensionless stress parameter, 


Xin, N 


bid 


ak(ca*) 
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a(l pa)! 
al qb 
a(l pk 


dimensionless stress parameter, 


or 
al qa’) 
dimensionless temperature parameter t/t, 
{ 


dimensionless te mperature parameter, 


dimensionless temperature parameter, 


expla e*, Where ¢ is base of Naperian logarithms 
ert complementary error function 


Vv min \ 
INTRODUCTION 


Current interest in the high-temperature operation of farge 


pressure vessels for example, those proposed for nuclear power 
reactors necessitates a closer evaluation of thermal stress as a 
possible source of pressure-vessel failure As a specilie example 


we may cite the emergency cooling of a pressurized reactor 
Here, because of certain nuclear phenomena associated with the 
process ol fissioning, it is a matter of considerable Hnopertance to 
keep the cooling time of the pressurized shell down to a bare mini 
mum 


largely upon the ability to analyze the magnitude of the thermal 


A rational estimation of the down time is predicated 


stress induced by the cooling process, 

As another illustration we cite the interest in high-tempera 
ture designs using ceramic and ceramal materials, which are rela 
weak in thermal shock 


tively The problem is somewhat dif 


ferent from that of the pressure vessel. Where for pressure ves 
sels we seek a cooling process such that the maximum induced 
thermal stress will not exceed the design working stress of the 
material, for ceramics and ceramals we seek materials having 
physical and thermal properties able to withstand the mutations 
of an abnormal temperature process. In the former we fit the 
process to the material, in the latter the material to the process 
The ultimate feasibility of liquid-metal cooling in the production 
of power, either directly or as a by-product of the manufacture of 
fissionable material, rests largely upon the development of mate- 
rials having adequate resistance to spalling, corrosion, and thermal 


shock Hence it 


theory of resistance to thermal shock and the mechanisms used 


is of some Importance to have a consistent 


to alleviate it 

Although there is an abundant literature on the subject of 
thermal stresses,* verv few of these works give numerical results 
which are udequate lor prac tical applications Of these Jaeger 
(1)° gives fairly complete results for the numerical evaluation of 


stresses in a solid evlinder which is initially at a uniform tem 


perature and which loses heat through a boundary layer to an 


the Philo 


referetices 


> An extensive Bibliography is given by Gatewood in 
Magazine, vol. 32, 1941, p. 282 Additional 
are given in the Bibliography at the end 


sophical 
numbers in parentheses 
of the paper 
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umbient at zero temperature. He also gives a general solution for 
the hollow cylinder, but the formulas are rather complicated and 
require considerable formal manipulation in order to make them 
tractable for specific applications. The numerical results ob- 
tained by Kent (2), Dahl (3), Murray (4) et al, hold only for con- 
stant or linearly varying surface temperatures, and hence the scope 
of their application is limited. 

The primary purpose of this paper is to give numerical results 
which can predict: (a) In the case of unavoidable thermal shock 
whether or not there exists the possibility of structural hazards; 
(b) in the heating or cooling of massive pressure vessels, the maxi- 
mum permissible speed of the thermal process consistent with 
the stress limitations imposed in order to avoid possible vessel 
failure. Under the heading of thermal shock we include both in- 
stantaneous changes in ambient temperatures (such as occur in 
quenching) and surface heating by high-frequency induction, 
since, as shown in reference (5), these two physically dissimilar 
types of heating are mathematically identical. In a similar 
fashion we include under the generic term “alleviation of thermal] 
shock”’ the case of internal heat generation because here too there 
exists an identity in mathematical form. It is not intended, how- 
ever, to convey the impression that heating by internal sources 
is a method customarily used to forestall excessive thermal stress. 


THERMAL Suock AND Its ALLEVIATION 


All previous expressions for thermal shock have been derived 


JOURNAL OF APPLIED MECHANICS 


1.0 

0.9 
0.8 
O7 
06 


os 


0.08 


ns 2 
td 
Surrace THERMAL STRESSES FOR SUDDEN INCREASE IN 
AMBIENT TEMPERATURE 


Fic. 1 





) 





14 





~ 5 
| | 
a\= 

a 

fe 

£ 

6 








Jen =( 








Fic. 2) VARIATION OF Maximum 
Sureace Stress With Revative 





BouNbDARY RESISTANCE 


(Slab subjected to sudden increase in 
ambient temperature.) 








1 


Tmax 





( 























for the case of sudden change in surface temperature. In this 
paper we consider the more general case of surface heat-transfer 
resistance. The implications of an ill-advised neglect of sur- 
face resistance is portrayed graphically in Fig. 1. We see that the 
assumption of an infinite modified Nusselt number (1/m) (which 
corresponds to a constant surface temperature) may lead to ex- 
For example, « process character- 
an order of magnitude 

would cause a maxi- 


cessive conservatism in design. 
ized by a Nusselt number equal to 7 
common to many quenching operations 
mum thermal stress only 53 per cent as large as that caleulated 
on the assumption of constant surface temperature. A Nusselt 
number of 3 yields a stress which is approximately 38 per cent 
that of constant surface temperature. The latter case eorre- 
sponds roughly to conditions occurring in the heating-up of steel] 
billets in a continuous furnace. 

Fig. 1 also reveals that the point of maximum thermal stress is 
a delayed function of time, the delay becoming increasingly pro- 
nounced as the boundary resistance is increased. The time varia- 
tion of the maximum stress is plotted in Fig. 3, versus the pela- 
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HEISLER 
tive boundary resistance; the variation of the maximum with 
resistance is plotted in Fig. 2 The values were obtained by dif- 
ferentiating the stress function with respect to time and setting 
the resultant equal to zero. (The derivation is given later in the 
text.) 

The results shown in Figs 1, 2, and 3 have been derived on the 
assumption of infinite slab geometry, assuming one face insulated 
and the other exposed to a suddenly changed ambient. However, 
they also can be applied with reasonable accuracy to curved sur- 
faces providing that the radius of curvature is everywhere large 
compared with the thickness of the slab. In general, large pres- 
sure vessels satisfy this condition. Cases involving thick-walled 
vessels require special formulation. Jaeger has derived solutions 
for hollow cylinders under rather general boundary conditions. 
A slightly modified form of his results are included in section (B 
Unfortunately, the formulas are complicated enough to preclude 
a generalized graphical presentation, and hence a painstak- 
ing evaluation must be performed for each particular case as it 
arises. 

The thermal shock discussed in the preceding paragraphs 
ean be avoided by raising or lowering the temperature of the 
material gradually; in customary practice this is accomplished 
by means of an almost linearly varying ambient. It then be- 
comes a question of considerable importance particularly in the 
warmup or shutdown of massive pressure vessels —to determine 
the maximum rate at which heating or cooling can progress, be- 
cause heating at lower than the maximum rate may result in a 
longer heating period than comfortably can be tolerated, and 
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CREASING 


heating at higher than the maximum rate may cause the material 


to fail. 


The temperature-time variation for infinite slabs having uni- 
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form heat generation or linearly varving ambient temperature 


is shown in Figs. 4 and 5 Along the ordinate we have plotted 
T,, the dimensionless temperature ratio for internal heat sources, 


and \ / 


a linearly varying ambient temperature 


, Where 7, is the dimensionless temperature ratio for 
Because of the mathe 
matical similarity of the temperature functions it is possible to 
express the dimensionless stress ratio for these two ty pes of heut 
ing by « single set of graphs, Figs. 6 and 7. The figures hold for 
Nusselt numbers ranging between 1 and and values of Fourier 


modulus up to 5. It was found convenient touse VY, + '/, and 


A; + 


occurs at steady state and is given by VY) = 


It can be seen that the maximum stress 
AL i 

For purposes of evaluation our primary interest is to determine 
Figs. 4, 5, 6, and 7 will vield 
We can 


ivoid the trial-and-error process by defining a new parametric 


is ordinates 


an optimum heating or cooling rate 
this only through a tedious trial-and-error procedure 
follows 


ratio as 


wra(l,N) 
akt 1,\ 


{ l bb dat l, \ 
ak: L? 


The ratio is plotted in Fig. 8 for values of 1m between Land 
and NV up to 25 
by considering the 


The significance ol the ratio will beeome clear 


cooling of a large circular pressure vessel 


such as might serve as a container for a high-te mperature power 


production reactor. The vessel is assumed to have the material 


properties given in Table 1. 


rABLI PROPERTIES OF POWER-PRODUCTION REACTOR 
Conductivity 26 Btu 

Liffusivity 
Wall thi 
Coethoent of thermal expansion 
Modulus of elasticity 

Poisson's rath 


kness 


Water at 500 F is flowing through the vessel, and the average 
! 


heat-transfer coefficient between water and vessel is caleulated to 


i; 
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be 360 Btu/sq ft, hr, deg F. The maximum permissible working 


stress is set at 18,000 psi. We wish to know the maximum linear 
rate ut which the 


changer in order to lower the surface temperature of the vessel 


vater can be cooled by an external heat ex 
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from 500 F to 100 F and at the same time not exceed the maxi- 
mum working stress. Assuming slab geometry applies and that 
the outer surface is well insulated, we can say: 

(a) The maximum stress tending to rupture the vessel will be 
tensile and will occur at the inner surface of the vessel 

(b) The most rapid cooling rate will be such that the surface 
stress will equal the prescribed maximum stress at the moment 
the surface temperature reaches 100 F. 

The total surface stress consists of two parts, a tensile stress 
caused by cooling and a tensile stress caused by the static pres- 


sure of the water in the vessel. As the water temperature is 


10 10 
ny: KEL. , DIFFUSIVITY x TIME 
Cpl? THICKNESS 


lowered, the stress resulting from pressure rapidly decreases and 
virtually vanishes at a water temperature of approximately 200 
Fk. The thermal tensile stress, however, increases as cooling pro- 
gresses, reaching its maximum value when a steady rate of tem- 
perature change prevails throughout the shell. Hence it is rea- 
sonable to assume that the pressure stress will disappear before 
the thermal stress reaches its peak and that the total stress at the 
end of cooling virtually will be of thermal origin. Under these 


assumptions 


o(1,N) = 18,000 psi 
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Entering Fig. 8 with the Values we find 


now go to Fig. 5 and obtain 


L.SO 


From this we ean caleulate c, the linear rate of cooling, as follows 


LS5StCLA 5 &* 400 , 
rs 500 deg F hr 
12 / . , ehad 
The time required to cool the surface to 100 F is found from the 


definition of the Fourier modulus 


Therefore 


y (0.5)? 
1.4 1a 
d O.577 


0.82 hr 


broken line is the pressure-stress variation, based upon the satu- 


The time variation of surface stress is shown in Fig. 9. 
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Fic. 9 Time Vartation or Surrace STRESS 
The solid line is the thermal-stress 
The 


dash-dot line is the total stress, that is, the sum of pressure and 


ration pressure of the water 
variation based upon a linear cooling rate of 500 deg F/hr. 
thermal stress. It can be seen that, as assumed, the pressure 
stress is relieved completely before the thermal stress reaches the 
prescribed maximum value of 18,000 psi. At no point does the 
sum of pressure plus thermal stress exceed 18,000 psi. 

The figure also illustrates how rapidly the thermal] stress builds 
up with time; evidently very little cooling time can be saved by 


TRANSIENT THERMAL STRESSES IN 


SLABS AND CIRCULAR PRESSURE VESSELS 


Using ooling s8\ f 


or eX imple, one which 
keep the 


more elaborate « stem 


has i dually deere isi CoM ling rite designed to 


itor near 18,000 psi throughout the cooling period 


SOLUTION 


f solution idopted here is to substitute tr 


itisient 


into the already available stress expressi 
vell Known for thermal processes character 


The 
) 


involving a linearly 


nye i amibrent te mperature tempera 


for thermal 


processes 


mbhient are obtained by taking the time integral of the 


solutions for a sudden change in ambient temperature 


Appendis 


derive the transient 


The 
Tri the ft thre 


s tor pl ites 


vahdity of this procedure is demonstrated in the 


following sections we 
using the known tet Iperature expres 


hen integrat these « pressions with re spoet to time 


formulas for internal 


he iting In 


“ining the transient stress 


{ linearly varying ambient-temperature 


ond section we repent thy procedure for evlinders. unite 


grating the stress and temperature equations derived by Jaeger 
forstep heating 
1 Temperature 


lsotropie solid 


and Stres Plates Let us 
If kB Pois 


, the coefficient of linear thermal expansion of the 


/ quation for 
consider an is Young's modulus: yp, 
sons ratho a 
material ind ¢(r, 7) the temperature at any point cmd tine 
T, the thermal stress equation is given by the following formula 


(b 
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where ZL is the half-thickness of the plate and 0, and o, ure the 
normal components f the stress tensor in the direction pour illel 
to the mid plane of the plate 
If the temperature field is symmetrically distributed about the 


mid-plane, the second integral is zero, and Equation [1] reduces to 


Ka l ‘ 
a,4, 7) (x, 7) da tr, 7 
l MLL f, 


| qu ition [2] ean be reduced to convenient dimensionless form 
for instantaneous increase in ambient temperature, linearly in 
creasing ambient temperature, and internal heat sources by the 


following substitutions 


(qL?/k) 


L,N = dr/L?, 


the ambient temperature, 


where n = 2 ind f, is the inst intaneous increase of 


cosa constant which eX presses the rate 


of increase of ambient temperature, and q defines the uniform 


volumetric rate of heat generation 


By substituting Equations [3], [4] and [5] into Equation [2 


(ser 


noting that XY, can be expressed as the time integral of X, 


first section of Appendix ind that the absolute magnitudes of 


X;, and X 


rive the following relations 


are equ il (see second section of Appendis we ean cde 
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] 
-f Tdn — Ty... 
0 
N 
= f XidN 
v0 


a(1 pik 
ak(qL?) 


a(l pid 
ak(cL?) 


X, ee .. [8] 


In equation [8] X, is the stress arising from an increasing am- 
bient temperature. If the ambient temperature is decreasing, X5 
and X, have the same sign such that in both cases regions near 
the uninsulated surface are in tension and regions near the in- 
sulated surface are in compression. 

The known temperature solution of Case 1 is (5, 7, 8, 9) 


sin w,; cos (wjn) 


exp (—wN) 


w, + SIN Ww; COS Ww; 


where 

mw, = cotwy;....... {10] 
The temperature distributions for Cases 2 and 3 can be derived 
from Case 1 (see first section of Appendix). They are 


i? in w feon)e ,2N 
ni-+2m sin w, cos (wn) exp (—w,?N) 
+ 2 > . 
2 — w(w, + sin w,; cos w;) 


/ 


The transient thermal-stress distributions are obtained by apply- 
ing to Equations [9], [11], and [12] the operations defined by 


Equations [6], [7], and [8]. This yields 
sin w,; 
cos (wn) 


(1 
W; 
x exp (—w?7N) 


i 


sin w, cos (win) 
j + Sin w,; cos w, 


[13] 


sin w,; cos (w,n) 


% 


j 


w,* (w,; + 81n w; cos w;) 


sin w, ; 
x {1 exp (—w,?N). . [14] 
w, cos (wn) 


It should be noted that since V,, X;, and Ny are monotonic and 
symmetric about the insulated surface of the plate, the maximum 
stress must occur atn = 1 In the case of heating, i.e., 7), 72, 
T; > 0, X,, and NX, at n 


The converse is true during cooling. 


1 will be compressive and X, will be 
tensile Consequently, the 
numerical evaluation of the stress equations has been carried out 
only for the surface, n = 1. 

1 Solutions Suitable for Small Values of Time, The convergence 
of Equations [9], [11], [13], and [14] is slow if Nis small. For 
V @ 0.2, retaining only the first term in the series results in an 
accuracy of about 2 per cent, which, in view of the uncertainty 
in the values of the physical properties introduced, is sufficient 
If N @ ©.1, the same order 


of accuracy can be obtained by retaining only two terms. For 


for most engineering calculations. 


many cases of thermal shock, involving relatively small bound- 
ary resistances, N of the order of 0.01 occurs, and it is important 
to have approximate formulas which are valid for this region 
Rigorous formulas can be obtained by using the method de- 


veloped by Goldstein (10 The rel itionships derived prev jously 


JUNE, 1953 


still hold, but error functions are now involved, and in the fol- 
lowing it will be convenient to use the method of the Laplace 


transform. Let us define 


[15] 


T e~*NdN, (j = 1, 2, 3) 


~ f, * X,e7 "NaN 
0 


cosh (+/ sn) 


and 


Then 


s(cosh V/s + m/s sinh V/s)’ 
cosh ( V sn) 


s*(cosh Ys + mv/s sinh ~/s) 


In view of the invariance properties of the Laplace transform 


with respect to the second variable, it follows that 


1 
I; = Pa tjdn 


v/s cosh (+/sn) 


[18] 


hence 
sinh +/s 191 
"cosh V/s + m V/s sinh 7s) ror 


sinh V/s V ’s cosh ( Vv ‘sn) (20) 
r - (20) 
' */2 (cosh V/s + m V/s sinh 7s) 


Since, for large z 


~ 


sinh xr = 


cosh x = 
we find at the surface (n = 1) 


I 


mvs) 


h (1s) = (1 + 


1 
(1,8) = 


s(1 4 


mvs) 
s 
Vs 
m Vv 8s) 


r,(l,s) = 


Vs 
+ om Vv 3) 


eV) pee VY, 
2M l 1 
- j 2 @ > fe 
ae ! wv (ji) er (3,) 


27] 


r(1,s) = 


The inverse transforms give 


Ti\1,N) = 1 


TX1,N) =N TA,N 28 | 


. IN f 1 7 1 ) 
2%; (m FY) exp Te erl¢ V 
In (4 2M 
\. 3 VT 
l mm A. 
VW? exp ( i) erfe (;,)| 


[9q! 


X,1,N) = 


NA(1,N X,1,N) = 
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2 Marimum Stress. The maximum stress will of course occur 


at OX/ON = Oand is given by 


X(LN)mes = 2 @/” 
\ 


in which NV ts determined from 


aN ( 5) WN 
exp = erfe 
m m-* m 


valid for N © 0.2. For N > 
one term in the series 


Equations [31] and [32] are 
0.2, Equation [13 
is necessary for values of 
cases not covered by Equations [31] and [32] decreases monotoni- 
cally from a maximum which occurs in the neighborhood of 6.2 
The truth of this is also apparent from Fig. 1 which shows that 
1 occur for some value of N in the 


Since only 


applies 
> 0.2, it follows that the stress for the 


maximum stresses for m 
Hence the maximum stress is given by 


sin Ww, ? = 
exp (0 2 w,") 
Ww, COS W, 


(33 | 


neighborhood of 0.2 
Sin Ww, 
l 
SIN Ww, COS Ww, 


When m is large, Equation [33] can be simplified still further; 
in order to do this, we note that for large m, the first root of mw = 
cot w is approximately zero. Using the form 


| 


m 


[34] 


=wtan w 


expanding tan w into a trigonometric series and retaining only 


the first term leads to 1/m = w*. Also, for small values of w 


abhyh (t, 


where 
Ci(z 
C(x) = 
m(kB,Ji(bB,) 
~ (hy? + &2B.2) 


., are the roots (all real and simple) of 


(kB :(bB,) 


where + £B,, 8 


(kBJ(aB) + hid (ab)| (kBY (DB) — ba¥o(b8 


For a hollow cylinder whose outer surface is insulated and 
whose inner surface faces an ambient at temperature 4, we have 
ho = 0. Henee Equations [40], [41], [42], [43] and [44] reduces 


to 


Co(2 ind C; r) are uncha 


T(kB,S (bp 


kf?) [AB S,(bB, 
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t,) b%(r? + a®) h 
log 
AL r2(h? a’) a 


2 bhak + 2 ahik + 2 abhyhz log 
a 


= J)(r) (kB. Y,(aB,) + hy (ap, | 
Ji(z) (kB, ¥i(aB,) + hiYo(aB,)} 


hod of bB,) | { hits (kB, (8, 
hed f bB, 


AND CIRCULAR PRESSURE VESSELS 


» 


- Sint 


w+ sIn wcos u 


with the foregoing approximation, Equation 


sin wu 
exp 0.2/m COs U 
u 


Expanding sin w and cos w and noting that exp ( 


( ‘onsequently 2 
reduc esto 


l 0.2/m for large m, we finally obtain 


, ‘ I 
om- 


This is correct to within about 3 per cent for m 5.0 


is greater than 10, we can use 


1 


— 
Till 
which will vield answers correct to two significant figures 
(B) Temperature and Stress Equations for Hollow Cylinders 
1 Stresses for Sudden Increase in Ambient T'¢ mperature— Case 1 
Jaeger (1) has derived a general solution for the hollow cylinder 
a <r <b, with zero initial temperature and with the boundary 
conditions 
ol 
k hy (t 
or 


ol 
k 
or 
where A, and Ae are the heat-transfer coefficients of surfaces a and 
b, respectively, and ¢, and & are the temperatures of the ambients 


facing these surfaces. He gives the tangential stress in the form 


r 
l log 


aj 


C\(bB Zhi(b? 


a*)p, 


C(rB,) 
rp 


+ 


mr(h? 


- Yor) (kB, (aB,) + hyJ Af aB,)} 
[kB,J,(aBp,) + h,Jo(ap,)| 

T hid (ap, j 
hyd (ap, 


Y,(2 
hoo bB,)] + hate(kB,J (a8, 
:— (hy? + k°B,2) [kBJ(aB, 


kKBS (bp hed (bB)) [kBY (a8 
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2 Stress Equations for Uniformly Changing Ambient Tempera- Clearly the stress and temperature formulas for hollow cylin- 
ture and Uniform Heat Generation. It can be shown that the ders pose difficult problems in evaluation. The roots of Equa- 
stress relations connecting X,, X,, and X;, which were derived tion [44] have not yet been evaluated. Also, an additional 
in section (A) are also valid for hollow eylinders whose outer parameter, b/a, is involved, and a general graphical presentation 
surface is insulated. such as can be made for the case of plates is difficult because of the 

Hence we have large number of graphs which would now be required. While no 


las quoted allow evaluation for particular cases as they occur 


N general graphical presentation will be attempted here, the formu- 
Y, f, X\dN 
) 


\47} 
X, = —X; 
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Appendix 


Proor Tuat NX, 


153] 


To prove Equation [53] we go back to the partial differential 
equations for one-dimensional heat flow in a slab facing a con- 
The equations are 


stant-temperature ambient 


v7; oT; 
ors ey oN 


Integrate Equations [54] between zero and N. Since, in this 


case, interchanging order of differentiation and integration is 


permissible, we get 


e £7. "N OT, ; 
: dN = T, 
Or? a . oN 


n,N) T (nO 


PS Pa a 
T, dN 
on 
/ 0 


which by virtue of Equations [53] and [54] is equivalent to 


oT, 
oN 


Note that 7)(n, 0 definition and Equation [53] is 


equivalent to 
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oT: ' 
== T y(n, N 
ON 
But constitute the set of partial differential 
equations which characterizes heat flow in a slab facing an ambient 
varying uniformly Hence 7 
temperature ratio ¢ responding toa uniformly varving ambient 


Toestablish that 


equations 56) 


with time is the dimensionless 


we merely integrate 


between O and NV, interchange the order of integration this is 


permissible because of continuity of the functions involved 


en 


lean be written 


obtain 


{ VN «= ‘i T, AN 


vf 


1, dN ) dn 


which, by Equation [53 


ey\ ad | 
/ Vv, aN | Ts 
wt 0 


Proor Tuar NX, 


It is obvious that once we establish Mquation [12] the proof will 


follow from the temperature-stress Equation 2/, since No no 
longer appears in the stress equation 
To establish Equation [12] substitute 


T =-=N—T 60 


into Equations [56]. By performing the indieated differen 


tiations, we obtain 


oT 
ON 


_lorn 0 


OTs 
,lorn 
on m 
] quations ol! are obviously the set of PD's which characterizes 
a slab having internal heat generation and losing heat to an am 
into 


bient at zero temperature. Hence, inserting equation [60 


S, 


Equation [2] we obtain 


X, = Tn + T, = X; 





The Shearing of a Rectangular Block 
Between Rough Plates 


By J. W. CRAGGS,' DUNDEE, SCOTLAND 


In a recently published paper, W. T. Read? gives an ap- 
proximate solution of a problem in elasticity which occurs 
in the testing of materials. This is the problem of deter- 
mining the stresses in a rectangular block when a pair of 
opposite faces are mutually displaced in the direction of 
an edge. The conditions are not those of uniform shear, 
for that would imply shear stresses on the free faces of 
the block. In the present paper an analytical solution 
of the same problem is obtained and the results are com- 
pared for a particular case. The method used is a particu- 
lar case of the general method described by G. Pickett.! 


STATEMENT OF PROBLEM 


ONSIDER an infinitely long bar of material, of rectangular 

( cross section, the faces being the planes z = +a, y = +b. 
Let the faces y = b, y = —b be displaced relatively to each 

other in the z-direction by an amount corresponding to a state of 
uniform shear of unit magnitude. Such a state of shear would 
imply unit shear stress on the faces z = -ta, but under the con- 
ditions of the problem these faces are to be free from stress. The 
final stress distribution is therefore the sum of a uniform unit 
shear and a correction state, determined by the boundary condi- 
tions of zero displacement at y = +6 with zero normal stress, 
and applied shear minus 1 at z = +a. It is required, then to 
find the plane strain-stress distribution in the region —-a < z < a, 
b < y <b, subject to these boundary conditions. 


Tut ANALYTICAL SOLUTION 


Define an Airy stress function x, in the usual way, then the 
equation for x is 


vx 6 {1] 


where V* is Laplace’s operator in two dimensions, and the bound- 
ary conditions onz = +aare 


Xyw @ 9, Xe 1, b<y<b [2] 


Write 


1 Mathematics Department, University College. 

*“'Effect of Stress-Free Edges in Plane Shear of a Flat Body,” 
by W. T. Read, Journnat or Apptiep Mecuanics, Trans. ASME, 
vol. 72, 1950, pp. 349-352. 

* Application of the Pourifer Method to the Solution of Certain 
Boundary Problems in the Theory of Elasticity,” by G. Pickett, 
JouRNAL or AppLigep Mecuanics, Trans. ASME, vol. 66, 1944, p. 
A-176. 

Presented at the National Conference of the Applied Me- 
chanical Division, Minneapolis, Minn., June 18-20, 1953, of Tue 
AMERICAN Society OF MECHANICAL ENGINEERS. 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until July 10, 1953, for publication at a later date. Discussion 
received after the closing date will be returned. 

Note: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received by ASME Applied Mechanics 
Division, November 19, 1951 Paper No. 53--APM-1. 


: . (2n + l)ry _ . (2n + ljre (2n 
x = > sin A, sinh + 
2b 2b 


n=0 
MmAI : may 
sin C,, sinh 


(§ 
B, cosy OLE 


2h 


a a 
m=0 


mr mr 
+ ¥ D, cosh ™*H) (3) 
a 


a 


then 
V%x%=2 } N°B, sin Ny sinh Nz + 2 
n=0 m=0 


M'*D,, sin Mz sinh My. . [4] 


where N = (2n + 1)#/(2b), M = mrr/a 


Now choose 


of _ on 


Or Oy 


= vv x 


Then 


where v is Poisson’s ratio. 


v) = NB, sin Ny cosh Nz — 2(1 — v) 


n 


& = 21 
= MD,, cos Mz sinh My 
m 


2(1 v) 2 NB, cos Ny sinh Nz + 2(1 y) 


= MD,, sin Mz cosh My 


m 


Ox 


’ Oy 


rfid A,] cosh Nz — NzB, sinh Nz} N sin Ny 


n 


2v)B,, 


Y {(2(1 v)D,, + C,,] sinh My + MyD,, cosh My}{M 


m 


cos Mz [5] 
and 


ki 


v)B, + A,] sinh Nz + NB, cosh Nz} 
+ 


2} (21 


N cos Ny 


MyD,, sinh My} 


r 2} (1 — 2v)D,, — Cc.) cosh My 
m 


M sin Mr [6] 
The first Equation [2] gives 
‘Treatise on the Mathematical Theory of Elasticity,”’ by A. E. H 


Love, fourth edition, Cambridge University Press, Cambridge, Eng 
land, 1927, p. 205. 
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« 


— 2 N*sin Ny(A, sinh Na + NaB, cosh Na) = 0 
n=0 


with 


Na sinh Na 
cosh Na Na cosech Na 


which is satisfied by B,...[ 13a] 


ne 


A, = Na coth NaB, .. 


It is easy to show that the two infinite sets of equations have a 

The condition v = 0, at y = +b implies similarly that solution with 8, = O(1/N*) and 6,, = O(1/M]?*) as n and m, re- 

spectively, tend to infinity, and that the series in the equations 

C,, = (1 — 2v)D,, — MbD,, tanh Mb. ' ' 
are then all convergent. 

On y = +b, u also vanishes identically, so Next consider the convergence of the solution 


« 


> N(—)" {[(1 — 2v)B, — A,] cosh Nz — NZB, sinh Nz} 


n= cosh Na \ a coset h \ a 


sin Ny(z cosh Nz a coth Na sinh No ) ( 


@ 


= 2 M cos Mz }{[2(1 v)D,, + C,,)sinh Mb + MbD,, 
m=( 
me 


sin Mz | |(1 — 2v Mb tanh Mb] sinh My + My cosh My} ( 
Inversion of the Fourier series, and substitution from Equa- M (3 iv) sinh Mb + Mb sech Mb 
tions [7] and [8] leads to 


cosh Mb} [9] 


Both series, and all their first and second partial derivatives 
a(—)"MD,,[((3 — 4v) sinh Mb + Mb sech Mb) with respect to z and y, are convergent except at z = ba, 
m AY . , y= +b 
, N*P mBq sinh Na, =e [10] Therefore the stress components may be computed every where 
and except at the corners, where there are singularities. A discus 
sion of this type of singularity has been given by M. Knein.® 
Lim aMD,, [(3 iv) sinh Mb + Mb sech Mb) For the purpose of computation, it is sufficient to keep a small 
m—>0 : ne 
number of terms in the series of Equation [3]. A measure of the 
"\2P_. B. sinh Na 10a} accuracy of the results is then given by the « losencss of the ap- 
veatiiliies ; proximation to the boundary conditions, when the finite series is 
used. 
where 


sar NUMERICAL RESULTS 

v)N? vM? 
(M2? + N22 The solution has been computed for a = 2h, with v i 
Five terms were retained in each of the infinite series, and the 


ab . fg ive) the fficients ‘re . 
Finally the second Equation [2] implies values of the coefficients were then 


By = 0.671, 8; = 0.0689, 8, = 0.0351, 8; = 0.0206, By = 0.0137 
Nyl(A, + B,) cosh Na + Na sinh Na] bp = 0.307, 5; = 0.0970, 5, = —0.0089, 5, = —0.0128, 4, 0.0107 
ere The res ‘ss dis ‘ 8 giv Tabl ( 
NE ((C,, + D,,) cosh My + MyD,, sinh My] The resulting stress distribution is given in Table 1, which 
m=0 gives 0,,, 7,,, T,,, respectively, reading downward 
The entries in the penultimate line (shear stress at 4 2h 
which leads to would be all equal to —-1 for a correct solution. The accuracy of 
“VaR hN \ hN the solution is, however, rather better than this line indicates, a 
(cos c f 
; a as 1) the series converges more rapidly at points away from the bound 
= 2/Nb , ™M2ND,P,,., cosh Mb....{11] aries, 
” The integral of the shear stress over the boundary y b is 
— found to be 11(0.0153), and the accuracy of this figure is about 


B, = (—)"VB,(cosh Na Va cosech Na rABLE 1 STRESS DISTRIBUTION 
{ 


"iD. 3 ty sinh Wb + Mb sech Wh ] z 6/4 6/2 th/4 t 
Ooo 0 000 O00 O00 0 O00 
then 000 «= 000000 000.000 


) 000 0 OoO2 ol os 


O44 0 033 O02 O37 
100) 0 038 063 0 
000 0 O50 oul 
Wh cosh Wb oOO5 0 OO8 ono 
: F 112) 0 000 0 O80 146 
jy) sinh Vb + Mbsecn Mb ™ a 000 0 250 
230 0.2342 
000 () ORS 
000 0 i 
127 0 WHS 1 ii 0 


Na sinh Na — sail — 


— p.m #0 
Na cosech Na 


6** Zur Theorie des Druckversuchs,”” by Knein, Abhandlungen 
an den Aerodynamischen Institut Pechnischen Hochschule 
Aachen, No. 7, 1927, pp. 43-62 





JOURNAL OF 


1 per cent. Thus for a block of width-thickness ratio 2, the 


shear stress required to give a given relative displacement of the 
surfaces is about 15 per cent less than that calculated on the 
sumption of uniform shear. 


a8- 
This result is almost exactly half 


iy between the limits plotted in Read’s paper.? Note that the 
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result is correct only for plane strain. For a finite block a cor- 


rection is needed owing to the fact that the rough plates con- 


strain the lengthwise movement of the specimen. However, the 


integrated stress over a cross section of constant z is zero in the 


present solution, so this effect cannot be very large 





The Torsion of Spiral Rods 


By H. OKUBO,' SENDAI 


The equations of equilibrium with those of compati- 
bility are derived in two-dimensional forms for the pres- 
ent problem. 
where (1) The angle bet ween the helix and the axis of helix 
is small, and (2) The angle between the helix and the 
plane perpendicular to the axis of helix is small. Using 
them, expressions for stresses are derived in the forms, 
which contain two arbitrary functions satisfying the La- 
place or a similar equation, and the Airy equation, respec- 
tively. As an illustration of the procedure, a detailed 
solution for a coiled helical spring with a circular section 
is obtained by means of successive approximations. 


Hk torsion and stretching problems of spiral rods were 

treated in our earlier papers.? The present paper is a con- 
tinuation of the previous studies. In the previous calcu- 
lations, the equations of equilibrium expressed in terms of dis- 
placements were used, but in this paper the equations of equilib- 
rium expressed in terms of stresses with those of compatibility ar 
used, since they are more convenient for analysis in the eas 
where the angle between the helix and the plane perpe ndicular to 
the axis of helix is small 


EQuaTIONS OF NQuILIBRIUM 
If there are no body fore es, the equ itions of ¢ quilibrium enn be 
presented in the forms 
on, 
or 


OV 
and the six conditions of compatibility are 


o*n 


Or? 
ow 
oy? 


ow 
(1 + #)V*,, 


2 


where v is the Poisson ratio, and 
1! Tohoku University 
by H 


263 


?*The Torsion and Stretching of Spiral Rods (1 
Quarterly of Applied Mathematics, vol. 9, 1951, p 
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They are simplified in two extreme cases 


JAPAN 


vw 


We the 


following transformation 


shall take ixis of helix as the axis of 2c, and make the 


[3 


where & is a constant which specifies the inclination of the helix 


Assuming that all stresses, referred to the new co-ordinates, are 


independent of z, we have the equations of equilibrium and the 


conditions of compatibility in the forms 


where 


The stresses which satisf 


the 


the differential Equations [4 
=e 


tions be given in formes independent of 


und 
5) are funetions of 2’ and y’ _ if the boundary condi 
we can reduce the prob 
lem toa two-dimensional one 


When the 


becomes small, and for torsion 


ingle between the helix and the > is small, k 
ill stresses except 7,",, 7,", be 


’ . 


Henes 


axis of 


come small, since these stresses vanish for a straight rod 
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if we neglect small quantities of the second order, Equations [4] It is seen from the character of the problem that the stresses 
and [5] reduce to at every point on the spiral A-B, Fig. 1, are the same. Hence 
the expressions for stresses at the points A and B, referred to the 
oo,’ Or,',’ 
+ + kD(7,’ 
or’ 


, za? 


cylindrical polar co-ordinates, are the same. Remembering the 
relation that 6 = —kz, let us make the transformation of co-ordi- 
ac. ed nates; then Equations [4] and [5] reduce to 

o. 4 2¥ 4 KP(r,’,) 4+ 

oy’ ox’ lie 

OT.4 OTs, 


oy’ 
ow 
v or’? 


ow 
v oy"? 


= () 


ow 
v Or’ doy’ 


Via, = 0 1 20 


Vi'r,’, = Vi'r,’, = 0 - » ave 
The third Equation [6] with the last Equation [7] are the ones ‘ 1 dre 

for the torsion problem of a straight rod, The remaining equa- j = = j kr? Oz 
tions are the ones for a plane problem. Hence the stresses i 

which satisfy Equations [6] and [7] can be represented in the 4 ( 1 oO I =) = 


forms + p\k*r? Oz? . r Or 


o*p ? . 2 oo, O04 


Oy * 


(= 1 00 
0,’ "9 . = 
or’? vikr \ Oroz r Oz 


kr? \ Oz Oz 


VV 2h + 2GKES + Cf) + € 1 O70 


ines — Fh) | : sles 


od zs 
Or’ Oy’ 
" ? ’ 
T,’, = Glilf J) ay’ | 
| 


T,', = —Gif +f—ar’] ) 


a’ 


where @ is the modulus of rigidity, C, @ are constants, and 
Vi‘@ = Of = f(t), f = ji ry. C= x’ + ty’, r = zy’ iy’ 


The arbitrary functions d, fa and the unknown constants C.@ 
contained in the eXPressions of the stresses are determined from 


Z 


w here 


o? 
oz? 


| quations [9] and [10] are two-dimensional ones referred to r 
ind z When & is small, it is convenient for calculations to spec- 
ify the shape of the rod by a section pe rpendic ular to the axis 
of the spiral, but when & is large it becomes favorable to specify 
the shape of a section cut by an axial plane. Equations [4], [5 
become inconvenient in the latter case and Equations [9], 110) 

Fia. 1 ire more useful, 

When the angle between the helix and the pl ine pe rpendi ular 
the boundary conditions by a usual way, if the shape of the see- to the z-axis is small, & is large and all stresses exe ept T,a, Ta, be- 
tion be specified, but as the further analysis is quite similar to come small, since these stresses vanish in the extreme case where 
that already shown in our previous papers, it will be omitted — / is infinity. 
here Neglecting small quantities ot the higher order, we have 





vy Oz 


l ow 
1 + v Oroz kr? Q2 


Let us take for the shearing stresses TA, TA, the expressions 


1 Od, 1 Od, . 
> Te [13 

r? Oz r? Or 
Then, the first Equation [11] and the first and second Equations 

[12] are satisfied, if @, satisfies the equation 

o? 3 Od; o*¢ 
oi - fe Pi — (14) 
Or? r or 2? 

in which C is a constant. 
Substituting the expressions for the shearing stresses Equations 
[13], into the remaining Equations [11] and [12], we have six 


equations for the other stresses. Consider now a stress system 


1 oO (: od, 1 O%, 
~ kr or\r or | 1—2p <a 
R) (' ~ [ do, 
a(H ff 
! (' op 
eeu 

20/1 fF F do, 
h yr ( / / or 
I o 421 4 


+ 


2 
kr? ¢ 
°) 


equ itions [15], satisfy the 


maiming six ¢ : fermembering the 


14], 


We may sho 


relation Equatior 


Od, 
dr 


OD 
Oz? 


Hence it becomes 


; Ge 
kr Oz 


We have thus proved that the stress system satisfies the second 
equation [11], and in a similar way we may show that the stress 
system satisfies the other five equations Accordingly, we can 


take for the remaining stresses the expressions 


0 ‘: Ody 
VV 1° 
Oz or? 
Od: 
or 
o*d, | 
dz? f 


oO l 
7, = Og + VV 2b 
Oz r 


v)V i*d: 


7) "De ' 


WVU 3:2 { 


provided that 
ViVi'd: = 0 [17] 
The expression of the stresses, Equations [13] and [16], is the 
eounte rp irt of Equations [8] for the extreme case of large k 
If the equation 


[18 


represents the bounding curve of the axial section of the rod, the 


ondition that the surface of the rod is free from traction is 
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ants of 7,9 and 99 taken over the section and also the bending 
moment due to ¢¢ vanish, and 


S S ty,Ardz = P 


It may be seen from Equations {11], [12], [19], and [20], the 
shearing stresses 7,9, To, can be determined quite independently 
from other stresses, and these shearing stresses are the ones for a 
ring sector submitted to a pair of axial forces. If these stresses be 
obtained, substituting them into the remaining Equations [11], 
[12], and [19], we can reduce the problem to the one for an axially 
The procedure for this case is 


{20} 


symmetrical stress distribution. 
similar to that for the case of small k, already shown. 


APPLICATION OF PROCEDURE 


As an illustration of the procedure, we consider a heavy helical 
spring with a circular section, taking the helical angle into con- 
sideration. We denote the radius and the pitch of the coils by R 
and 8, respectively, and the radius of the wire by a, as is shown 
in Fig. 3. A case like this has been treated by several previous 


|Z 


Fic. 3 


authors, though they neglected the effect of the helical angle. 
Those results, however, immediately can be applicable to our 
calculations. We shall take the approximate solution, worked 
out by Gébner,® and proceed with our further calculations by 
means of successive approximations similar to his method of ap- 
proach. The third approximation for the stresses in a ring see- 
tor, obtained by him, is 


2PR 5 &f 
= re a # (27 4 10a?) 
tra‘ 4 


‘ PR £? 7 
- ls [ & 4 (¢c a*) 


ra‘ 
9 ey 
16 Rk? 


13 gs 
16 R? 

wherer = R + &,2 = ¢. 
Substituting the stresses, Equations [21], into Equations [11], 
[12], and [19], and assuming £/2 as a small quantity compared to 


unity, and using the expansions 


we shall solve the differential equations by means of successive 


approximations. 


*“Schubspannungsverteilung im Querschnitt einer Schraubenfe- 
der,”” by O. Géhner, Ingenteur Archiv, vol. 1, 1930, p. 619. 
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As a first approximation, we take the equations of equilibrium 
and the conditions of compatibility in the forms 
or,,"" r | 
ot tka” 


1 OH» 
= (), 


or,," 
o& =~=— at 


Vi7a4" = 0 


tv og? 
OH» 


: 0, Vi"7,," 
o¢? 


with the condition that 


2P 


+ &¢ 
tka‘ 


on the bounding cirele & a*®, in which 


0? o? 
2 = ") 
We L+e, @ 


(sa first approximation, we take the stresses 


2P 4P 
— : - ten 
= S; ; Loo 
arkat © rkat” | 
which satisfy Equations [23] with the boundary condition, 
equations [24]. 
To get the second approximation, we shall find a stress system 


which satisfies the equations 
ope 
ws 
+ = () 
2QrkathR 
3P¢ 


= 0 
2rkatR 


oa, ! 8P 


= () 
R at tkatR 
oo SP 
vé rkatR 
ow 2 oo, 1 
+p oc? Q Of 


1 OO i OF," 
i i 


1 + v of0¢ R o& 
and also the boundary condition 


OPES? 


Qrkath 


= 0) 


Pg 


( = 0 
4rkatR 


é7,, 2) 4 to, 2 152 3f2 + 3a?) 

Substituting the stresses for the first approximation into Equa- 
tions [26], and remembering the condition that the resultant of 
0, taken over the section vanishes, we have a stress system satis- 
fying the differential Equations [26] with the boundary condition 


Equations [27], as 





BO—THE TORSION 
P 
4mrka*h(1 + v 


+ 6v)a?*} 


P 


2rkath(1 


P(2 + 


2rka' Rl 


For the third approximation, we consider « stress svstem satis 


fving the differential equations 


Or,,"* 
of 


oad, 
os 


stresses, Equations 25) and [28] into [29], 


Substituting the 
and Integrating the differential equ itions, we have a third stress 


system. The stress system, satisfying the boundary condition, 
Equations [30], with the condition that the bending moment due 


to Ja vanishe 8, becomes 


OF SPIRAL RODS 


Pg 


brkatR%(1 


Pe 
2inka' RL + v 


e\e 


(13 liw? )¢ 2014 + sv Sv? a 
hy using the stress systems in iqu sitions [25], [2S], and [31 we 


in tind the stresses for the third approximation, from the relation 


thiat 


Among the stresse 8, l quiations 


ind they are 


1 “y ltw? ¢ 


N(l +P hk? 


and ¢ are cal 
and De 


stresses 0, and 7,, on the axes of i 


For R Da, the 
eulated from Equations 331, and are 
wsumed a80.3. The normal stress ¢, attains its maximum 


inner end of the horizontal diameter (£ s 4 the 


shown in Figs, 4 


bearig 
at the 


imount of which is 


it both ends of the vertical diameter (£ * a 


The greatest stress occurring in the rod is the shearing stress Ty, 


it the inner end of the horizontal diameter where 0, becomes 
maximum From Equation [21] it becomes 


(; 


2PR 


ra 
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Oz (unit 2Pxka’) 
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(unit 2P/nka’) 
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Ir 


Fig. 5 os AND Tre ON THE {-Ax18, WHEN R = 5a 





The maximum values of o, and 7,,, calculated from Equations 
[34] and [35], for several values of a/R, are shown in Table 1, 


s being assumed as 3a. For convenience of comparison, the cor- 


responding values of the greatest stress are also given in the 
same table (unit 2P/7ma?*) 
TABLE 1 MAXIMUM VALUES OF O59 Vege AND TGs 
R/a 4 5 6 
2 ae 1.38 1.28 1.2 
Cihaen 0.47 0.47 0.4 
5.52 6.46 7.4! 


~ 

2 1.14 
7 0.48 
(76—) max 3 9.38 
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Reinforced Circular Holes in Bending 


With Shear 


By S. R. HELLER, 


The object of this paper is the determination of the effect 
of the reinforcement of circular holes on the stress dis- 
tribution in the webs of beams subjected to bending with 
shear. A theoretical solution for a bead-type reinforce- 
ment, i.e., small radial thickness, is developed. The 
stress distribution in the web for arbitrary shape reinforce- 
ment is based on the work of Reissner and Morduchow 
(1). The theory developed is valid provided the diameter 
of the hole does not exceed one fourth of the depth of the 


beam. 


NOMENCLATURE 
The following nomenclature is used in the paper 


A, = cross-sectional area of reinforcement ring plus adjacent 
web area 
area: with subscript f and w, area of flange (gross) and 
web, respectively 
arbitrary constants in stress function ¢ 
modulus of elasticity; with subscripts r and w, of rein- 
forcement and web, respectively 
half-height of web 
moment of inertia; with subscript r, of the reinforce- 
ment about its centroid 
abbreviations for products of C,,,, and powers of r;, 
distance 
bending moment 
m,n subscripts for orders of terms of stress function 
ig load 
P,(r) t 
Qa(r) 4 


r radial polar co-ordinate; 


coefficients in stress function 


measured from center of 
cutout 

radial distance from center of cutout to center line of 
reinforcement 

radial distance from center of cutout to outer edge of 
reinforcement (junction with web) 

radial distance from center of cutout to inner edge of 
reinforcement (edge of hole) 

thickness; with subscripts f, r, and w, of flange, rein- 
forcement, and web, respectively. 


! Abstracted from the author's Doctoral dissertation submitted to 
the Department of Naval Architecture and Marine Engineering, 
Massachusetts Institute of Technology, 1951 Presented at the 
Kighth International Congress on Theoretical and Applied Mechanics, 
Istanbul, Turkey, August, 1952. 
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3 Numbers in parentheses refer to the Bibliography at the end of the 
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the Society 
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WASHINGTON, D. C. 


Cartesian co-ordinates with origin at center of cutout, 
z-axis parallel with flanges 
dimensionless parameter of 


(24 ) 
: 2(1 + v) 
E. Tole 


dimensionless parameter of moment of inertia of rein- 


(7 )( I, ) 
forcement: : 24(1 + v) 
E. ry ty 


dimensionless parameter of thickness of reinforcement, 
t, 


2ro 


area of reinforcement, 


angular polar co-ordinate; measured from y-axis 
clockwise 

dimensionless parameter of flange thickness, t//h 

Poisson's ratio 


dimensionless parameter of shear 


3 A )/ w ) 
2(1 A) 2/ 1 w 


summation 

nominal bending stress at extreme fiber 

normal stresses in z- and y-directions, respectively 
radial and tangential stresses, respectively 

average shear stress, P/ A, 

shear stress for Cartesian co-ordinates 

shear stress for polar co-ordinates 

stress function for web 

dimensionless parameter of flange area (gross) A,/A 


INTRODI CTION 


The solution is based on the usual assumptions of plane elas- 


ticity; homogeneous, isotropic material within the elastic limit; 
and uniform stress across the thickness 


“small” displacements: 
of the plates with no stress normal to the plane of the plates, A 
stress function which satisfies the biharmonic equation must also 
satisfy the boundary conditions 

1 At great distances from the hole, r >, the stress distribu 
tion tends to conform to that of the uncut web. 

2 At the inner boundary of the hole, r = rm, there are no ex 
ternal forces. 

3 At the junction of the ring and the web, r = 7, the radial 
and tangential displacements of the ring are equal to those of the 
web, 

1 At the junction of the ring and the web, r = ™, the forces 
acting at the outer edge of the ring are equal and opposite to 
those acting at the inner edge of the web. 

For arbitrary shape reinforcement, the bending theory for 
curved bars may be used to determine the stresses in the rein- 
forcement. The solution is predicated on the center of the hole 
coinciding with the neutral axis of the beam. 

Throughout this discussion the orientation of co-ordinates and 
The geometry and notation for 
2 The two elements 


stresses is as shown in Fig. 1. 
bending with shear are shown in Fig 
of bending with shear on which the analysis is based are shown in 
Fig. 3. In addition to the usual parameters of stress analysis, 4 
measure of the influence of shear is introduced (2), 7/ax, the ratio 


of nominal shear to nominal bending stresses 


on 
279 
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hia. (6) Gromerry anp Novation or REINFORCEMENT 
From Fig. 2, for the uncut beam at the location of the hole, the 
usual beam formulas give 


P 


Nominal shear 
2ht, 


PLI 
Nominal bending = 


from which the ratio of nominal shear to nominal bending 
stresses becomes 
T | ay 
= ; | 
Or, 2h? Lt, 


GENERAL EQuaTIONs FoR WEB 
Reissner and Morduchow have developed expressions for the 
cross-sectional properties of the reinforcement in terms of the 
stress function in the web which are valid for any shape of rein- 
forcement* 


a(S): 


nel 


»,'cosn 6 + 2 Q,’ sin 00) 
1 


r=r; 
Cs . C3 

sin 8 + cos 6 [2a] 
le le 


where S = XY cos nO { nvr, ~'P, oF, + Pa 
0 
+ n%[yP,’ — rn 1) S Pyro) or = 1 


v Q,,’ t Q,°7 


iP, + (n? 


+ YS sin nO { nvr, -'Q, 
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Q, + (n?— 1) J Q,r dr] } r= 


* Reference (1) equations [7a] and [7b], p. 8 
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Beam Writn Pure SHear at Y-Axts 


Pecos nly ety 


iroP.'|ne1 rj 
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r ’ nl Y, |) = 7; 
a 


c 


sin 6 cos 6 


where 


Zz (n? 1) cos nA [r, 1p —vP,! (n? iF x P,r-*dr 


0 


+ = (n? 1) sin n@ [r,~'Q, — vQ,,’ 


1 
(n?—1) J Q,r-%dr] 1 


where prime (’) indicates differentiation with respect to r. These 
equations satisfy boundary conditions 2, 3, and 4, given pre- 
viously. Boundary cendition 1, of course, must be satisfied by 
the stress function itself, 

Equations [2a] and [2b] are extremely important 
reinforcement means that the reinforcement prevents any change 
in the stress distribution in the web from that existing in the uncut 
beam. Therefore, for any type loading and equivalent reinforce- 
ment, P, and Q, are given. Thus the substitution of the given 
P, and Q, into Equations [2a] and [2b] gives the distribution of 
cross-sectional area and moment of inertia of the reinforcement 


Equivalent 


ring required to replace with elastic equivalence that portion of 
the web that has been cut out. Such a reinforcement is not al- 


ways of practical dimensions, 





HELLER—REINFORCED CIRCULAR HOLES IN BENDING WITH SHEAR 


For a = 0, ie., no reinforcement; hole of radius r; Atr= nr, 


Pure Benpina 
Equations [3] become 
It has been shown® that it is practically impossible to design a 
reinforcement that is the elastic equivalent of the cutout for the (a,) 0 
Reissner and Morduchow also*® . 
A 


case of pure bending, Fig. 3(a). 
(da) 


obtained the solution for pure bending with any reinforcement 


Vr ri\3 
(cos 6 COs 30) Qksy cos 6 (T-@) 0 
r 


i] 
which agrees with the solution given in reference (3) 


ri\' ri\* 
2 + 10k cos 36 ; 
[12 (’ ) nme (‘ ) | sai Benving Wirh SHEAR 


If an I-beam is subjected to bending with shear about an axis 


3 
ri ‘ ° 
) cos 6 perpe ndicular to the plane ot the web, see I ig 3, the stress dis 


tribution can be approximated to a satisfactory degree? by 


(3 cos 8 + cos 30) + 2h ( 


r:\8 r,\3 
— 12k, + Zz, cos 36 
’ r 


r; 3 
(sin 6 + sin 36) — 2k, ( ) sin 6 
r 


a | 12 (") + 6ke (")'| sin 30 


| 
| 


for the uncut beam. The stress function corresponding tol qua 


tions '6!] for the web alone is 
P : PL 
Ol . ol 


i+ Tpry Hal 


| his is qquiy ilent to the sum of two stress functions 


corresponding to pure bending with M PL and 


,? 
ry* + Tory 
il ’ 


corresponding to the loading of Fig. 3(4). By transformation of 
p into polar co-ordinates and substitution into Mquations [2a] 


. 
and [2h], it is found that it is impossible to provide reinforcement 


10v 95(5 that is the elastic equivalent of the cutout 
To determine the approximate additional stresses, there moust 


H(1 + v) 
be added to the stress function terms from equation th! of 


reference (1) with due consideration of boundary condition 


Vr; 
24/ Thus for the stresses in the web under bending with shear with a 
reinforced cutout 
In many cases in practice the reinforcing rings are quite narrow; 
i.e., 8B and 6 are quite small. The constraint stresses then are, (J. sin 20 + Gy sin 40 
with negligible error, funetions of the cross-sectional area of the 
reinforcement alone. Equations [4] for vy = 0.3, become 


, 


into ] quations 2a wl [2h] 


Qkay : 2 / 1.333 0. 359a@ Phe substitution of Equations [7 ) 
K 94 = 0.667 + 1.359a’_ | with subsequent clearing of fractions and equating of coeflicients 
‘ { of like trigonometric terms yields the constraint coefficients in 


ke terms of which the stresses become 


A 0 667 + 1.359a@ 
? This is based on approximate theory that the web of an [-beam 


takes most of the shearing force and that the shearing stresses are 
reference (4), p. 305 


teference (1), appendix E, pp. 42 43 con 


, 


Ibid., equations [29], p. 25 stant across the web thickness 
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P 2 ‘4 

o, = —7p sin 20 + . sin 46  : (") 
4l r 

2 4 

+ Shey (2) |i 20 — [20 (") 
r r 

‘ 
4. Ska, (") | sin 40 

Tr 


Pr? Pr? 
= (= ro) sin 20 — = sin 40 


4 46 4 f seek 
+ 6h (") sin 20 4 [ 201.(") + Ghe (") Jina 
r r r | 


Pr? Prt 


4 2 | 
+ (") + Qh (") Jeo 20 
r r | 
| 
4 4 
+ [ 20%. (") + 12ky (") | cos 46 | 
r r 


ke it : t+ a) 
K ai | E -2a( oe | 


_ we t , 
+ oe (2— all + wit +5 


B + nf 2 7 By | 
2(1 5 | TA i 2(1 + v) 
A} 2a(v 2) 
4d tte 
1 4" E 7 (* 4 *)) 
VL 1+ pv 


On t ; B 
OK [2 a(l + 15) | (1 + 36 +4 *) 


+ J Ty E 35 Bv | 
WL ; 2(1 + v) 


+e (1—9—f)p nse] 


. B 
+ a(3 aay t+8+ a0 4 "= 
( “ata *) [2% 2) | 
i i fi 


eee 
= . - 2al: 66 l 36 
OLN ) |4 a(3 + 160)] | + 3 


K(3 + v) 58) 
. -f1—33 — 
, Bia + 4 ( 2 
- [2 aa 3 + O — 166 (3 
l+vp 
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ke ' - 
~ = ae i - 2a(3 + 166)] (: + 56 +- 8) 


! 3+ 5y { 
1— 35 —- 4+: ~ 165} Ie 
38)) +2a(545 )\ 

| >... [9] 

| (cont.) 


3+ 9 166 (3 — pv 
[2 +a : | 
l+vp 


| 
K si PLry | 
24/1 
When £ and 6 are negligibly small (see section Pure Bend- 
ing), the constraint stresses are functions of @ alone. Equations 
[9], for vy = 0.3, become 


"1 
kee L 


(4 — 4.153a@) + = (1 —0.269a) | 
K 2+ 2.538a 


—— | 


"! (6 — 1.615a) + © 
ke L seoscmconale | 
K 2.538a ee 


rn (6— ed) 
K 2 \2 + 2.538a 
kw on (202) 
K 21 \2 + 2.538a 


For a = 0, i.e., no reinforcement; hole of radius r;. Atr = rj, 
Equations [8] become 


(o,) = 0 


.. [8a] 


Pri Pri? 
m) sin 26 — z sin 40 


(09) = (470 


| 
| 


(Tra) = 


which agrees with the solution given in reference (2). 
Furthermore, for X\ = w = 0, ie., a rectangular plate (no 
flanges), p = 3/2, Equations [8a] become 


(o,) = 0 


P 2 P 2 
(a4) = (cr a = ) sin 240 — ; sin 40 Ee [8b] 


(ra) = G 


which agrees with the solution given in reference (5) 





HELLER 


For the complete stress distribution in the web for bending with 
shear, corresponding to Fig. 2, Equations [3] and [8] are added 


PLr Pr 


o, = rT, (cos 6 — cos 30) — rp sin 26 + rT, sin 40 


(Jes 
: )'] sin 26 
+ [20 (" y + 18 Sc (")'] sin vol 


PL 
4] 


ry? 
09 = Tp} sin 20 
>? 


sin 40 
I 


F I 
3 cos 6 + cos: _— 
ti = ( 2/ 


. [11] 


Pr? 


> 
4 = a (sin 6 + sin 36) + (" — re) cos 20 
Dy? 
+ - cos 46 


fq es 
—K 2 Z 


r 3 
(*) ino +[12 
r 


. 2 
+ 2 (2:)"] os 20 
. kus ri \* , t 
(2)' +124 (2)"]eoes} 





where the constraint coefficients are evaluated from Equations 
[4] and [9] with 


PLn 
24] 


K= 


With the introduction of the nominal bending stress at the 


extreme fiber directly over the hole, a, = PLh/I, Equations [11] 
become nondimensional 


REINFORCED CIRCULAR HOLES IN BENDING WITH SHEAR 


r 


T 
(cos 6 cos 36) p sin 20 
} Oo; 


r? 


2hL 
ri S, ka ( 
2h VK r 
+ [12 = (")’ +248 (") cos 30 
K r K r 
key r, \‘ hog 
5 sin 20 + ) 

+o4z (“) in [2 a ( 


=" (3 cos 6 + cos 36) - ( 


i. sin 46 
th 


af 


T+ 


= a+sinaH+(." : ) 26 
a as 8 - gin : - cos 2 
Oo, 4h on “ 4hL C1 ° 


cos 46 





| 2 kg (2 y 12 ku ")") ' a! 
ait OT Dell 2°F De 


Since special interest is attached to the stresses at the junction 
of the reinforcement and the web, the special case of Equations 
{lla] with r = r, will now be evaluated. As is customary, the 
hole is assumed to be “‘small’’ compared with the web. It has 
been found® that such an analysis is accurate if the diameter of 
the hole does not exceed one fourth the depth of the web, In 
keeping with the usual bending theory, the depth of the beam is 

Hence r,/L = 0, 
the constraint co- 


considered small compared with the length. 


while r,/h is small, but finite. Therefore 
efficients of Equations [9] become 
7 


4 Reference (6), p. 3, and reference (5), p. 21 
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Tp j.. aoe j B For the junction of the reinforcement with the web, r = nm, 
hs oe +See : 2(1 + v) Equations [lla] become 


KD | 
6) 2a 46) |I 
4 l+vp f 
k ky k 
Tp s. ' ak B : 1 os 6 + (12 32 10 * ) cos 30 
J 19 a(l + 46) (: + 36 + :) ee = =z 


( ) 


(3 cos 6 + cos 38) + : p sin 20 


4h C1 


+ a(3 — 46)| | 1 + 6 +4 p 3 Pe. 6 + (12 i 2 =) 30 
‘ v4 COs a y 4 7 6 COS « 
” ? 21 + v) 2h” K K K 
k's 


B ye 45)] | ~~ 
1 + 36 4+ + 3 ~ sin 26 
( 1 l1+vp } OL ° K 


rT; 3 4 T 
) = (sin 8 + sin 34) p cos 26 
4h Oo; 


o1 


r T 
(cos 6 — cos 36) p sin 26 
4h 


Equations [9a] become slightly more useful when the o, notation 
OL 


is used 
’ ky ky I 
be: 24h k’, = [2 " sind + (12 -" +6 *) sin 30 
- 24h K K K 


rT K 


{ 

thks | -— o(s a A) cos 20 

p . OL K K 
For the usual type reinforcement, 6 < 0.2, the reinforcing ring 
may be treated as a straight beam and hence the tangential stress 
. B at the inner edge of the reinforcement will be substantially the 
a(l + 40)| [ +6 + 21 + »| same as the tangential stress at the junction of the reinforcement 
with the web, For convenience, the results of cross-fairing of the 


where 


kn 1 f 
K M\ 


[2 


{ type reinforcement (standard pipe) used by the author in an ex- 
These curves 


l+vp 


4 (: é )|?* (y — alt calculated values of constraint coefficients, based on rectangular- 
1 


perimental investigation, “ are plotted in Figs. 4 to 8. 
include a typical allowance of B for that type of reinforcement 


CONCLUSIONS 

1 The theoretical stress distribution for a beam subjected to 
bending with shear and with a circular cutout reinforced with a 
bead is given in Equations [11] with the constraint coefficients 
* Reference (1), appendix A, p. 33 


!° Reported in the author's Doctoral 
‘ircular Holes in Bending With Shear," footnote 1 


B he v 
- lo. 
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out subjected to bending with shear which will restore the stre 
distribution existing prior to the cut 

3 For the usual type of reinforcement oa bead in contrast to 
a doubler plate-—the shape is immaterial; the area supplied is 
paramount. In short, the reinforcement does its work in tension 
or compression, not in bending 
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Some New Types of Orthotropic Plates 
Laminated of Orthotropic Material 


By C. BASSEL SMITH,? GAINESVILLE, FLA 


Plywood plates are usually constructed so that the 
grain of adjacent plies is perpendicular. Such laminated 
plates possess two perpendicular axes of elastic symmetry. 
In this discussion plywood plates having other than 90 
degree angles between the grain of adjacent plies are 
considered. First, a two-ply plate with the grain of one 
ply making any arbitrary angle with the grain of the other 
ply is discussed. It is shown that this plate, when in a 
state of plane stress or when subjected to small deflec- 
tions, possesses the same two perpendicular axes of elastic 
symmetry. By making use of the formulas obtained for 
the two-ply plate, it is shown how to construct a plate 
of any number of plies (the adjacent plies not necessarily 
having their grain perpendicular) possessing the same 
type of elastic symmetry as the two-ply plate. 


INTRODUCTION 


ACH ply of a plywood plate can be considered to be an 
orthotropic plate. This implies that the material of the 

individual plies is accurately flat-grain; that is, the diree- 
tions of the grain and of the annual rings are parallel to the faces 
of the plies, and the variations of the elastic constants from spring- 
wood to summerwood are disregarded, Materials other than wood 
shall 


can be considered to be orthotropic. Hence, though we 


speak of the grain direction in the orthotropic plates discussed, 


the analysis applies equally well to any orthotropic plate. 

In this discussion we will consider composite plates laminated 
of thin orthotropic plates or plies. In addition, the composite 
plate will be taken to be thin. Also, each ply will be assumed to be 
identizal in thickness and elastic properties. If, as is usually done, 
we take the grain of adjacent plies to be perpendicular, the laim- 
inated plate will behave elastically as an orthotropic plate. When 
the plies are put together so that the direction of the grain of ad- 
jacent plies makes any arbitrary angle with each other, the 
laminated plate, in general, will not behave as an orthotropic 
plate. However, we shall show that it is possible to use other than 
aright angle between the grain directions of adjacent plies and 
still have the composite plate behave as an orthotropic plate 
For wood, such a construction would possess a much greater re- 


sistance to shearing stress than the usual type. 
SPTRESS-STRAIN RELATIONS IN OrTHOTROPIC MepIA 


Before we proceed to a discussion of laminated plates, it will be 
necessary to derive some rather general relations connecting 


stresses and strains in orthotropic material 
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Let us consider an orthotropic material, the pots ol which are 
referred to a given orthogonal, Cartesian co-ordinate system %! 
If the co-ordinate planes are the planes of elastic symmetry 
Hooke’s law can be written in the form 


€mn = n } ) ql 5m Pan an 


(m,n, j = 1, 2, 3, and we sum on 7 only) 


where 6, is the Kronecker delta, and a,, and 4, (both sym- 


mn 
metric systems) are the elastic constants, 

Let a new system of orthogonal, Cartesian co-ordinates xt be 
specified relative to the old system %! by the table of direction 
DIRECTION COSINES 

zg! g? z? 
dy di: dis 
da dz du 
da dx da 


rABLE 1 


In this system d,, is the cosine of the angle be- 
We shall take 


cosines (Table 1) 
tween the z*- and the f/-axes, 
= sin @, d = COS a 


diy = COS 4, di» = sin fi, dy 29 9 
dys = 1, da), = d dy dy. = 0 . 


It is evident that the new system is obtained from the old by ro 


tating the latter through an angle —@ about the B% axis. Th 


components of the stress tensor transform according to the law 


Tmn = YA a 


and for the strain tensor, the transformation we will use is 


‘ = d,_tl,.é 14] 


Pa pm gn © mn 


Inserting Equation [3] into Equation [1] and substituting the re- 


sulting equation into Equation [4] gives 


f on ean Suni SriFeitos 4 


pa 


If we use the notation! 


and the equations given in Equations [2], Equation 


written in the form 


with the constants ¢,, (where ¢,, is a svmmetric system) given by 


the equations 


Cn = ay cost 6 2(ay2 + by) sin? ’ + ay» sin' 6 


C1 (ay +a 2h,.) sin? 6 cos? sin' 6 + cos! @) 


ay cos? 6 Ao; sin? 6 
)sin Gcos' @ Ay + by) sin? 6 cos @ 


cos! @ 


lay, a hy 


ay, sin' 6 Zay + Pye) sim? 2 a 


ae sin’? 6 Qa cos? 6 


2(ay ay h,.) sin? @ cos 


+ 2a» Qos + Ine) sin 8 ce 
a 


‘ Sokolnikoff's notations for the stress and strain components are 
used (I. S. Sokolnikoff, ““Mathematical Theory of Elasticity,"’ M 
Graw Hill Book Company, New York, N. Y., 1946). Equation [1 | is 
equivalent to the Hooke's law for orthotropic media given by Sokol- 
nikoff, p. 63 

*Thid., p. 60 


26) 
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fos) sin 6 cos 6 
13 Sin? 6 + hy, cos? #) 
hb.) sin 8 cos @ 
sin? @) 
bio) sin? 6 cos? 8 


cos* @) 


It is important to note that the constants « Cos, Coe, BN Cys (and 


of course Ce, Ceo, Ces, aNd cy.) all change sign with@, but the re- 


maining ¢c;, do not 


Tue Genera Two-PLy PLats 


Now that the general equations connecting stresses and strains 
it will be more satisfactory to denote the 


We shall also 


have been obtained, 


variables x! x2, and x’ by x, y, and z, respectively. 


introduce the following notations 


Tv: 


Let us take a two-ply plate made of two thin orthotropic 
plates with the x j-plane being the plane separating the two plies 
Let the thickness of each ply be h/2, and take the ply Lying be- 
0 as the first ply. Let the 
+ @ with 


tween the planes z h/2 and z 
direction of the grain in the first ply make 
the positive z-axis, and let the direction of the grain in the second 


For simplicity 


an angle of 
ply make an angle of —6@ with the positive x-axis 
we shall suppose @ to have any value from zero to 90 deg 

We shall show that this general type of two-ply plate when in a 
state of plane stress will possess two mutually perpendicular axes 
of elastic symmetry. Similarly, we will show that for small de- 
flections the bent plate will have the same two mutually perpen- 
dicular axes of elastic symmetry 
A STATE OF PLANE STRESS 


GENERAL Two-PLy PLATE IN 


If a state of plane stress exists in planes parallel to the ry-plane, 


the stress components Z,, ¥,, and Z, are 
from Equation 6] it can be shown that at a pomnt in the first ply 


assumed to vanish and 


we can write’ 


is 


where the constants s;, (where §;, Is Asymmetric system) are given 


as follows 


D. Sh. (ye Cyoten) /D 
Cots) /D, 8 (ey :Cee e)/b 


DD, &y (eu w)/D 


Co*) 


CirCoe) 


and “ here 


Cre 200 6 


From the expressions for the ¢,, given in Equations [7], it follows 
that the constants 83, 823, 81, and 8» change sign with @ while the 
remaining s;; do not. Thus Equations [%] hold also in the second 
layer provided we change the signin front of the coefficients s 

Sx, 81, and 83. For a state of plane stress it is plausible to assume 
that at a given point (z, y) the components of strain e,,, Cyy and 


Czy are the same in both plies, and if we denote the mean stress 
‘To obtain Equations [8] from Equation [6], we ignore the equa- 
euXy 


tion ¢ze = cnXz + enV y 


NEW TYPES, ORTHOTROPIC PLATES LAMINATED OF ORTHOTROPI( 


MATERIAL 


® hy a: ) = and Re? then we can write 


compone tits 


ae” 
Ke 
he” 


| qusitlons 11! show that mastate ot | hithe stress the composite 


plate will possess two mutually perpendicular axes of elastic sym 


metry, and the plate ean be said to be in orthotropic prleate is long 


is itis ina state of plane stress 


Benr py A Loap Norman vo It 


Fact 


GeneraL Two-PLy PLatre 


Suppose the general two-ply plate with finite dimensions ts 


supported along its edges, and is subjected to a distribution of 


load normal to its faces For small deflections, the strain con 


ponents have the values 
) ) 
‘ 12 
eT Ord!) 


uw denotes the deflection of a poimt in the middle surface of 
Then 


it follows again that at a point in the first ph 


where 
the pl ite The stress component Z. is assumed to vanish 
from Lquation [6] 
the relations connec ting ¢, ‘ and Cry and the stress Compote nts 


+ # and - : 


point in the second ply Equations [8] hold also provided we chang: 


are the same as Equations [8]. Similarly, at a 


the sign in front of the coefficients 8,5, 8, 89, and Sy» 

Phe differential equation for the deflection w is readily ob 
tained from the conditions for the equilibrium of an element of the 
plate.’ 

The bending and twisting moments are obtained by integrating 
the products of zand the various stress « omponents over the thick 
ness of the plate 


Thus 


From Equations [8] 


V 


z 


Vv 
lay 


Oroy 


The components ol the vertical shear are given toy the 


> a OM, 


Ou dy OV 


r, 


normal to the prolate 


ind the 


leads to the « quation 


condition for equilibrium of 


* The arithmetic me 
is called X,*, ete 
’ or example 


See, f 





JOURNAL OF 


where p is the normal load per unit area 


Inserting Equations [14] into lequations [15], and substituting 


the resulting equations into Equation [16] gives 


Ow Ou Ow 
2 + 2s.) 


es . ~ =12p/h3 [17] 
Or* OLr*OY oy" 


The form of Equation [17] is well known and shows that the plate 
will behave as an orthotropic plate when subjected to small de- 


flections. The axes of elastic symmetry are the z- and y-axes 


Pirates Wirn More Tuan Two 


Pies 


LAMINATED ORTHOTROPIC 


It is now possible, by making use of the ideas developed for the 
general two-ply plate, to construct a quite general plate of several 
First, 
we will show how to construct such a plate with four plies where 
each ply will be taken to be of thickness h/4. To describe the 


construction, let us take the zy-plane as the middle plane of the 


pie « that will POSSESS the same type ot elastic symmetry 


plate, and number the plies, in order, from one to four as we pro- 
ceed upward from the bottom ply (the ply lying between the 
planes z h/2 and z h/A) 
tion of the grain in each ply and the positive z-axis will be taken 


The angle between the diree- 


as follows: 


In the first ply take the angle to be +4;. 

In the second ply take the angle to be +4, 

In the third ply take the angle to be —h. 

In the fourth ply take the angle to be —@. 
In these 6, (i W deg to + 90 
deg. If now the plate is in a state of plane stress or subjected to 
small deflections, it follows readily, by a simple extension of the 


1, 2) ean have any value from 


mathematical analyses given for the general two-ply plate, that 
the z- and y-axes are axes of elastic symmetry of the plate. It is 
now easy to construct a plate of any even number of plies possess 
To do this, we 


ing the elastic symmetry described must orient 


the plies so that any two plies situated symmetrically with re 


spect to the middle plane (the 2y-plane) have the z-axis as the bi- 
This 


Other 


sector of the angle formed by their two grain directions 
ingle if we desire can be taken to be either 0 or 90 deg 
possibilities readily present themselves, 


kerrecTiVe SHearing Mopuius or Generat Two-PLy PLati 


From the last of I quations [I1] we see that the coeflicient s 


can be interpreted as the effeetive shearing modulus of the 


laminated plate where this modulus is associated with the direc 


tions of cand yo In the usual laminated orthotropie plate the 
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effective shearing modulus is generally associated with the direc- 
tions parallel and perpendicular to the grain of a face ply. In this 


CASE, all plies are identical, the effective modulus is 


Assuming 
the same as the shearing modulus associated with similar direc- 
tions of any single ply. However, for the general t vorply pl ite 
this will not necessarily be true. Hence it will be of interest to 


pl ite with an 


see ioitis possible to construct a gener il two ph 


effective shearing modulus appreciably larger than the cor- 


responding modulus of a single ply. This would of particular 
interest in the case of plywood where the shearing modulus of a 
single ply is relatively small, usually being about 6 or 7 per cent 
of the Young’s modulus in the direction of the grain 

equations 


\s an illustration, values of modulus gy. as given by 


7 19], and 10) were computed for several TWorpls pl vood 


plates of Sitka spruce. The plies of all the plates were taken to be 
identical and to be rotary cut However, the angle 6, where 26 is 
the angle formed by the grain directions of the two pli = of each 


plate, was taken to be different for different plates. The values 


of the elastic constants of Sitka spruce were taken to be 
0.112 X 
0.464 


| 1.679 & 10° psi, yz 
ky 0.076 * 10% psi, o,7 


where E, and ky are Young’s moduli, the letters L and 7 denot- 
Mir 's 
the shearing modulus associated with the same two directions; 


ing Jongitudinal and tangential directions, respectively 


ind O17 8 the Poisson’s ratio associated with tension par illel to 
the direction L and contraction parallel to the direction 7. From 


equation [1] it follows that 


Opr/ by 
1 2uz7 


ay = l ky, “ly 
le ] ky, hy 


The results of the calculations for several values of @ are given in 
Table 2 
MODI 


FABLE 2 VALUES OF THE SHEARING 


modulus increase rather rapidly as 6 


Phese 
changes from O up to 45 deg as we might expect, and show 


values of the 
i sul 
in the value of the effective mo 


stantial inerense 
the shearing modulus of a single pl 


15 deg 


value of yu 


' 
ix small a 





eh-Temperature Compression Testin 


( 
= 
~~ 


of Graphite 


By LEON GREEN, 

Experiments on the compression of graphite cylinders 
at elevated temperatures are described. It is found that 
the short-time compressive strength increases with tem- 
perature in the range from room temperature to 2000 C, a 
variation which is consistent with the previously reported 
behavior of the tensile strength. Photographs of typical 
modes of deformation and their corresponding stress- 
strain curves are presented, but a limited degree of tem- 
perature control renders the curves semiquantitative in 
nature. The large, mutually opposing influences of tem- 
perature and strain rate are illustrated by photographs of 
failures, and stress-relaxation manifest 
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ture test, where the effects of creep are large, failure occurs slow! mechanical properties of graphite is indicated qualitatively by 
apparently aided by ereep-buckling induced by local softening the foregoing results; the apparent strength increases with tem- 
of the carbon end blocks. The film record revealed that the ap- perature as long as the rate of strain (with increasing stress) to 
pearance of the buckling tendency coincided with a drop in the |= which the specimen is subjected is large compared to the creep 
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stress-strain curve, At the lower temperature, by contrast, fail 
ure occurred suddenly in the form of brittle fracture, thus pro- 
ducing the flash shown in the photograph. 
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CONCLUSION 


From the results of the exploratory experiments described, 
it is concluded that the mechanical properties of graphite and 
their thermal dependence deserve further study with equipment 
of increased precision and flexibility. It is suggested that experi- 
ments conducted under large hydrostatic pressures might prove 
highly informative, although the experimental difficulties in- 
volved by such tests at high temperatures (which would require 
the use of an inert gas) might prove formidable. There is good 
reason to expect that in such experiments graphite may exhibit 
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increasingly ductile behavior as the pressure level is raised, in a 
fashion possibly analogous to the behavior exhibited by marble 
in the classical experiments by von Karman (7). Finally, the 
possibility of increasing the density of unavoidably porous com- 
mercial graphite by compressing it at a temperature high enough 
and at a rate slow enough to insure that all the deformation occurs 
by a diffusion mechanism without any local fracturing appears 
especially attractive, since completely bonded graphite of maxi- 
mum theoretical density (2.25 grams per cu cm) almost certainly 
would exhibit greatly improved strength properties. 
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Discussion 


A Matrix Method for Flexibility 
Analvsis of Piping Systems' 
E.G. Baker.2 The method proposed by the author for caleu- 
lating piping flexibility has been tested on a two-anchor high- 
temperature steam line in a marine installation. Tentative com- 
ments and conclusions resulting from this trial run are as follows: 

In general, the author’s method is found to be very convenient 
and concise. Calculations for a given pipe element are carried 
out in all three co-ordinate planes at one time, and on one ealeula- 
tion sheet, instead of being seattered among various tabulation 
and graph sheets as in the case of the method pre viously in use in 
our office 

An advantage not mentioned by the author is that the contri- 
bution of each pipe element to the flexibility of the line as a 
whole is clearly evident at all times, and is not merged with the 
flexibility of other adjacent elements. This implies, for instance, 
that errors made in the calculation of any particular element will 
not affect the calculations for other elements, and will affect the 
line as a whole only in proportion to the contribution of that ele- 
ment to the flexibility of the whole line. The value of this feature 
is apparent. It will be seen that correction of an error occurring 
at any step does not require the recalculation of all subsequent 
Furthermore, changes made to one or two elements in the 
pipe line will affeet the flexibility 
altered pipe elements, and all flexibility calculations for unaltered 
This is a weighty consideration to the 


steps 
calculations only for the 


elements remain valid 
designer of marine piping because changes to the piping during 
design and construction of the vessel are frequent. 

The author's formulas for the B-transformation, in Tables 1 
and 3, are considered to be an important step forward in the 
application of matrix methods to practical caleulations. To- 
gether with the orientation tables, they obviate the necessity for 
matrix multiplication in calculating two-anchor lines, except for 
pipe bends in an oblique plane. On the other hand, matrix 
multiplication remains available for checking purposes where de- 
sired. This is an excellent feature and one especially useful for 
detecting errors in sign, which are a particular plague of piping- 
flexibility caleulations 

The treatment of str iight runs of pipe not parallel to a Co- 
If the 
base point be taken at the mid-length of the pipe, the influence 
are given by 


kl has been 


a; are direction cosines of the pipe 


ordinate axis can be substantially simplified, as follows: 


coefheients for any str ight run, however oriented, 
Table 1 of this discussion (the common factor 1 
omitted In this table, a), ae, 
In the author's illustrative example, the direction cosines are 

2/4) and For straight runs oriented 
parallel to a co-ordinate pl ine, one of the direction cosines will 
(This leads 


For straight runs oriented parallel to a co-ordinate 


re spective lv. 


vanish. to formulas equivalent to the author's 


Table 9 
ixis, two of the dire¢ 
sury to resort to orientation tables or matrix multiplication for 
ind the 
immediately in every cause 

The author’s method has not vet been tried against an actual 


tion cosines vanish. It is evidently unneces- 


straight runs influence coefficients can be written down 
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three However in exploratory effort was made 


to ascertain the step-by-step formulation of such a problem, which 


inchor problem 


is the author’s treatment of 
rather 
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multiple-anchor lines, although admirably complete, is 


difheult to follow for the non-mathematician 
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1 Reterring to Fig. 1 of this discussion, compute the influences 


coefhcients whir h re present the detleeti is ind rotations ol 


10 at O due to forces and moments at O 
OP at P due to forces and moments at P 


OU at Y due to forces and moments at Q 


ti set of arbitrary (unknown) forces and moments at 


Appl 


) ( Ompute the corresponding defleetions ind rotation if 


point Q@ due to flexibility in line AO by the matrix formula 
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ind | ine 


see Table 2 of this discussion By, 
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5 Add the deflections and rotations at P? due to flexibility in 
line OF , as found in step 1. to those computed In step 1 

6 Repeat steps 2 to 5 for arbitrary forces and moments applied 
it pom (, noting that Big Cao hi transpose of B 
Ono Bo 

7 Apply the boundary conditions 
P and @ 


moments 


go is the yo 


for preseribed deflections at 


This vields 12 equations in the arbitrary forces and 


& Solve these equations for the actual forces and moments at 
P and q. 

It is to be remarked that if, in Fig. 1, herewith, the line O@ is 
imagined to be very short and stiff, the foregoing formulation 
evidently reduces to « solution of the two-anchor problem with 
nconstramtat O 


Hoarn.? 


wie i 


design over a long period, personally stressed out about 75 pipes 


The w riter, while engage l on steam pipe-work 


Of these about 40 were single plane two-nne hor, 25 three-dimen- 
sional two-anchor, 5 three-dimensional three-anchor, and the rest 
mixed two-dimensional three-anchor, one two-dimensional four- 
anchor, a case where a rotation was applied to a pipe end and 
ie : ; on 
some special problems with various odd constraints The point 
of this list is that the vast majority of caleulations in practice 
ure two-anchor problems. Next, all methods of calculation must 


essentially comprise the following stages: 


1 Caleulating the elastic properties of the pipes forming the 
various branches, 

2 Setting up the simultaneous equations 

4% Solving the simultaneous equations. 

1 (A by no means negligible step) Finding out the point at 
which maximum stress (or bending moment) occurs and working 


out the stress there. 


In the case of two-anchor problems, however, the special con- 
dition that there is no rotation of the free end of the pipe leads to 
a reduction in the unknowns in the two-dimensional case from 
three to two and in the three-dimensional case from six to three 
(It is appreciated that this latter involves the neglect of certain 
secondary rotations but from a practical point of view it can be 
confirmed readily that this does not matter The author, from 
his introductory remarks, evidently fully appreciates all this and 
it is assumed that he would not in fact use the method he presents 
to solve the ¢ xample he uses as an illustration 

When one comes to the three-anchor problem, considering for 
there 


and all the components of the six XX six 


the moment in particular the three-dimensional case, 


short eut for st ie 1, 


matrix for each branch must be worked out It is in stage 2, 


ie., setting up the equations, that the matrix formulation of the 


flexibility. coefficients becomes worth while To illustrate this 


port ot os suggested that the worked example of a three-dimen 


sional three-anchor problem given ino the writer's IQ47 paper 


(author's reference 5) be compared with the example given by 


Vinieratos and Zeno, ! 


for one branch were worked out twice and the superiority of the 


in which, in facet, the flexibility coefficients 


Stave 3 amd stage 4 are 


The re 


matrix formulation will be apparent 


the same whatever method is ndlopted Is no ¢ from 


ep 
the solution of 72 simultaneous equations 

The main question is does the matrix method advocated by the 
otter 


the 


wuthor of forming the flexsibilitv matrices in stage 1 above 


any advantage over alternative methods, in particular, say, 


graphoanalytical method? — “The writer's view ts that the grapho- 


analytical method has two advantages to offer: (a) The non- 
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liagonal elements of the matrix are worked out by complet 
indepe ndent caleulations for pairs ol elements svmimetrical about 
Maxwell's 


motivation — is 


the diagonal so that there is a very powerful check b 


reciprocal theorem; (b) in the writer’s view the 


much stronger As an engineer, he finds it much easier to 


visuilize a pipe with a unit force or moment a the free 


tug o1 


end of it and consider what happens than to handle arithmetical 


calculations which do not seem to have obvious physical signifi 
eunes 
Thus summing these views from the purely practical point of 


view, the matrix formulation of pipe-work problems has little to 


offer for the ordinary two-anchor problem Which ¢ MN pPrises the 


vast majority of actual ealeulations For three-anchor problems 


or problems with constraints it possesses considerable advantage 


in setting up the simultaneous equations (and in faet it was for 


just this purpose that the matrix method was developed and in- 


cluded in the writer’s 1947 paper, author's reference 5) but there 


ix no necessity to use matrix methods to obtain the matrices, and 


the use of the graphoanalytical method has the advantage of using 


methods with which one ean have become familiar in dealing 


with two-anchor problems In mentioning the matrix presenta- 
tion in 1947, no originality was claimed as it is implicit in, for ex- 


ample, the M. W 


Piping Systems’ 


Kellogg Company's publication “Design of 
"(author's reference 2), The onl thing lac king 
is the word matrix, and, of course, an explicit statement of the 
matrix transformations produced by the author in matrix form 
These comments may appear rather critical of the author's 
paper but they are not meant to be, and in the writer's view the 
paper serves a useful purpose in presenting the concept of a 
flexibility matrix for a pipe and in particular, in giving in matrix 


form the transformations for shift of origin and rotation of axes 
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The author wishes to thank Dr. Baker and Commander Hoath 
for their interesting discussions 

Dr. Baker has made a weleome addition to the paper by his 
treatment of straight runs which do not lie in a plane parallel to 
one of the co-ordinate planes. The degree of arbitrariness which 
was involved in the author’s treatment of a typical case (Fig. 7 of 
the paper) was ev idence that a better treatment might be ex 
pected. That it would be as simple and as elegant as the form 
given in Table 1 of Dr. Baker’s discussion was not expected It 
should be clear but possibly is worth pointing out specifically 
that the matrix given in Table | of the discussion is a symmetrical 
not displayed) it 


ih j 


matrix (the nonzero symmetrical elements are 
which the third-order null matrix occupies the upper right 
lower left positions 

The author is grateful to Dr. Baker for | 
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which is a symmetric set of twelve equations in’ twelve 
knowns 

Commander Hoath points out the superiority ol this formula- 
The author 
“There is no ese aye 


feels 


tion which also is given in his own development 
emphasizes his agreement with the statement 
from the solution of twelve simultaneous equations "He 
that except possibly in special cases immediate direct use of the 
Crout (or similar) direct pivotal method is better than any pre 
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are appealit goin conception, the power and speed of modern ai- 
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all things considered, the direct 
that 


rect methods are so great that, 


methods are best It is recognized, of course, this is 


matter ol opinion which is not shared universally 
teferring to the final paragraph of Dr Saker'’s discussion, the 
effect of line (2 may 


compli ated constraint in the line 


ilwavs he regarded is that of a more or less 


1P regarded as i two-anchor 
problem; conversely, any constraint may be regarded as another 
propertios of which given by an 


branch the elasti may be 


flexibility matrix. The shift in viewpoint may be 
Hluminating Spe If line OY ts ideally short and stiff, 


the corresponding flexibility matrix (Ay, sas 


appropriate 
ial cases 
becomes null and it 
is evident from Equation [4] of this closure that the problem 
breaks up into two separate two-anchor problems 

Commander Hoath’s remarks concerning the distribution inte 
has been comes rned in 


categories of the problems with which he 


marine practice are of considerable ‘nterest, especially since they 


tend generally to agree with such a distribution ino stationary 


practice That the majority of cases involve two-anchor pr hlems 
IS Not UneEXxpectes 
The reduetio 


two in the two-dimensional case) whe 


of unknowns from six to three (or from three t 
n there is no end rotation 
is well as with any of the 
that coefficients A 1 

1,, of the flexibility matrix must vanish (or 


Then 


ean be done vith the matrix method 


other method Phe conditions are 


partitioning, we may write the equa 
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AA Fw 0} 


matrix the res 


where A 


which is siz 


is now a (third order) diagena iprocal of 


a 


A.A 


which » three equations in three unknowns 


In eon ods of flexibility analysis, this reduction is in 


operations outlined above have some 


obviited; indeed they have not been, but appear at son 


ie ul uch 


t process 
In the illustrative ease in the paper (the Hovgaard bend) small 


error would be involved ino neglecting the coeflicients 0.054450, 


itter which the reduction could be accomplished quickly by the 
Houth 


make thi 


transtormation mentioned in the foregoing. Commander 


Is correct in inferring that the author would actually 


simplification in a practical ease However, such a simple reduc 


practicnl cases where imelmed 
There th aa ul 
might be too large to b 


thon is not available in) mam 


straight encountered term 


i Baker's Table | 
neglected 

Commander Hoath offers two advantages of the graphoanalyti 
cal method, the second of which is a matter of opinion with which 
l pon inspection, the first 
The cheek afforded by 


the Maxwell reciprocity law depends upon making two separate 


the author definitely does not iret 
reason appears to lose most of its foree 
ealeulations for each svmmetric pair of nondiagonal elements 
kxactly the same sort of check procedure is available with the 
matrix method: simply do everything twice! Asa matter of fact, 
the Maxwell afford a check on the 


diagonal elements and it is presumed that users of the 


reciprocity law does not 


ur ipho 


analytical method would indeed obtain each diagonal coeflieent 


twice in order to have the same assurance of the correctness of 


theese 


It might bes 


terms as of the nondiagonal term 


entioned that there are numerous simple cheek 


which are not widely known but which are 
they should be 


the multiplication 


on matrix arithmetic 


so simple and positive that upphed whenever 


posnibele As in example, 


should be wrtten as 
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ums, respectively, of the actual elements. Then the border 
nts in the product should be the column or row 
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that the contents of the 
under 
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Finally, the author feels that he himself was premature and 
mistaken in impugning the usefulness of the matrix method in 
two-dimensional cases and since writing the paper has actually 
made considerable use of it in certain two-dimensional cases in- 
volving spring hangers. If the reader uses a form (e.g., ef. Sheet 2 
of Table 10 of the paper) prepared for use in three-dimensional 
cases, to avoid confusion it may be well to shade those “boxes” 
which will not be used; this is indicated in Fig. 2 of this discussion. 


Thin Rectangular Plates on Elastic 
Foundations’ 


D. L. Houn.? 
and his colleagues have applied the finite Fourier sine transform to 


In this and previous papers,’ the senior author 


the solutions of linear boundary-value problems in thin elastic 
plates. In all three papers the authors convey the impression 
that they have enlarged the field of available solutions for these 
plate problems when the boundary conditions of one pair of 
opposite edges are arbitrarily assigned deflection and moment 
conditions and the other pair of opposite edges have general 
assigned boundary values. All of this extension is supposed to 
be accomplished by the finite sine transform whose kernel 
They 


conclude that the final solution is always given by the form (A): 


sin ar (@ = n/a) vanishes at the edges z = 0,7 =a 


n/a, (n = 1, 2, 3, 


u(r, y) = 2/a > W (a, y) sin ar, a = 
n=l 
where W,(a@, y) is a properly determined function of y. 
The authors have neither proved that solution (A) satisfies 
the plate equation, nor that it can attain the arbitrarily assigned 


deflection and moment conditions at the edges rc = 0, and 1 = a. 
In all their illustrated examples they have chosen “pinned-edge 
conditions”’ at and hence obtain the well- 
known solutions for which the sine transform readily adapts 
itself and for which the ordinary Fourier-series method applied 


and 


O and « = a, 


ts 


No illustrations are provided for nonzero deflection moment 


conditions at r = O,r =a In other words, the authors appear 
to have accomplished the task of obtaining solutions by the 
finite sine transform which cannot be obtained by the Fourier- 
series procedure, In this connection Sneddon* makes this per- 
J. Thorne, published in the September 
Arpptiep Mecuanics, Trans. ASME, 


' By H. J. Fletcher and C 
1952, issue of the Journal 
vol, 74, pp. 361-368 

? Jowa State College, Ames, Iowa. 

'*Some Thin-Plate Problems by the Sine Transform,"’ by L. I 
J. Thorne, Journat or Apptiep Mecuanics, Trans 
ASME, vol. 73, 1951, pp. 152-156; “Bending of Thin Ring-Sector 
Plates,” by L. I. Deverall and C.J. Thorne, JouRNAL or APPLIED 
Mecnanics, Trans. ASME, vol. 73, 1951, pp. 359-363. 

Transforms,’ by I. N. Sneddon, MeGraw-Hill Book 
New York, N. Y., 1951, p. 72 


Deverall and C 


**Pourier 


Ine 


Company 


tinent statement, ““The use of finite Fourier transforms does not 
solve problems which are incapable of solution by the direet 
application of the theory of Fourier series but it does facilitate 
the resolution of boundary-value problems.”’ 

In the general theory of linear integral transforms, a particular 
transformation, if any does exist, depends not only on the range 
of the independent variable, but also upon the differential forms 
and boundary conditions if the transform procedure is to reduce 
the original problem to a simple one. Moreover, the representa- 
tion of the dependent function as given by the inverse formula 
as well as its required derivatives should converge to the pre- 
scribed values at all points of the closed domain. The writer 
is not convinced that these requirements are met by the sine 
transform in the foregoing problem when nonzero conditions of 
deflection and moment are assigned on the edges rz = O and x = a 
Consider the authors’ Equation [50]: Substitution of this 
equation into Equation [1] leads to 


7s. d‘w, (a, y 
sin ar 
a dy* 


n=1 


2ard*w, 


dy? 


+ (at + kre | = 


Now if qg(z, y) is such that the following integral exists, i.e 


a 
S g(r, y) sin ar dr = q,(a, y 


then Equation [50] satisfies the authors’ Equation |1] identically 


q(a, Y Db 


in z and y if 


d*w (a, y 


q(t, Y D 
dys 


‘yw (a, y) 

9 

The authors wish to have w,( satisfy Equation [2] here- 
with, with the right member replaced by Q(a@, y) where the latter 
is given by Equation [22] of the paper and contains functions 


a, Y 


which arise by reason of given assigned deflections and moments 
The writer proposes the following counter example: Consider 

a rectangular plate occupying the domain 0 S x S a; s 

+h simply supported (no de- 


4 S b with edges r = Nand y = 
The edge x = a has w(a, y 


Mo cos By, Vo = cormst 
and no subgrade reaction, k=O 


flection and no normal moment). 
0 and moment WM, = Mo cos (7y/2h) = 
The re is no load qr, y 


The solution is 


WV 


= Br cosh Br 
213? sinh Ba 


COS OY 


[3a coth Ba sinh Br 





DISCUSSION 


: , 
Cdtie immediately ind w = 0 on all 


observes 


that Tw = 0, 


An easy check shows the edge moments are VW, 0, = 


| VJ a, = Vf, cos Dy which is the pre- 


and / 


edges 
0, M (2, +b) = 0, 
seribed value 


From the paper we are the following equation for this 


led to 


problem 


aM 
D 


cos By 


with all boundary conditions on the transform wa, y) vanishing 


th. Hence the solution of Equation [4] of this discussion 


“tM, cos By 
+ 


would obtain 


and finally one 


Dat 4 


cos Dy sin ar 


B 


solution of this example. Does this solution satisfy 


0 for all z, y values and how does i 
value, M, = My, cos By at cr = a 


= 0) on the line zr = a/2 


as the 
vw = 
boundary 
occurs for JU *u 


t converge to the 


’ Consider what 


V 


Db 


cos Oy sin az 


) 
- 
cos By 


V1 


ab 


V ‘w(a/2, y) 


and diverges 
Again the unloaded plate occupies 


th simply sup- 
VW. but the de- 


Consider another exampl 
the same domain with the 


Atr 0) 


edges r= a,y = 


ported there is no normal moment 


flection Is 


w(O, uv) = 6 cos ry/2b = 6 cos By, where 6 


= const, and | 


The solution 


, asl 
0 cos DY coth Ba 4 sinh Bz 


2 sinh? 


) 
cosh 3. 
) 3 


a cosh oe Su 


Br cotl sinh (4 


satisfies all the conditions of the problem. The authors 


method leads to 
+ 2a(3? cas 


at+ pf 


cas 
cos Dy sin ar 


20 a + Zaps? 
a at ; 


What deflection does this vield at 


()? ( onsider also the 


moment sum VW, + _- at (a/2, 0 This is proportional to 


T2w. and at the center of the parte vields 


= Sin 


ilarly one computes the shear J , at 


ound to diverg 


imples to this are readily devised for re 


and for curvilinear 


Siar 


sector 


ites on elastic foundatior 


plate - bounded by two radii and ares of two concentric circles 


AcTHors' CLosurt 


the paper 


transtorm) o 


the statement in 


transtorm (or 


We first call ittention to 
When writing the sin 
we shall assume that the function has properties 


that transform to 


issume continuity of all derivatives.’ (There 
This is intended to state that 


mnverse 


nv tunmetion 
necessary tor transtorm (or inverse exist 


Also we 


lar statements In each paper 


ire siti 


solutions and must be shown to 


We will show that the formal! 


the solutions given are formal 
be solutions in any given problem 
solutions given by the methods of our paper to the counter ey 
ample - proposed by Dr. Holl are the solutions 

We also call attention to example (1 
eX imple ol 
noted that Fourier series converge to the 
This requires that bound 


of our paper whieh is an 
It should 


average Vv ilue at 


nonzero boundary ceonditions also bn 


many 


given pomt '/ol f(z + + f(x 
iry conditions at discontinuous points be 


at the 


in the form of limits 


from the interior rather than values boundary 


For Holl’s first counter example, our formal solution i» 


a@ sin a 
{ l , 1 
(a? + £8 


Mequation t} aol 


2M, cos By 


ab 


Holl’s 


following results from our tables of 


his can be seen to be the solution I 


discussion, | 


andl 


Vv using the Sine 


osine transformes® 


cosh p a 


26 sinh Ba 


a sinh pu 


28 sinh Da 


a siti as 


r t Bp 


rsinh Bla 


28 sinh 


“} 


sin ae 


pu 


(is 


r) cosh 
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ounter example u iddition to the f 


ula the following 
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obtaining the solution in Dr. Holl’s discussion. This shows that 
our formal solutions are the Fourier series forms of the solutions. 


‘ 


To show how to differentiate « nonuniformly convergent serie 


without knowing the summed form proceed as noted in our tables* 2 7 7 
a , 


i 
w,,(a j })" uw, (O+, y 


ulrjdr 4 


wir) cos nz dr jeos nz 


VW, cos By 21M, cos By 
Da 


) cos nz dx eos ns | l 1] 
Le 


Similarly 


We have assumed the derivative to exist in the open interval 
2M, cos By 


ab 


, 2a'p? + af 
(a? + Pp?) 


(O. 9 Integrating by parts 


uf O04 


j wir) COs ne “| 2, cos B 
— ‘ 


ab 


2M, cos By 
ab 


ind hence V tu 0 in the open region 
In Holl’s second example w(x, y) is not t 
Applying Mquation 14] we get 


6 cos By a 
0 cos By 


2 


w(.rc) cos n. + nun ( cos nw 14) 
' 04 


If w (rn) is of order OCL/n?) the series for wiz) is uniformly conver- 
gent and hence continuous. Hence w(0) = wir) = 0, and also 
u(O0+) lim wr) O, and wir) = lim wir) = 0 


roe 0 + rr 


If the boundary conditions are specified as w(4 = w(+) = 
0, then Equation [14] gives w’(r) as the series obtained from w(x oB2a 
by term-by-term differentiation. Similarly if ' 


(0 9 ~ Noting that 
u ) ~ ) 
+ win) cos ns 
T Tv ; . . ft ow,, O+, 


n 1 


768? cos By 


9 z. 
nme tn) sinh ns t ba? «os By 


n 1 


om 6 cos By 
if the derivative exists. This is the same as term-by-term dif- oak 
ferenthition regardless of the boundary conditions. 


Applying this to the first example we get 


2M ’ 
cos By Sin ar 
) (a . 


n 1 
This is not uniformly convergent; hence we cannot differentiate 
termby term. Using Equation [14], however, we get 


* Footnote 5 p.o 





and hence V ‘tu 


O in the open region, 


A Study of Vanes Singing in Water’ 


GE anp DH 
Strouhal number (Vb. V 
is taken to be 


ALVES? BARKER.* 
remained substantially constant if the 


term 6° the thickness of the trailing edge 6, plus 


some fraction of the boundary-laver thickness 
found that the 


is taken as the 


Previous in- 
Strouhal number was 
ted height of the 


vestigators’ * have 


essentially constant if 6 proje 


object perpe ndicular to th direction ol flow | igtt and Johan- 
sen® state that 6° is the distance between points of separation of 


With a 
ata high angle of attack (greater 


the vortex sheets as thev leave the surface of the body 


flat plate or an airfoil shape 
than 30 deg) this separation is determined by the extreme edges 
of the 


Howeve I 


object and is the projected height of the plate or airfoil 


it low angles ol attack this relationshiy does not hold 
due perhaps to the movement of the point of separation of th 
object Tie the 


that the 


vortex sheets downstream on the author's in- 


t seems possibl separation of the vortex 


vestigation, | 


sheets did not take place at the 


| maximum breadth but at some 


port near the tiling edge Could the author determine from 


his photographs the points of separation and determine if the 


projected distance points is equal to his value of 


» 


It would be interesting to know what tl iff nee was be- 


tween the pl ites used in obt wning the data for J 


bles | and 2 of 
what effect 


plate for 4 


iso would be interesting to know 


tl paper It 


gradual increasing the maximum thickness of the 


stant trailing edge would have on the author's “virtual thiek- 
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discussers ful examination 


first question, care 


ol the photogr iphs shich fortunately contain more detail than 


it Was prosstlle to obtain in the reproduc tions in the paper, does 
not indieate that the separation occurs ahead of the trailing edge 


for the vanes in question. The formation of each new vortex can 


be seen to occur just behind the trailing edge In answer to the 


question on the difference between Tables 1 and 2. these plates 


were as nearly alike as we could make them and the difference is 


ipparently within the « periment ii errors of measurement 
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The author found that the 


et of differing maximum plate thieks 
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others i t and the 


If this is « 


results shown in Fig. @ of 


ed with I ig. | for the case of the sam 


edge thick 0.125 in but half the maximum thiek: 


Hess 


requency speed relationship is seen to be the same; for 


10 knots gives 


i frequeney of 700 to 750 eps for both 


4 shows that small angles of attack do not change tl 


ship This supports the author’s conclusion that o 


this tvpe. fare 


| nd thin, the trailing edge thickness contre 


Strouhal number 


On a General Method of Solving 
Second-Order Differential Equations 
by Phase-Plane Displacements' 


‘aynvTeER.? The graphical technique presented in the 


to the general class of solution procedures often 


eurvature methods 
These 
ti number of investigators, 


Meissner,® and 


eited rererences The 


ol graphic al polices polearee 


procedures were brought to a high level of 


notable among them 


Kelvin? Léaute traun,® in addition to the 


cutter present author is to be comph 


mented on his further contributions to thi 
Phe delt 


neral Meissner technique 


importar 
method may be considered as a j™ bal « 
Which does not ec 
of curvature to he on the displacement axis 
the author points out, there are certain inherent ady 


making this restriction even at the expense of aecurar 


smaller increments to secure the desired accurs 


of clarify from at 
lof the inherent ben 
riter has taken tl 


ilternative «ce 


ing the procedure 
and to permit an apprai 
es of this technique, the 

nting still another rivation of th 

formulas mn the following pearing iph 

ing with th econd-ordet 


tuthor general 


then, mere| 
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the fundamental equations may be expressed by 


O(r, », T) 


diz 
dt 


| 4a] 


and if the second equation is divided by the first, the time in- 
crement cancels out and there results the phase equation obtained 
by the author (Equation [4] of the paper) 


dr 
hh 


However, for the present it willbe more appropriate to return 
to the normal temporal form as in equations [3! and [4] of this 
written 


discussion, The integrals of these equations may be 


implicitly beginning from the condition that whe 


=T7 and = 0, 


namely 


For the general case where 6 varies arbitrarily with (z, », 7) no 
analytic solution exists, since the time integral of 6 could not be 
evaluated, Hlowever, for certain special cases of 6-functions 
solutions may be obtained, 

In particular, if 6 were identically zero, the phase plot (2, v) 


would be “circular” having the equation 


v4 = 


const \7] 
and the time plots 2 (7) and v (7) would necessarily be sinusoidal 
and of unit frequency 
Moreover, if 6 = 6, 
then the definite time integral of 6 


= const over the time interval Ar; = 


Teed T és also may. be 


evaluated readily as 


f bir = 6A 


and again the phase plot is circular and is traversed at unit angu 


lar velocity, only in this instance the center of the eirele is dis- 
placed from the origin by the amount 6,, and the consequent 
phase equation becomes 

const 9 


the time 
of the time 


However, the above relation will be valid only for 


interval from 7, to 7, Again, these “segments” 
plots will be sinusoidal 

In effect, Equations [S} and [9] of this discussion may be used 
in an approximate sense to form the basis of the practical graphi- 
cal procedure of the author. Viewed in this light, the solution 
of the “general” second-order equation is reduced to the ap- 


proximately equivalent foreed-vibration problem with a stepwise 
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1] of 


may be interpreted as a forced undamped vi>ration equation 


varying forcing function. Thus Equation this discussion 


T?¢ + 2 = 0,1) la 


' 


where 6, varies in stepwise fashion at known or otherwise speci 


fied intervals of time. 


‘ 
In order for kquation [la 

1] of the 
he equal to the average value of 6 over the 
that is 


te repre sent 


the solution of Equation paper, it is necessary that é, 


time interval Ar,. 


. / 5 110 
Ar, - 


Indeed, this solution procedure becomes an analytic piecewise 
linear approximation to the exact solution, with the goodness of 
the approximation, at least at the end points of the interval 

depending solely on the ability to determine 6,. Of course, at 
the interior points of the interval, which are always represented 
in this approximation by circular ares, the accuracy will generally 
The “ultimate” 


except at certain singular 


further depend upon the number of steps used 
convergence of the method is assured 


points——by the consideration that, at least in the analytic or 


numerical equivalents of this graphical procedure, the solution 
must approach the exact solution (even for 6, taken equal to the 


initial value 6[z,, v;, 7;]) as the number of steps becomes in- 


finite with each Ar, becoming infinitesimal. Moreover, the 


analytic solution for each inerement may be simply written 


(X;,, View) 








(for whatever practical value it may have in numerical caleula- 
tion or in checking the graphical results) as follows, with reference 
to Fig. 1, herewith 


Initial radius, r, 


r, + 6, 
Initial angle, B, = tan! ( ) 
"s 


Cycle increment, 


Final angle, B 


Final displacement, x , Sin B, « 


Final velocity, vy + 4 r. cos B, 


Thus by judicious use of a table of squares together with 
trigonometric tables, for many types of 6-functions the numerical 
equivalent of the 6-method may prove to be as practical as its 


graphical counterpart 





DISCUSSION 


It should be clear both from the foregoing treatment and from 
the original paper, that in practical application to nonlinear sys- 
tems, the 6method will involve to a certain extent successive 
approximation interva] by interval, to obtain reasonably good 
values of 6;. This is particulary true in regions where the 
“direction” of change in 6 (positive or negative) is not evident at 
the outset of the increment. For a specific example, if 6(z, v, 7) = 
(x — a)*f(t)/(t b), it would be difficult to obtain satisfactory 
results for z near a and v near b. Certainly, the author’s state- 
ment *‘... . use the method... 
could not be applied literally to this case. As a matter of fact, 
the difficulties encountered by all curvature methods under such 
conditions as this, at branch points and other singularities, con- 
stitutes a serious limitation on their general applicability. It is 
evident by comparing Figs. 3 and 4 of the paper, that precision in 
the neighborhood of the origin for the case depicted is not prac- 


A subprofessional assistant can . . 


tically possible. 
Thus if 4(z, », 

with the variables it will be necessary to use great care in the 

For the general case, unless the 


T) varies in certain critica] and sensitive ways 


application of this technique. 
oscillatory character of the equation is clearly marked 


there is no particular reason for preferring the curvature formula- 
tion over the more general form 


= y(z, v, 7) 17] 


for which implicit approximate integrals may also be written as 


is tT 7.47; [18] 


{19} 
{20} 


and corresponding to which, graphical procedures exist. 

This consideration, in addition to the fact that the phase-plane 
curvature methods are not practical for nonlinear first-order, as 
well aa third- and higher-order systems, led the writer? to the de- 
velopment of a graphical technique, patterned after the Bergeron 
method for wave-propagation problems,*® which has come to be 
This method has been further 
refined by himself, and collaborators,*'" full details will 
shortly be available in book form,!! together with applications to 
transient and vibration problems of all orders, both linear and 


called the “slopeline method.” 
and 


nonlinear 
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opening statement ol 


‘curvature methods of graphical phase-plane inte- 
gration were brought to a high level of refinement long ago. 


In rev lewlng the discusser's references to the work of Lord Kel- 
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165 

*'Du coup de 
tricité,”” by L. Bergeror 

Regulation of Hydr 
Paynter, M.IL.T. 1952 

Slopeline-Gr aphical 
ential Equations, With Engineering Applications,’’ by 
son, M.I.T. SM thesis, 1952 

“Graphical Solution of Engineering 
Paynter and A. C. Hendricksor 


oudre en élec- 


belier ea hydraulique au coup de 
Duned, Paris France 1950 
electric Plants,’ by A. T. Gifford and H. M 
imeographed notes 

Nonlinear Differ- 
\.C. Hendrick- 


Solutions of Ordinary 


unpublished 
Transients,’ vy H M 


book in preparation 


* Meissne and Braun® the author finds that only 


the reference to Braun is relevant to the me thod of using “curva 


vin Léaute 


tures in the ph ise pl ine”’ unless it be maimtaimed for the sake of 


completeness that many other names including those of Des 


eartes and Euclid also should have been brought in refer 
ences 

The phase-plane delta method cannot be considered a speci il 
case of the Meissner® technique. However, Meissner’s method is 
definitely more general than the phase-plane delta method since 
it is applic ible to differential equations of any order, but this 
ue nerality is not a hieved by ph ise-plane considerations 

In calling attention to the work of Braun,® the discusser has 
contributed a weleome reference that the author regrets to have 


missed Braun deals with the subnormal to the are ds in big 


1(}) of the paper, but does not locate the center of the circular 
approximation on the x axis, 

Professor Paynter’s alternative derivation of the phase prleanie ri) 
method relationship is instructive as presenting a variant of those 
and the 


the 6 method to numerical calculations as shown in the discusser's 


given by Professor Klotter author. The adjustment of 


J quations [11] to | 16) is of mterest to people who are numerically 
inclined, but it is of course not uniquely dependent on his way of 
deriving the 6 relationship 

The author is grateful to the diseusser for his attempt to ap 
praise the inherent weaknesses and strengths of the 6 method 
and agrees with him that no curvature procedure will give good 
accuracy near singular points. This fact, however, does not in 
validate the author's statement that a subprofessional issistiant 
can be instrueted quickly in how to use the graphical 6 method 
of a solution will suffer in a singular 


Ot course, the acecurac 


pomt region but the assistant will become forcefully aware of 


that by having to draw highly ms alloy d ares there; conse quent 
a finer subdivision or simple caution will automatically suggest 
itself to him 

It is interesting to note that Professor Paynter is planning to 
in the book! he is now 


give full details of the “slope-line method 


preparing 
Errata 


and in connec 


6, to +d.. 


In the author's equation 4] change to br, 


tion with the solution of Bessel’s equation change 


Bending of a Uniformly Loaded Rec- 
tangular Plate With Two Adjacent 
Edges Clamped and Others Either 

Simply Supported or Free' 


4. S. Veversos.?- The authors are to be complimented lor 
their valuable paper. It might be of interest to note 


that the probe m of the bending of a uniformly loaded reet inpular 


however 


ind the others simply 
M. New 


method deve looped | 


plate having two adjacent edges clamped 


supported has been treated also by ©. P. Siess and N 
mark, 
Timoshenko 


at t hye pro 


who used a modification of the 


Included in this reference are the general solution 


iem and also numerical values for the moments on 


everal sections of a square plate and of a rectangular plate having 


iratio of sides equ te05 


M.K. Huang and H. D. Conwa 
sue of the JounkNnan or 


yi 


by (hest« 
l npineer 
wd Ot) 


P. Siexs 
Hlines 


1950. pp 


ing Ex 
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For the purpose Ol comparison, the values of the moment on 
the fixed edge of a square plate which were presented in Table 
3 of the paper are listed in the following, together with the 
corresponding values calculated from the solution obtained by 


Siess and Newmark 


Clamping momeuts * (1/qa 
Huang and 
Conway 


Location 
Siess and 
Newmark 
0 O275 
0 0590S 
4) O89! 
4) O507 


Stile 

0 0257 
(} OOOS 
0 OOS4 
0 O515 


() 0272 
0 0504 
0 O8o2 
9) 0510 


Avutuors’ Chosurt 


The authors are grateful to Mr. Veletsos for bringing the work 
of Siess and Newmark to their attention. The agreement in the 


values of the clamping moments is most satisfactory 


The Elastic Sphere Under Concen- 
trated Loads' 


M. M. Frocwr.? 
ing the fundamentals in the theory of elasticity 


The paper raises several questions regard- 
Of particular 
significance is the conclusion that to the three conditions gener- 
ally aecepted as sufficient for a unique solution a fourth “limit 
must be added and that failure to include such a 
lead to 

This 


conclusion carries with it the need for a re-examination of the 


condition” 
fourth condition will, in the case of concentrated loads 
pseudosolutions, that is, in essence, to false solutions. 
meaning of Saint Venant’s principle 

To an experimentalist this paper is significant for an additional 
reason. It provides another illustration that mathematicians 
are not infallible and that the ultimate test of a theoretical solu 
tion lies in experimental verification 

The agreement between the theoretical results of the authors 
and the photoelastic results of Frocht and Guernsey are particu 
larly noteworthy because the photoelastic solution is the first 
complete solution of its kind The degree of agreement between 
the two sets of results is indeed remarkable, partie ularly at the 
center of the sphere where the difference in the value of (0,/0y) is 
about 2 per cent 

On the surface of the sphere around the equator, where the 
stresses are relatively small, the agreement is less satisfactory 
value of (a, a) is zero and the theo 
OAS This aspect of the problem 
can be investigated by means of a strain-gage test At the sug 
Messrs. K.P. Milbradt,? D. Landsberg, * 
and PLD. Fivan® made such a test using an aluminum sphere of 
1, herewith 


' in, SR-4 strain gages were mounted at points A-A 


There the photoelastiv 
retical value is 0.30, for v 
gestion of the discusser 


1.87 in. diam for that purpose, Fig 
Four 


Fig. 2, set parallel to €. and 
at 28,000 Ib 


Ty pir il strain-load 


on the equator Two gages were 


the remaining two paralle ltoe Tests were made 
46,000 Ib, 84,000 Ib, ete. up to 500,000 Tb 


eurves for several eveles of loading and unloading are shown in 


Fig. 3 


' Ry bk. Sternberg and F. Rosenthal, published in the Deceriber 
1952, issue of the Journat or Apeptiep Mecuanics, Trans. ASMI 
vol. 74. pp. 413-421 
Professor of Mechanies, 
nology, Chicago, Il. Mem. ASM1I 

Assistant Professor of Civil 
Technology. 

* Assistant 
Illinois Institute of Technology 

® Research Corporation Fellow in’ Experimental Stress Analysis 


Ilinois Institute of Tech 


Research 


h-ngineering, Ullinois Institute of 


Research Engineer in’ Experimental Stress Analysis, 


Illinois Institute of Technology 
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It will be observed that the lation is Oss 
This linearity extended up to 280,000 Ih, and the devia 
small It al 


ritially 


stress-strain re 


liner 


tions from linearity at higher louds were o will be 


noted that recovery was somewhat incompls te in the first stage of 


each new load The meaning of this initial set is at present not 


clear Perhaps it may be connected with the development of 
small plastic zones in the region of the applied load 

The stresses were base d on the Inenn recover ible str iti The 
error resulting from neglecting the initial set is believed to be 
small 

The final results are summarized in Table 1 of this discussion 
The gages thus show that in the equatorial region there exist 


compressive o, stresses of a magnitude of 0.250) and transverse 
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loaded part if the loading comprises tractions which 
nitely large is will now be shown bv means of a moditu 


C,oodier s argument 


7 
° 
° 


the authors’ problem be modified by replacing each con 
L load by statically equivalent distributed loads, acting 
its of maximum linear dimensions L,, of the surface 

use of the axial sviametry of the problem 

In hosen as the radius of a ecirek whose 


center us the pomtoluttack of the orwinal concentrated load, and 


Gaet 
r) 
° 


which encloses the loaded part The maximum absolute value of 


A the applied surface tractions in this svstem S») will be denoted b 
| | ; 
| The svstem will be so chosen that is approximately equal 
i Vj | to the elastic limit of the material Let it also ln issumed that 
; , , 


all the stresses and strains cause im the sphere 1 thy stem 


STRAIN, MICRO- INCHES / INCH 
LemeTe« 1/0" 








S) are known 
ma000 & 34,000 & e40008 


LOADING CYCLES 


A second svstem S; consists of distributed surface traction rf 
maximum absolute value ting upon two small parts, each of 


maximum linear dimension L,, of the surface of the sphere 


chosen as the radius of a circle en losing the loaded 
enter is the pomt of attack of the on nal cones 
tensile stresses O. 430 The corre sponding theoretical values lor , I 2 - : “ms . - 
one trated bone Over each sn ill part the londing ts ain staticall 
vy = 0.52 are 0.240) and O.440), respectively The strain-gage 

equivaler to the oriwinal concentrated load Ooviously, the 
tests thus corroborate the analytical conclusions of the authors | 1 ! | t ! | 
tress itm str ms « tse othe sphere iV SvVstem Sy ¢ re ter cle 
The reason for the small photor lastic error is believed to , abn uu meu ph ! ! 
termed bb superposition of the stress ind strains enused by 
lic in the thermal stresses developed during the freezing evele 
system S, and those caused | the combined svstem, S S Ss 
A discussion of these must be deterred tor another ocension 

System Se contains self-equilibrating surface tractions distributed 


over two small areas of maximum linear dimension Ly. or / 
rABLE! R rests Jigs ais 


whichever is greater The maximum absolute value of the 


Investigat lace traction Is & S 8 
lheoretical » 4 Sternberg and Rosenthal It 
Strain gage 4 ; 3 Milbradt, Landsberg, and 2 

Flynn caused by system Sp as the standard solution, and to define that 


is not unreasonable to consider the stresses and strains 


wht and Crue “ey singly connected region of base (9/4) Le? of the mpohe re which in 

cludes all the points at which the maximum stress is equal to or 

N. J. Hore.® This excellent paper contains a result of much greater than s/n as the region affected by the details of the load 

wider significances than the tithe implies It shows that the “apy distribution The value of n is to be chosen from consideration 

plication of a self-equilibrating system of indefinitely large forces f accurae n 2 defines a region of large disturbances whik 

toa vanishingly small part of the surface of an elastic body gives — outside the disturbed region corresponding to n 100 the effect 

rise to strains of not negligible magnitude at finite distances from — of the details of the load application is probably always negligibl 
the part his seems to contradict Saint Venant’s principle for engineering purposes, 

It is the purpose of this discussion to explain the discrepaney by The strains caused by system S, in the loaded region are not 

showing that Saint Venant’s principle does not necessarily apply — greater than s./G, where G is the shear modulus of the material 


1 


in prol lems mnvoly f 


ing mathematical singularities If one infinitesimal area of the loaded surface is fixed in) space 
In so far ; the cnipiri il foundation of the pring Iple is con the relative displace ment olany pomt of the loaded surface with 

cerned there is not much possibility for an argument because neo respect to the reference area is not greater than sel, /Gif 1 

true singularit in arise in nature and no practical concen- provided the effect of the rotations of the elements is negles 

trated load can cause stresses much in excess of the vield stress of ! is taken Into account in the authors problem 

the material ror eXnmines Cooder s¢ strain-energ inaly- . Ive ¢ cement cannot be ter than » G, where 

sis of the prinetp e must conclude that the odd behavior of the " \ number of the ‘ rragrriitiedte 

stresses discovered by the authors is not really unexpected isplacement and load mia 

Cioodier sho it tt part of the elastic body, in which the surfaces ind of opp 

order of magi ‘ of the stress is the same as the order of magni 1, vy the loads during 

tude of the plied self-equilibrating tractions, is of the order of 

magnitude of the linear dimensions of the loaded part of the bods 

It does tm allo from this statement that stresses of a finite 


magnitude nnot be found at any finite distance from the The 


ippre 


iuiieal Engineering and Applied snalvzed | thy uth 


f Brooklyt Brooklyn, N. ¥ 
with it at the point 
of of Saint-Venaat’s Principle,” by J. N. Goodier Inside thi 
Series 7, vol. 23, April, 1937 
plementary we A General Proof of Saint-Venant’s Principle,’ 
Philosophical Magazine, Series 7, vol. 24, August, 1937, p. 325 sarily subregions where 
An Extension of Saint-Venant’s Principle, With Applications,’ ufficient lary noi nue 
Journal of Applied Physi vol. 13, March, 1942, p. 167 See alsc PEN ie 
Theory of Elasticity,” by 8. Timoshenko and J. N. Goodier, second K 
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It follows then from the principle of the conservation of energy 


Uv W 


¢ /as / 
D < (3 mn?)'/*(82/89)'7* Le 


It is of importance that in this equation the reference length Le 
is the diameter of the circle enclosing that loaded region in which 
the maximum surface traction is approximately equal to the 
elastic limit of the material. It follows from the equation that 
the diameter D of the disturbed region is smaller than (3mn?)'/? 
When the two systems Sp and S, differ little, 
and the disturbed region is small. 


times Ly if 82 = 8». 
s, is much smaller than s 
On the other hand, when S, is a concentrated load over each area, 
L, — 0, both s; and 8s, are indefinitely large, and the disturbed 
region may extend over a distance which is the product of L 
by a very large number. Hence the use of the somewhat arti- 
ficial, although most useful, mathematical concept of a concen- 
trated load may, in some cases, lead to results in disagreement 
with experimental evidence. 

The argument given implies that no independent nuclei of 
high stress exist inside the elastic body detached from the high- 
stress region connected with the loaded surface. Their existence 
in a homogeneous elastic body would violate the complementary 
energy principle. 

The entire discussion presented referred to a three-dimensional 


solid body. In a statically determinate framework the forces 


are uniquely determined by the equilibrium conditions, and 
self-equilibrating systems of loads applied to a small number of 
joints may cause large stresses at distances from the loads which 


are large compared to the maximum distance between any two 
applied loads. When a large number of redundant bars is con- 
tained in the framework, Saint Venant’s principle holds reasona- 
bly well, as was shown by the writer in an earlier publication.® 
Finally it should be mentioned that in an investigation dealing 
with concentrated loads R. Mises® showed that Saint 
Venant’s principle does not, in general, hold for bodies of finite 


von 
dimensions. 


Kk. He. Lee.'® The presentation and discussion of this paper 
emphasized the remarkable differences in the stresses away from 
the point of concentrated loading given by solutions involving 
different singularities, in apparent contradiction to the usual 
interpretation of Saint Venant’s principle. It was suggested in the 
discussion that in the practical application of a problem of this 
type, such differences could be generated by the details of the 
contact conditions, such as friction. It would seem that in the 
case of contact over a small area, such additional surface trac- 
tions will always produce negligible changes in stress away from 
the point of contact, so that the solution presented will apply 
independently of the details of loading. 

The reason for this statement is that such traction systems will 
be self-equilibrating, for example, in the case of friction a ring of 
radial shear traction at the surface, and can be considered as force 
doublets The force magnitudes will be of the order of the 
applied normal force and in forming a doublet these will be multi- 
plied by a dimension of the order of the extent of contact. The 
analysis of the stresses due to such a doublet will involve a smaller 
order of stress than that corresponding to the resultant applied 


‘The Applicability of Saint-Venant’s Principle to Airplane 
Structures,”” by N. J. Hoff, Journal of the Aeronautical Sctences, vol 
12, October, 1945, p. 455 

* On Saint-Venant’s Principle,”” by R. von Mises, Bulletin of the 
American Mathematical Society, vol. 51, 1945, p. 555 
Applied Mathematies, Brown University 
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The same also will be true of additional radial forces if the 
In considering the 


load. 
load is applied as pressure in an indentation. 
representation of these additional forces as doublets, the limit is 
taken of the product of force and separation to remain constant, 
while the force magnitude increases indefinitely, and the separa- 
tion decreases to zero. However, this product is prescribed by 
the applied force and the contact dimension, so that the strength 
of the doublet will be small for small contact area, and the cor- 
responding additional] stresses will be negligible compared with 
those associated with the solution under discussion. The writer 
wishes to acknowledge help in clarification of these points during 
conversation with Dr. J. N. Goodier. 


Autuors’ CLOSURE 


The authors appreciate the interesting comments of Professors 
Frocht, Hoff, and Lee. The additional experimental corrobora- 
tion of the theoretical results is, of course, gratifying. Professor 
Frocht’s remark that the “limit condition” must be added to the 
usual three necessary conditions in order to assure a unique solu- 
tion to a concentrated-force problem, was evidently prompted by 
a statement in the paper, the wording of which is apt to be mis- 
leading. Actually, the requirement that the solution coincide 
with the appropriate limit of the solution corresponding to con- 
tinuous surface tractions which are arbitrarily distributed over 
regions surrounding the points of application of the prescribed 
concentrated loads, by itself assures uniqueness and guarantees 
The 


limit condition may thus be regarded as a definition of what is 


the satisfaction of the three necessary conditions referred to 


meant by the solution to a proble m involving concentrated sur- 
face loads, in analogy to Kelvin’s definition through « limit proe- 
ess of the concept of an interior concentrated force The pur- 
ticular choice of these definitions is natural both on theoretical 
and physical grounds; the usefulness of the idealization of ‘“con- 
centrated forces” so specified ultimately rests on experimental 
verification. The photoelastic results of Frocht and Guernsey, 
as well as Professor Lee’s observations, are relevant in this con- 
nection. It should be mentioned that the present definition of 
concentrated surface loads is consistent with Kelvin’s definition 
of interior concentrated forces, ais 1s readily confirmed. 

\ good deal of the discussion appears to center around the re- 
sult that a solution appropriate to s« If-equilibrated singularities 
at the poles of the sphere, and otherwise clearing the surface from 
tractions, yields finite stresses at the center of the sphere. The 
authors agree with Professor Hoff that this result does not contra 
dict a rigorous statement of Saint Venant’s principle although 
they would base this statement on a different type of argu- 
ment 

On this occasion reference should be made to a simultaneous 
treatment of the problem under discussion by C. Weber.'' 
Weber, by different means, obtained the solution to the problem 
in the series representation designated by S, in our paper (see 
His solution therefore suffers from the conver- 
\s pointed 


Equation [58]). 
gence deficiencies mentioned in the discussion of S; 
out in our paper, the singularities inherent in the problem require 
special and separate attention Moreover, Weber's paper un 
fortunately contains two errors which are carried through a major 
portion of the development and are responsible for the incor- 
rectress of his final stress formulas: the leading term in the de- 
11] should read (n—1) (n—2 


whereas in his equation [23] the first 


nominator of his equation instead 
ot (n—1 


numerator of the second fraction should read 


factor in the 


In +5 


instead of 
2n+3 In conclusion, the authors wish to eall attention to a 

' “Kugel mit 
Angewandte Mathematik und 
186-195. 


Normalgerichteten Einzelkraften.”’ Zettschrift fi 
Vechanik, ve 2, no. 6, 1952, py 
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paper by J. L. Synge,"* in which the closed formulas for the 
stresses at the center of the sphere were derived directly by al- 


together different considerations 


"e o y . 

On Longitudinal Plane Waves of 
7, = te all . . ; : - 3 
Elastic-Plastic Strain in Solids 

WERNER GoLpsmiru.? The author is to be congratulated on a 

significant contribution in the field of wave propagation in solids, 

particularly in view of the applicability of the paper to a proper 

resistance and failure of 


understanding of the mechanism of 


metals subjected to contact explosions. Several interesting points 
have been raised by this presentation 

In the conversion of ordinary tensile and compressive stress- 
strain curves to those appropriate for longitudinal waves exhibit- 
ing no transverse deformation, it is rather surprising to note that 
denoted by the symbol 1 in Fig 
has been increased nearly 100 per cent over the 


the effective yield-point stress 
2 of the paper 
yield point in simple tension for the 248-T aluminum-alloy speci- 
men. A similar calculation by means of Equation [10] of the 
paper indicates that materials with a Poisson's ratio uw = 0.45, 
such as lead, would possess a yield point under the action of plane 
longitudinal waves equal to 550 per cent of that observed in simple 
tension tests. These observations lead to the conclusion that the 
normal elastic range of a material may be extended considerably 
by imposing external constraints on the motion of the system 
The lateral inertia exhibited by a material subjected to high 
transient loads produces an identical constraining effect and con- 
This 


phenomenon is independent of the normal strain-rate sensitive be- 


sequent increase in the instantaneous dynamic yield point. 


havior of the material proper, which is also responsible for an 
apparent increase in the dynamic yield point, as discussed by the 
author in the last paragraph and further deseribed in reference (4) 
of the paper. 

The conditions of the present analysis involve the most severe 
type of restriction on any actual particle motion of the system 
Thus the yield point for plane longitudinal waves, derived from 
Equation [10] as 


presumably represents the upper limit of a specimen subjected to 
any type of constraint upon its deformation, while the vield point 
in simple tension may be considered as the lower limit of this pa- 
rameter Any svstem with different constraints should exhibit a 
vield point inte rmediate between these two extremes 

In the experim nts of references (1 ind (7) of the pauper, the 
geometry employed is such that the propagation of strain occurs 
by means of sphe rical waves of dilatation rather than by plane 
longitudin il waves \ eomparison of the two svstems olf propa- 


gation shows that in both ¢ ases the velocity of elastic w iVes Is 


given hy 


Utilizing an idealized tensile stress-strain curve consisting of two 
straight lines with moduli F and &, respectively, and an assump- 
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alifor- 


tion similar to that represented by Equation [7] of the paper, the 


writer has shown that the velocity of propagation of spherical 


plastic Waves is given by 


where 


(1 


V= 


This differs by the correction factor 2M from the usual propaga 
ol the paper 
iuthor 


tion velocity ¢p [SA /p cited by reference (7 


which was numerically closely substantiated by the 


However, the general treatment required lor spheric il waves 
involves considerably greater mathematical complexities than for 
the case under consideration, particularly in view of the attenuat 
ulte ina 


ing ellect ol the diverg nee ot spol real Waves This re 


decrease of the stress a nplituce s of both elastic and pl istic WAVES 
with increasing radius, in addition to the destruction of plastic 
The 


writer is endeavoring to evaluate some quantitative results along 


wave amplitude due to annihilation by unloading waves 
these lines 


J. 8. Rineuwanrt This paper represents a valuable step for 


ward toward our understanding and appreciating the factors 
loaded 
effect of variable compressibility, (b 
effects 


which control metal 
The author 


effect of temperature variations and (¢ 


scabbing of impulsively plates 
mentions (a 
) time and rate 
Another Important factor is the changes which are wrought by en 
ergy absorption due to internal friction In general, this absorp- 
tion will cause the pulse to be attenuated and to become longer as 
it moves through the body. It is tobe remembered that the mo 
mentum of the disturbance must be conserved even though energ 
is dissipated. A further factor which will contribute to the length 
ening Of the pulse is the variations of Poisson's ratio and bull 
modulus with pressure These effects have been treated in the case 


of steel by Koehler and Seitz.*.) The effect of decay is strikingly il 


lustrated by some examples of seabbing of flat plate «that were 


eXplosive ly loaded in the manner shown in ] ig lot this di cus 





sbon The two curves in | ig 2 show clearly the effeet that deca 


of the wave has on scab thickness 
1 that 


is pure 


The author indicates that it may be reasonably assure 


248-T aluminum alloy will behave in about the same wa 
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a;uminum, 


cipitation hardening can affect in a marked way the manner in 


which an aluminum alloy will react to an impulsive load. Our 


observations lead us to believe that plastic flow in the case of 
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the T-condition is a fairly inhomogeneous 
In the O-condition, aluminum seems to flow in a much 
is likely 


ference may exist as regards their respective behavior under high 
At least, this point should be looked into 


aluminum alloy in 
process 
more uniform manner. It that a similar marked dif- 
hvdrostatic pressure, 


further. 
Avrnor’s CLOSURE 


Dr. Goldsmith that for the 
sidered in this paper, the longitudinal stress, Oz, 


points out type of waves con- 
required to 
produce the first yielding of the material may be considerably 
higher than the yield stress in simple tension or compression. 
This is, of course, a consequence of the differences in the states of 
stress in the two cases. If the material exhibited a Poisson’s 
ratio in the elastic range of exactly one half, then the stress ac- 
companying these waves would be equal in all directions, and 
yielding would never occur, because vielding is only produced by 
differences between principal stresses. 

If the lateral extent of the material in which the waves are 
propagating is finite, then the lateral stress, a,, will be relieved 
by unloading waves initiated at the free surfaces. The problem 
then becomes enormously more complex, in general. However, 
if the time required for an elastic unloading wave of velocity ¢ 
to travel from the lateral surface to the region of interest. is 
longer than the total time during which the waves are to be con 
sidered, then the presence of the lateral surface may be dis- 
The other 


extreme ease occurs in long thin rods when the time required for 


regarded. Thus the present analysis would apply 


be neglected In com- 
The latter is the 


relaxation of the lateral constraint may 
parison with the wave travel times of interest 
case treated by von Karman, reference 2 of the paper. Eexperi- 
ments in which the geometry is intermediate between the above 
two extremes may lead to the determination of short-time in- 
creases of the dvnamie vield point due to the lateral inertia effect, 
as pointed out by Dr. Goldsmith, 

The author appreciates the fact that the mathematical treat- 
ment of the propagation of irrotational spherical waves 18 COn- 
siderably more complex than in the ease of plane waves. It is 
well that Dr. Goldsmith has pointed out that most of the ex- 
periments pertaining to the present discussion involve the propa- 
gation of predominantly spherical rather than plane waves 
Hence it cannot be expected that an exact correlation be found 


between the theoretical results of the present paper and the 


APPLIED MECHANICS 


Our studies with explosive charges indicate the pre- 


JOURNAL OF 


JUNE, 1953 


The author has recent! become 


Lunz* on the propagation 


available experimental data 
cognizant of a paper by J. L tf spheri- 
cal elastic-plastic waves which imply illustrates the mathemat- 
ieal difficulties involved 

The author may not be clear as to the nature of the internal 


friction referred to by Dr. Rinehart as an additional mechanism 


lor energy absorption. However, it seems to the author that 


the energy absorption due to internal friction of the tvpe usuall 
issociated with the decay of elastic vibrations in metals would be 
negligibly small compared to the energy absorption due to the 
plastic deformation which is associated with the waves discusse | 
in the paper. 

The statement in the paper regarding the similar behaviors of 
pure aluminum and 248-T aluminum allov may be somewhat 
The author that the hydro- 


static compressibility of the two materials as a function of 


misleading intended to say only 
pres- 
sure may be expected to be the same. This does not imply that 
the plastic deformation produce I by stress waves of high intensity 
would be the same in the two materials The reason for believ 
ing that the two materials exhibit the same behavior under hy- 
drostatic compression is that the hydrostatic compressibility is 2 
Thus it may be expec ted that it 


is not appreciably affected by the relatively small amounts (less 


structure insensitive property. 


than 7 per cent total) of alloying elements present in 248-T or 
just 
heat 


the precipitation hardening produced by heat-treatment, 
as Young’s modulus and Poisson’s ratio are not affected by 
treatment or small percentages ol alloying elements 

The author wishes to express his appreciation to Drs. Gold 
smith and Rinehart for their interesting diseussions which have 
provided valuable clarifications and additions to the paper, 


A Simple Method of Determining 
Plastic Stresses and Strains in 
Rotating Disks With Nonuniform 
Metal Properties’ 


t very complicated, practhe al problem. 


Lin.? The author has shown a simple method of solving 


Due to cold-work wid 


temperature gradient, in a turbine disk, the varving of metal 


properties along the radius has to be considered From the 
compatibility and equilibrium conditions, there will be a unique 


This in | 


strain, under a given load at different points along the radius, ts 


tress 


stress and strain variation along the radius 
the only part of the secant stress-strain curve affecting the dis 
stresses and strains, so long as the deformation 


Hence a disk, 


under a given load, is equivalent to one of uniform material with 


tribution of 


theory is valid made of nonuniform material 


stress-strain relationship, the same as existing stress-strain proper 
ties of a nonuniform disk under the particular load 

The accuracy ol the results depends on the validity of the main 
That deformation theory holds; ie., the ratio of 
This is 


a particular point 


assumption: 
principal stresses remains constant measured by the 


variation of parameter nat slong the radiu 


with increasing Yo up to the value under consideration 

It has been pointed out by the author in her previous papers 
that the distribution of proportionate strains If essentl illv inde- 

“On the Propagation of Spherical Waves in an Eilast Plasti 
Medium,” by J. L. Lunz, Prikladnaia Matematika i Mekhanika, vol 
13, 1949, pp. 55-78. rranslation No. 13 of Graduate Division of 
Applied Mathemeties University March 
1951 

By M. H.L 
AprpLiep Mecnuanies, Trans 
Aeronautical 


, 
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P 


jrown rovidence, R. I 
Wu, publishe d in the December, 1952, issue of the 
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DISCUSSION 


pe ndent of the stress-strain curves of the materials investigated, 
and the remarkable agreement with experimental data definitely 
shows that the proposed method would give results with engineer- 
Ing Accuracy 

It seems to the writer that it may be worth while (a) to find 
how much deviation in n is permissible for obtaining results of 
to extend this method to include 
that the loaded up 


the strain distribution without creep is calcu- 


engineering accuracy, and (b 


the effect of creep. Assume turbine is 
instantaneously, 
lated 


time may be found from the properties of the material 


interval of 
Inelud- 


ing the creep strain in the plastic strain, a new value of nm may be 


as shown. Then the ereep strain tor a short 


obtained Calculate the distribution of the pring pal stresses from 
With 


interval of 


the new stress-strain curve these principal stresses 


the creep tor the second time may | calculate ! 


tépeut this ste peby-st Pp integration process until the deviation 
a method to 


in nm exceeds the permissible value This may give 


solve the case, including effect of creep to the first approximation 
ce. e. 


been solved with any exactness in the plastic range of a strain- 


STOWELI Few problems in stress distribution have 


hardened material. The solutions obtained by the author for 


axially svmmetric problems, of which this paper is one example 
have the distinction of falling into this category, as they are 
exact, or near exact, 

The stress distribution in a sheet having a central hole, and 
loaded in biaxial tension, would not appear to be a difficult prob 
lem. Yet even in this apparently simple one-dimensional case, 
it is not easy to satisfy simultaneously the requirements of com- 
patibility ‘ quilibrium the stress-strain relations, and the bound- 


ary conditions. By «a clever choice of parameters, the author 


has been able to satisfy all these requirements with some exaet- 


hess Later, she applied the same method to the problem of the 
with uniform properties, and finally to the present 


disk 


rotating cus! 
M hic h 


properties 


paper, considers the rotating with nonuniform 


The nonuniformity in properties is considered to be purely 
radial in character, of the sort that might arise from a temperature 
gradient The author « <ploited the previously established fact 
that the 


pende nt of the material, so that regardless of the nonuniformity 


strain distribution in such a disk is substantially inde- 


in properties, the strain distribution is more or less accurately 


known, The corresponding stress distribution was then obtained 


from a knowledge of the stress-strain intensity curves taken at 
different 
desired maximum strain intensity was computed, 

The 
when it is considered that the comparison is made indirectly on a 
The 


additional assumption involved here is that fracture in the disk 


radu The rotational speed necessary to achieve any 


iwreement with experiment is all the more remarkable 


fracture busts rather than on a st ress-distribution basis 


will oecur when the strain intensity reaches the maximum shown 
by the 
some evidence that this assumption is correct, provided the frac 
The check 


eon the basis of uniform properties and it is not 


simple tension curve. In the writer’s opinion, there is 


ture is of the ductile or intergranular type Was 


however Thisee 


quite clear how the experimental check confirms the theory of the 


prese nt paper 


results such as those obtained in 
which this is the 


miatertals 


In ger 


this ser { = on stress distribution, of 


Ner 


J0U 


last, could not be carried too far without 
Most 
begin to exhibit appreciable anisotropy be 
The 


would have to be moditied substantially for use at larger strains 


into the plastic range 


modtheation materials, even if elastically IsOtropne will 


yond i few per cent 


strain isotropic stress-strain relations used by the author 


It is possible that in certain special situations the anisotropy 


might not be too important; this may be the ease in the present 


paper 

The great merit of this series of papers, including the present 
one, lies less in controve sinl fracture checks than in the follow ing 
Problems in stress distribution im the 


plastic range are going to 


multiply rapidly as materials are used more and more at elevated 


The 


remote 


temperatures chances of solving such problems exactly 
have to be de 


standard 


ire quite Approximate methods will 


veloped Approximate methods, however, require a 


is the 


contmbution that she has supplied such a standard in this series 


wainst which they can be assessed It iuthor’s unique 


t solutions 


olennue 


At rHoR’ CLOSURE 


The wishes to thank Profe 


their comments on the 


iuthe sor Lin and Dr. Stowell for 
myer 
Lin's sugpe 


(a) Detailed consideration of the permissible devia 


Regarding Professor tions, the author's opinion ts 


ns follows 
tion of m for an actual r(y) curve from the value of zero has not 
result ofl 


Which are 


breve given mm the paper However the numeri il 


two examples given in Table 2 may give some information 
values of n for the two examples are 0.195 and 0.150 
relatively high values among all the examples calculated in refer 
pruaprer 


only 2.07 


ence (2) of the Ieven for these high values of mn, the errors 


plwh)? are percent and I 70p cont Furthermore 


for materials having high an values another suitable pur of 


curves, such as curves for a equal to 0.2 or 0.3, given in big 


3(a) and 3(6) of the paper, may be used, This should give ver 
(hb) It is to extend this method to 
ina 


not all 


seeurate results worth whik 


include the effeet of ere 'D because the method is very sin pole 


easy to extend One may rae the question whether or 
thear whieh hold for the 
ilso hold for the materimds at 


beheved that it ean 


le formation 
will 


However, itt 


the conditions for the 
materials at room temperature 
with reep 


be used to obtain. at least. a first 


high temperature 
tpproxiniate solution 
involved in 


With regard 
iuthor feels that 


Dr. Stowell’s appreciation of the ditficulti« wolvu 


the problem Is gre itly uppreciited by the author 
to the of the ¢ \perimental cheek, the 
eheck for disk 


ean also be applied to the disk having nonune 


questior 


the conclusion obtaimed from: the having uniorm 


metal properti 


form metal properti becnuse no additional approximation 1 


extending the method for the uniform 


The 
he yj nel 


made in the proce of 


to the ot the method, a 


devi 


rue ol 


HOMUMITOrI Cisse 


puppet 


al ri 


Cust rocura 


ment oned un the onl on the ithon 


value olf nm tor the aetu from they 


y) curve 


equal to zeros used in the comparison 


The effect of 


ease as Dh 


inisotropy is not too important in the pr 


Stowell expects | It ean be seen from | quatio 


that the rotating speed is a function of tangential strain, tang 


inal radiu Also 


tributions of the 


tial stre reference (2) of the 


paper 


that the di proportional tram re ¢ 


independent of the tre etram relatrons of the material 


fore i et ol anisotropy on rotating peed i 


train relationshay tf the tangential sp 


omputation 
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Free Vibrations of Constrained 
Beams' 
HF 


presented in this paper can be considered as a special case of the 


Weinpercer.? The interesting computational method 
following results of the writer (an exception is the case of a con- 
tinuous elastic foundation, which is not covered by these results): 

Let problem A be a beam problem with boundary conditions 
such that its eigenvalues and eigenfunctions are explicitly known, 
Associated with this 


for example, the authors’ “simple beam.” 


problem is a “Green's function” or influence function G(r, y; A 

This function is the steady-state solution of the beam under an 
oscillating unit point force with frequency A applied at y. In 
some cases, for instance for the uniform beam, the funetion G 
ean be found explicitly from its definition, Otherwise, G can be 


evaluated from the formula 


yy 
~~ 


>, | I ?, | Y) 1] 
> ! 


A?-—p,? 
which gives the connection of our results with those of the 
authors 

The problem whose eigenvalues (natural frequencies) are to be 


found is called problem B. It differs from problem A in that n 


new conditions 
[2] 
are imposed, At the same time, n other conditions on the solu 


tion of problem A are relaxed. For example, if the beam is 


pinned at the point A,, the condition V(h;) = 0 is imposed, while the 
continuity of the third derivative of ¥ is no longer required at h 
If, now, the condition J. is imposed on Gor, uy; A) asa function 


‘ 


ols, a funetion of y alone is obtained We impose condition J, 


on this funetion and write the result as J.J GCA This vields an 
nan matrix whose aeterminant we eall DOA). This is precisely 
the determinant obtained by the authors. (To obtain their form 
in equation [15], the facet that 
)” ‘ 
(i I, Mf, A) 
Ol 


EIl(y) ater 


In terms of this determinant we can find not only the eigenvalues 


has a discontinuity of magnitude | = y must be used 


of problem B but also their proper multiplicities, ice., the number 


of eigenfunctions associated with them. These are obtained in 
exactly the same way as the corresponding quantities are obtained 

Weinstein determinant in’ the Weinstein 
namely, if VW (A Jand MW, A) are the multi- 
plicities of A as an eigenvalue of problems A and B, respectively, 


if 2(A) is the order of DCA), ie, CA Ay) ~2 D(A) is 
regular and nonzero at A then 


from the so-called 


method for plates; 


and 
. for any fixed Ap: 
Wy(A) = M,(A) + 2(A) 


When the zeros of DCA 
problem A, this reduces to the results of the paper under discus- 


are simple and A Is not an eigenvalue ol 


sion 

The occurrence of a Weinstein determinant leads one to inquire 
as to the relation of this method to the variational method of 
Weinstein. 
and a computational method, 


The latter consists of two parts: a variational idea 
The variational idea is based on 


the fact that if one eigenvalue problem is less constrained than 


‘By W. I 
1952, issue of the JouRNAL OF 
vol, 74 pp 471-477 

2 University of Maryland, College Park, Md 


Z. Lee and Edward Saibel, published in the December 
Areniep Mecuanics, Trans. ASMI 


APPLIED 
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another, it has lower eigenvalues Thus it is possible to obtain 
a sequence of lower bounds for the eigenvalues of a given prob- 
lem if another one which is infinitely less constrained has known 
These 
eigenvalues of the known problem with a finite number of added 


eigenvalues and eigenfunctions lower bounds are the 
constraints. This variational idea does not concern us here 
However, the fact that makes the Weinstein method of practi- 
cal interest is that the eigenvalues of a problem obtained by 
IMposing a finite number of constraints on a known eigenvalue 
problem can be solved explicitly in Weinstein 
It is this part of the Weinstein method that is 


used in the paper under discussion. 


terms of the 
determinant, 


The results given in this discussion hold not only when con- 
are removed or substi- 
This simply 
method 


finite 


straints are imposed, but also when they 


spring 
means that the computational part of the 


is changed. 
Weinstein 


tuted, e.g., if the constant 
holds not only for the Imposition of constraints but for any 


change of constraints. 


AcrHors’ CLosurti 


The authors wish to thank Dr. Weinberger for his suceinet and 
interesting discussion in which he so ably summarizes the existing 
situation. 

The role played by the Green’s function had been pointe | out 
hy one of us previously, reference (4), so that it was not repeate | 
in the present paper, 

The relation between the present method and that of Wein- 
His procedure for calculating 


eigenvalues is to relax the outer boundary conditions in such a 


stein is particularly interesting 
wav astogeta problem which ean be solved Then the solution 
of the desired problem is approached by letting the boundary con- 
ditions approach the desired ones. In our case, however, the 
outer-boundary conditions remain the same but inner conditions 
are added which, as Dr. Weinberger points out, introduces diseon- 
tinuities in the third derivative of the Green’s function at the 
pomts where the constraints are added These corresp 1 to 


introducing reactions at the points of constraint 


Deflection and Stresses in Beams 
Subjected to Bending and Creep 


FOLKE Kk. G OpaQvistT.? The writer ippreciates the wuthors’ 


new method of attack with a close approximation to the total 
creep over a considerable time For the initial stages of ereep 
in bending more accurate results will certainly be obtained than 
with the writer’s formulas which correspond to the ease A = O 
notation). Nevertheless 
HAllfasthetslira, Stockholm, 
lished in Swedish) where on pp. 737-741 some of authors’ cases 


Ther 


is also to be found an estimation of the influe nee of shearing stress 


drawn to the 
SOD (pub- 


attention 1s 
1948, p 


(authors’ 
writer’s work 


including that of Fig. 3, are treated, as well as a few more 


on deflection 
AuTHors’ CLost rt 


The authors wish to thank Professor Odqvist for his interest 
in their paper and are glad that attention has been drawn to his 


fine work in this field. It should be clear, however, that in this 


particular paper, the authors were more interested in the 


deve lopment of theory rather than in the number of specific cases 
that could he solved 


1 By Yoh-Han Pao and Joseph Marin, published in the December 


1952, issue of the Journat or Appitinp Mecuantcs, Trans. ASMI 
vol. 74, pp. 478-484 
2? Professor, Roval Institute of 


Hogskolan), Stockholm, Sweden 
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Investigation of Annular Liquid 
Flow With Concurrent Air Flow 


in Horizontal Tubes’ 


Luiat Crocco Th 
incomplete state, even in the most specifically 


question of two-phase flow in ducts is 
still in a rather 
defined case where the two phases are distributed concentrically 
in a round pipe The author is therefore to be complimented for 
his investigation on this kind of flow and for the definite contribu- 
tion he brings on some aspects of the underlying mechanism. 

He has concentrated his attention mainly on the transition 
from laminar 


to turbulent conditions in an annular liquid film 


surrounding a gaseous stream, Substantially, what he has done 
is to determine under various gas-flow conditions and with liquids 
of different properties the range of critical liquid flow rates at 
which disturbances were first observed on the film surface, and to 
compare a me ndimensional flow-rate parameter corresponding to 
these critical rates with the values of the same flow-rate param- 
eter compute 1 for the same liquid and in a single-phase bound- 
arv laver in the region where transition from laminar to turbu- 
is that the 


reasonably well, with the somewhat unex- 


lent conditions takes place. The important result 
two values coimeide 
pected conclusion that the critical flow rate at which film insta- 
bility begins does not depend on the conditions of the gas stream, 


and is simply proporth mal to the diameter of the pipe and to the 


By A. E. Abran 
JouRNAL oF APPLIED MECHANICS, Trans 
Robert H. Goddard Professor of Jet 
Princeton, N. J. Mem. ASME 


on published in the S« ptember, 1952, issue of the 
ASME, vol. 74, pp. 267-274 
Propulsion, Princeton Uni- 
versity 


t 


viscosity of the liquid. It must be observed that thes 


mentall supported conclusions at wreement with a 


tion made by Tsien on the thickness for 4 


‘nev of film cooling is regrettable that no additiona 
data actually were measured, like film thickness and pressure drop 
Both would have provided a check to the correlation betweetr 
singh phiase and two phiase tlows 
About the possibility of transferring these results to the case 
film cooling in rocket motors, it is necessary to point out that the 
conditions in rocket motors might bx qquite ditferent Try thee 
author's tests the liquid was introduced at a point where the gas 
had reached the 
mach section, In a rocket motor both liquid film and gas 
! Mor 
turbulence, the intensity and 
his tur 
bulenes might produc on the film loeal disturbances that cannot 


find any 


nevertheless, 


nearly regime conditions after a long 


egin simultaneously over, the combustion pro 


duces a comparatively large-scale 


distribution of which depend on the injection system 


correspondence in the tests deseribed in the paper If 


the results of the paper are applied to the rocket 


ise, one realizes immediately the already stressed 
by Tsien.’ of inereasing the viscosity of the liqguid, in order to 


delay the br: 


importance, 


ikaw iv of liquid drople ts and the der rense mm ¢ ooling 
Also, by 


rate determined by the 


effectiveness & proper talanes between the eritieal flow 
author and the d for 


establishments of filin 


total flow rate need 


cooling, the number of successive re 


ilong the cooled wall for optimum effectiveness 


mined.# 


“Instruction and HKesearch at 
heim Jet Propulsion Center,” by H 


Rocket Society, No. 81, June, 1050 








Book Reviews 


Aerodynamics of Propulsion 


Prorvuntsion, by Dietrich Kachemann and 
MeGraw-Hill Book Company, Ine., New York 


ix and 340 pp., illus., $0 


VERODYNAMICS OF 
Johanna Weber 


N.Y 19534 Cloth, 6 * Gin 


Reviewep By Heon L. Dryos 


Aerody 


essentially 


J “HIS interesting book by two former members of the 


namische Versuchsanstalt Gottingen dea with 


those aerodynamic probe ms Of subsonie jet propulsion Which are 
Subsonic 


Henee the tith 


outside the scope ol airfoil theory, ie, the ispects of 


What engineers now call aerothermody namics 


is somewhat broader than the actual scope ol the book C‘om- 


pressors, turbines, and propellers are excluded. Only incidental 
of transonie and Superson flow, and rocket 


Within its scope, which is described 


mention is mines 
engines are not discussed 


more fully below, the book provides a treatment of the basic 
processes and flow phe Hommena PeQuiring no detailed know ledge ol 
mathematics beyond differential 


general acrodynamics or. of 


ealeulus. It will be of interest to those interested in the funda- 


mentals, whether students or aireraft engineers 

After a brief introductory chapte r, the authors give a one-di- 
mensional treatment of the basie processes of propulsion, $.2., 
the conversion of heat into mechanical energy in flow processes 
the momentum theorem, and the production of thrust, and the 
role of the se processes In power plants supplying mechanical 
energy to the flow (propeller), in power plants supplying heat en- 
ergy to the flow (ramiyet and turbojet), and in power plants 
supplying both heat and mechanical energy to the flow (turbo- 
propeller and ducted fan 

Two dimensional nonhomogeneous flow problems are the n dis- 
cussed, Le, problems of flow in which the total ene rey is not the 
same in all parts of the flow field Applic ation Is made of poten 


tink flow theory of an incompressible nonviseous fluid to such 


problems by the introduction of singularities including sources, 
vortexes, and doublets. In two-dimensional problems conformal 
transformations are helpful 

('h tpter 1 treats the subject of air intakes and their ck sign by 
the method of singularities. Critieal Mach numbers and the us 


of the PrandtlGlauert rule for compressibility correction are 
briefly discussed 

Ch ipter 5 is concerned with fairings of finite length, In particeu- 
lar the 


Wings, 


the downstream end, lending edge int ikes on 
It is stated that opti- 


flow men 
innular airfoils, and double airfoils 
mum fairing shapes can be determined by experiments in water on 
the shape of cavitation bubbles 

Ch ipters 6, 7, and S deal with the appli ition of the results of 
the first five chapters to the ducted propeller, the ramjet, and the 
turbojet engine, Chapter 0, the largest chapter in the book, dis 
cusses the losses associated with the installation of yet engines, 


ie, inflow and duet losses and external interference drags 


Chapter LO is devoted to the jet and its effect on neighboring sur- 
haces However, the spreading of a jet intoa stream of air of dif- 
ferent speed, density, and temperature, a turbulent mixing proc 
ess, is outside the scope ol the discussion Supe rposition ol flow 
is assumed to give an approstinate computation of the effeet of 
streaming air and of inclination of Jet to the flow, starting with 


the observed spread of a hot jet in still air. Some results of water- 


Advisory Committee for Aeronautics, Wash- 


ASMI 


' Director, National 


ington, D.C. Fellow 


tunnel observations of the spreading of a jet e neighborhood 


of a wall are included \ short chapter on aerodynamic pro- 


pulsion in nature seems somewhat foreign to the general content 
The final chapter describes the essentials of the pn 
cooling, of chief interest for piston engines, although so 
sideration was given in Germany to the possible use of 
changers in jet engines 
An apy ndix contains tables of stream functions and velocit 
components for frequently used singularities——arrangements of 
doublets, and vortexes along lines 


ind the like 


three-dimensional SOUTCES, 


ilong a ring, over a evlinder, over a disk 


The Nature of Some of Our 
Physical Concepts 


ONCEPTS 


New 


Tue Nature or Some or Our Puystcar ¢ 
Bridgman Phe Philosophical Library, In« 


1952 Cloth, 6 * 9 in., 64 pp., $2.75 
{EVIEWED BY JoserHu HL. Keenan! 


Pts little book contains three lectures viven in Apri , 1950, 


at City College, University of London. They were published 
previously in the “British Journal for the Philosophy of Scien 
The 


Sridgman is 


‘operational’ approach to science, of which Professor 
a lending exponent, Is largely aire spor 


theory of relativity which exposed the need for defir 


scientific quantities in terms of the operations involve 


taining these quantities. In other words, scientifi 


are represented in mathematical Processes by symbol 


stand for numbers. Sinee a symbol may, in general 


between cifferent quan 


inv number, the distinction 


resented by different symbols must lie in the rules 


what is to be counted in order to obtain the numbers 


tion of the things to be counted —the meter sticks 


end-to-end span a length, or the number of stand 


Which balance a mass--and the counting procedure 
Burehard 


the ‘operation It has been suggested by 


lo ophers, metaphysicians, ind poets seem to have o 


necessity for defining terms long before the physici 
In the first lecture the author points out that not 


concepts ean be based directly on instrumental opera 


example the stress rnsict an elastic body cannot be dire: 
ment 


Which he subdivides into paper-and-pencil and verb 


ured. This brings him to consideration of 
Among the paper md ye nei operations are to be u 


Verbal 


seems, manipulation with words and sentences i 


manipulation with symbols.” operation 
nipulator exhibits compelling patterns of behavior 
of “a verbal world of his own making 
He discusses the differences between instrument 
the haziness or m irgin of error in the inst: 


He | 
if pusl 


oper ittons 


the relative sharpness of the paper-and-pencil 
that the paper and pera il loses its sharpne “8 
ind recurrence, 


point of defining identity of assuring 


“that we are making the same proposition feice 


t Professor of Mechanical Engineering, Massachusetts I 
Pechnology, Cambridge, Mass. Fellow ASMI1 
“Mid-Century,” The Technology Press 
1950, p. 233 
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consisten 


plastilve 


tlrent operation whenever cptne 


im 
pinges on th wint is discussed in connection with 
which 
crowned by 
the 
the 


we 


dil 


the erential eal nd the « ept of field 


Maxwell, and 
\ He 


ined 


wis 


“elothed in | il form by 


hinstein i relativity theor Compares 


field concept concludes that 


distinetion which | cists ally « inke between these t 


concepts is verba 
Since tie other 


Vine Spice, 


he 


contradiction 


empty 


Spee which 


in 
i We t 


\ perilously 
For how sha \ lish 


Close reo dearney 


that a purported 
vith 


thee 


mptyv spice ts 


in instrument to prove it, 


ind when vw ve intre ed instrument the space 


longer emypt 


In this usses Ostwald’s contention that the 


concept ol supertluou and points out that the only 


virtue of the 


the 


itomie concept is its simplicity Ile implies that 


operational meaning of reality is closely related to simplicity 


and that the operational meaning of understanding is the modern 
gift of proplhes Vv, the abohit 
The » 


ner of Poin 


to predict 
ond |e t imiecs first in the 
1 work are 
He cise 


ecoutronted with 


thes up thermody: 
h heat an 
detined ol 


that 


Hianh- 


defined first and en- 


ergy t hese isses Poinearé’s 


stute- 


ment it ever ituation in which 


conservation ipparently failed, we itoonce suave 


would 
the situation wim of energ 


y He 
Maxwell relations’ 
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stresses and form ¢ ind 


energy m 


that these sare 0 verification by instrumental operations 


Conventional t mien work and heat, 
He ob 


iture becomes ambiguous in the 


Iyvnamics implies fluxes of 


latter ber rt mstrumented thrane the former 


serves that the ol te 


peer 
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the undulatory theory 
of light, Hamilton’s wave mechanies, and the 
mathematics of function theories, 


classical period are analytical mechanics 
thermodynamies, 
kinetic theory of gases. The 
group theory, differential equations, and contract transformations 
are covered in about half the material in Part 2. 

In Part 3 (vol. 2) the historical development of 
physies is discussed with much more detail than was used in 


of Planek, 


Schrodinger, and Dirac are outlined 


quantum 


volume one, The work sjohr, DeBroglie, Heisenberg 

Digressions on the theory 
of vibrations, matrix mathematics, and various types of statis- 
tical theories form a good share of Part 3. This part starts with 
a thoroughgoing discussion of the Sper ial theory of relativity 

In both volumes the author satisfies the normal curiosity of 
his readers by providing portraits (photographs of the moderns) 
of the great physicists and mathematicians whose works are 
discussed. 

The subject matter in these books is treated at a level inter- 
mediate between the purely popular books on modern science 
and the original treatises and papers of the physicists and mathe 
maticians discussed, For this reason it requires a certain amount 
of intellectual sophistication in the reader, For a graduate 
student in the field of atomic pliysics these two volumes would 
form a very satisfactory summary of the work of several studious 
vears. The general reader, who might be an engineer, would 
not learn in detail the subjects discussed; he would learn about 
them. For read the 


devoted to contact transformations he will not find himself able 


instance, after he has numerous pages 


to make an actual contact transformation. The writing is clear 
and will make sense to the engineering type of mind 

It is to be regretted that the publishers have given no details 
on the dust jackets concerning the life of d’Abro The prelace 


in volume | is not even signed by the author, The repeated 


use of the words “we and “our” in this preface makes one 
wonder if they are used in the editorial sense or whether thes 
indicate the existence of a group of co-operating authors, One 
would like to know more about the person (or persons) who can 
give such a clear and lucid outline of the extensive and abstruse 


subject of atomie physics 


Advanced Mechanics of Materials 
Apvancep Mecnuanicos of Matrertans By Fred B. Seely and 
James O. Smith. John Wiley and Sons, Ine., New York, N. ¥ 
Chapman and Hail, Ltd., London, England, second edition, 1952 
Cloth, 5'/2 * Gin., 362 figs., references, problems, tables, append- 

ixes, index, xvii and 680 pp., $8.50 


Reviewer py NichtoLas GRossMAN! 


"THE first edition of this book appeared twenty years ago 

It was among the pioneer American texts treating the more 
advanced phases of the mechanics of materials in a systematic 
and practical way. This domain of engineering science has been 
designated by various familiar names such as advanced strength 
The 


term mechanics of materials is a happy choice, in the reviewer's 


of materials, applied elasticity, resistance of materials. 


opinion, because it correctly reflects that the subjeet matter has 
been drawn from both the theoretical treatise and empirical 
behavior of engineering materials and structural elements. The 
text is aimed at the advanced undergraduate or early graduate- 
student level. It is written and arranged to serve the student 
also as a handy reference book during his future years as a prac- 
ticing engineer 

The main difference between the first and second editions of 


' Head, Mechanical Development Section, Atomic Energy Divisior 
Sylvania Electric Products, Inc., Bayside, Long Island, N.Y. Mer 
ASMI 


APPLIED MECHANICS 


JUNE, 1953 


the text is the general level of appro wh: « mph isis In engineering 
then accelerated by the im- 
Today's 


percentagewlse, are 


education has shifted slowly at first 


petus of a national emergency and armed conflict 
students, both in 
trained for a more thorough grasping Of enginecring and seien¢ 


a natural cornerstone for more ad- 


absolute number and 


fundamentals, which forms 
vanced topies, suc h as those presented in the present text 

The text is divided into six major groups 1) Preliminary 
Considerations, (2 Special Topi son the Strength and Stiffness 


la wealized Stress 


, 


of Members Subjected to Statice Loads, (3 
Stress Concentration, (4) Energy Methods, (5) Influence of Small 
Inelastic Strains on the Load-Carrving Capacity of Members 
Instability Buckling Loads. There are 
also three appendixes following the afore-mentioned topies \ 
Theory of Elasticity 


and Properties of 


() Introduction to 
concise and brief introduction to the 
Membrane (Soup-l ilm 
Areas useful in numerical computations 


Analogy for Torsion 


The first part deals mainly with elementary stress comput 


tions, stresses and strains at a point, theories of vielding, and 
This part serves as a review of the 
elementary topie required as a background for this book. The 
flat plates 


contact 


their applications to design 


second purt deals with special topies In beams 

noneircular thick-walled 
This last subject then introduces the next major group 
This is 


understandable portion of the text 


torsion in bars, tubes, and 
stresses 
dealing with localized stresses and stress concentrations 
a well-written and clearly 
especially if the reader, not having covered it in the classroom, 
Castigliano’s theorem and other energy 
The next 
part, dealing with the influence of inelastic strains, is rather a 
In the reviewer's opinion, 4 


refers to it on his own 
methods with their applications are treated in part 4 


specialized and refined method 
preferred order would be to place this part last, or even in an 


Part 6 treats the buckling of columns and tubes 


appendix 
under uniform external pressure 

The text is profusely illustrated with clear and well-labeled 
Tables are frequently used where ver need ATISes, whi h 
the book as a 


figures 
further 
Chapters and sections are followed by completely solved illus- 
Amy le 

The 


neat and crisp appearance of the text adds eyve-appeal to the 


enhances the value of reference work 


trative problems, as well as the customary problems 


up-to-date references are listed at the end of the chapters 


clearly written and descriptive style of the book, which should 
make it a continued favorite in this field 


Strength of Materials 


Den Hartog Me- 
Graw-Hill Book Company, Inc., New York, N. Y.; Toronto, Ont 


ADVANCED STRENGTH OF Matertats. By J. P 
Can.; London, England, 1952. Cloth, 5'/, & 9 in., 219 figs 
problems, index, ix and 379 pp., $8.50 


Reviewep sy M. Herényt 


S A text on the intermediate level, this book gives a maxi- 


mum return for a minimum of introductory study.  As- 
suming that the student would have only one semester’s prepara- 
tion in clementary strength of materials and a smattering of 
calculus, in the nine chapters of this moderately sized volume 
the author succeeds in conducting considerable inroads into 
three major fields of advaneed mechanics: 
ity, the shells, and the 
elastic stability. 

The book starts with a chapter on problems of torsion, in- 
cluding noneircular cross sections, hollow seetions, and shafts of 


In each case the nature of the solution is ex- 


the theory of elastic 


theory of plates and theory of 


variable diameter 
Technological Institute 
Mem. ASME 


‘Walter P. Murphy Professor, The 
Northwestern University, Evanston, Ill 
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plained by means of existing analogies, thus affording a physical 
insight with the circumvention of mathematical complications 
The next chapter deals with the calculation of centrifugal and 
shrink-fit stresses in circular disks of constant and hyperbolically 
varving thicknesses, including discussion of the rotating disk of 
uniiorm stress, 

The third chapter is devoted to the membrane theory of thin 
shells, pressure 
vessels, including a brief exposition on shells of uniform strength 
and also treating cases of nonsymmetrical loadings. The bend- 
ing of flat plates is the subject of the next chapter. After the 
derivation of the fundamental equations, the method of solution 


with applic ations to containers, domes, and 


is shown for a uniformly loaded circular plate, while for other 
cases only the end results are given in a ‘“‘catalogue’’ of formulas 
The chapter concludes with a discussion of the effect of large 
deflections, 

The fifth chapter deals with the theory of beams on elastic 
foundation, and its application to the analysis of grillage beams 
and axially symmetrical flexure of thin shells 

In the sixth chapter an outline is given of the two-dimensional 
elasticity theory, illustrating its application to the bending of 
curved bars, and discussing three basic solutions, those by Kirsch 
for the circular hole, by Flamant for the semi-infinite plane, and 
by Michell for the loaded disk. The 


chapter concludes with a discussion of some classical problems of 


diametrically circular 
the plasticity theory 

The next two chapters deal with the energy method, its use 
in the analysis of curved tubes in bending, and a rather extensive 
treatment of buckling problems involving rings, tubes, arches, 
plates, and cases of torsional stability in beams, shafts, and 
columns. The last chapter is devoted to miscellaneous topics, 
as Mohr’s circle pre- 
twisted thin-walled sections, a 
versely loaded and an application of Mueller-Breslau’s 
solution for arches to the analysis of thermal stresses in pipe lines. 

The book is concluded with a collection of 217 well-chosen 
problems and their answers and an index of subjects treated 

There are two chief characteristics of this book which dis- 
tinguish it from other publications in this field—ar 


such for three dimensions, the torsion of 


theorem by Biezeno on trans- 


rings, 


informal con- 
versational tone of presentation and a distinctly intuitive manner 
of approac h in getting to the physical essence of the problems 
Both of these features are likely to have considerable appeal to 
students and teachers alike 


_— . 
Heat Transfer 

PRANSFER By Aubrey I. Brown and 
McGraw-Hill Book Company, Inec., New 
1951. Cloth, 6 , xvii and 267 
index, and appendix. $4.50 


INTRODUCTION TO Heat 
Salvatore M. Marco 
York, N. Y., second edition 


pp., figures 


Yin 
tabl problems 
RevVIEWED BY JoserH Kaye! 


Pue major objective of this book is to provide an introduce 

tion to heat transfer for undergraduate engineering students. 
This objective is achieved by almost complete elimination of ma- 
terial requiring the use of advanced calculus, by placing emphasis 


mainly on physical explanations, and by using detailed illustra- 


tive numerical examples Dimensional analysis is used as a 


helpful tool in much of the discussion throughout the book, and 
great care is taken to guide the student through the maze of dif- 


terent units so often encountered in heat transfer and fluid 


mech inics, 
material on conduction the 


In presenting the elementary 


utility of the cones pt ol thermal resistance is not emphasized 


Associate Professor of Mechanical Engineering, Massachusetts 


Institute of Technology, Cambridge, Mass. Mem. ASMI 


Phe chapter on radiation is good from a pedagogical viewpoint 
ind contains interesting historical notes The material on con- 


vection Is explained on the basis of the “stagnant” film theory 
whereas an ippeal to the boundary-laver hy pothesis of laminar 
and turbulent flows might be considered as a better way to indoe- 
trinate students without changing the correlation equations used 
in this section of heat transfer. The state of the art with regard 
to boiling and condensation is discussed briefly Practical appli 


eations are given in design of feedwater heater, surface con 
denser, finned coil, and the like, but de sinh base don the eeonomi 
Transient heat-flow problems are given 
the flat 
no discussion is given of solution by 


methods An 


Viewpoint is not given, 


for the semi-infinite solid, slab, and centers of various 


bodies, but relaxation of 
finite-difference ippendix contains properties of 
some common fluids encountered in heat-transter problems 

The book is well written and gives a brief description of the 
state of the art of heat transfer to students taking this subject 
for the first time. A teacher might wish to pl we preater ¢ mph isis 
on one ph ise of the subject or on another bout at appears that he 
could casily supplement the treatment in the book 

Although great care is evident in the preparation of the text, 
tables, examples, and so on, two slips were noticed On page OS 


the surface coefhicient of heat transfer for forced convection is 
said to be influenced by the difference in te mperature on the two 
sides of the film, and then this effect is omitted without « yp ann 
tion from the « quation which follows Near the bottom of preagee 
100 the reciprocal of the Prandtl] number is incorrectly called the 


Stanton number 


Servomechanism Analysis 


HAaNisM Anarysts. By George J. Thaler and 
MeGraw-Hill Book Co., Ine Kleetrical and 

New York, N. ¥ Poronte, Ont., ¢ 
Cloth, 5 x Vir figs., problen 

index, xii and 414 pp., $7.50 


SERVOMES 
Brow! 
hngineering Series 
don, England, 1053 

pendixes, babbic graphy 


Reviewep spy Joun A. Hrones! 


r . 
| HIS addition to the rapidly growing Hierature in the servo 
lower graduate level 


mechanisms field is aumed at the senior 


It is written by cleetrical engineers who appear quite convinced 


that evervthing must be converted to electneal lingo to in 


Th 


methods for ke ling with the solution of linear itl rential equa 


comprehensible book deals largely with technique und 


tions with the Wiajor ¢ Hiphasis om the Treqquene V-respotise ip) 


selection of system gain and the use of compen 


proach, Th 


ome length brief treatments of 


is ciiseussed at 
used 


stress is placed upon the analogous dynamic behavior of a number 


tion circuits 
included, Consideralyl 


certain commonly omponents sare 


inalysis is lightly discussed and 
included 


omechanisms with «a light 


ol physi il systems Transient 


used, although a limited cisceussion of root loci is 


There is 


touch of 


i brief discussion of relay sery 
Using Trequeney-respor 
The 


ind emphasize solution techniques 


Kochenburger’s method for 


techniques in handling contactor ervos problen ure 


largely electrical in character 


rather of dynamical problems 


than basic understanding no gen 


What b- presented ippear 


is a significant work which makes a new and 


to be technically sound but one 


eral 
cannot rate this 
contribution It is a book which can be used in a 
us the 


ke vel for 


Necessary 
courses ire now presented, and may be 


at the 


number of servo 
avery useful text which it is intended, Coverage 
for the various chapters follows 

The first six chapters cover such pha on ait Gls sadalect a aa = 


transformations, equations of physical tems, transient anal 
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of servormechanismes, transter functions with graphical representa- 
tions. Chapter 7 is devoted to an analysis of servomechanism per- 
formance from equations and transfer-function plots. The next 
four chapters are devoted to design, gain adjustment, series, and 
parallel compensations 

The last three chapters cover such subjects as logarithmic co 
ordinates in analysis and design relay servommechanismes, and the 


root-lo« us method 


Fatigue and Fracture of Metals 


Pariete ann Fractune or Metars. Edited by W. M. Murray 
with a foreword by J.C. Hunsaker. The Technology Press of the 
Massachusetts Institute of Technology and John Wiley & Sons 
Ine., New York, N. Y., 1952. Cloth, 5 x Vin., figs 
tables, viii and 313 pp. $6 


references 


Reviewep py T. J. Dowan! 


yu fourteen papers constituting this volume were presented 

at a special conference at Massachusetts Institute of Tech 
nology in June, 1950. They ' 
day knowledge of material behavior and expert) opinions on 


contain a review of the present- 


experiments commonly used to appraise the re- 


The collection of papers will prove 


laboratory 
sistance of metals to fracture 
valuable to engineers whose primary interest is in the selection 
of materials to resist progressive fracture or fracture induced by 
suddenly applied loads. 

The papers review not only the general phenomenological and 
statistical aspects of fatigue of metals but also cover several 
phases of brittle fracture, the concepts of transition temperatures, 
and factors involved in temper brittleness. Specific applications 
to service failures and their importance are discussed in some de 
tail for aircraft structures, naval vessels, and machinery 


The book will serve a useful purpose as an up-to-date record of 


' Head of the Department of Theoretical and Applied Mechanics, 


University of Hlmois, Urbana, Il 
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JUNE, 1953 


the opinions of experts in the field on the present state of knowl- 
edge of the complex nature of fracture and of fatigue failure 
Some of the concepts, experimental methods, and interpretations 
are influenced by the authors’ personal opinions; it is unfortu- 
nate that the extensive discussions by the several hundred engi 
neers participating in the symposium could not be included in the 
book 


the nature of fracture, it is regrettable that some of the more 


For a complete understanding of the present knowledge of 


fundamental work from studies in the modern physics of solids 
was not covered by any of the papers In some instances the 
titles of the papers are somewhat misleading but a general idea of 
the scope and fields covered may be obtained from the following 
list of titles and authors included in the book 


| General Survey of the Problem of Fatigue and Fracture, by 
M. Gensamer. 
The Fatigue Problem in Airplane Structures, by H. L 
ih Rhode, and P. Kuhn 
Brittle Fracture and Fatigue in Ships, by Fb. Jonassen 
Brittle Fracture and Fatigue in Machinery, by RK. bk. Peterson 
5 Internal Stresses and Fatigue, by O. J. Horger and H. R 
Neifert 
6 Designing for Fatigue, by R. L 
7 Fundamentals of Brittle Behavior in Metals, by b 
S Experimental Study on Brittleness of 
Alloyed Carbon Steel, by P. A. Jacquet and A. R. Weill 
9 The Statistical Aspect of Fatigue Failures and Its Conse- 
quences, by W. Weibull 
10 A Review of Cumulative Damage in Fatigue, by N. M 
mark 
11 Signifieance of Transition Temperature in Fatigue, by C. W 


Dryden 


Templin 
Orowan 


Temper Slightly 


New- 


Mactiregor 

12 The Influence of Metallographie Structure on Fatigue, by P. L 
Teed 

13 Fatigue at Elevated Temperatures, by N. J 

14. The Techniques of Physical Metallurgy for Studying Fatigue 
Damage, by J. T. Norton 


Crrant. 


As may be expected, there still remain many unsolved prob- 
lems in the fracture and fatigue fields, but the reader will be well 
repaid by the wealth of knowledge and the present-day under- 
standing of the phenomena reviewed in this symposium. 
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